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The molecular beam magnetic resonance method has been used to make a precision measurement of 
the ratio of the nuclear g factors of Li’ and Li®. The central maximum of the Li’ line and the center of the 
Lif line in the spectra of Lil and LiBr give the ratio g7/g¢ to a precision limited only by experimental factors. 
The mean of eight independent determinations, under various experimental conditions, is 2.64094+0.00005. 
This value of the ratio is compared with that calculated by use of the Fermi formula from the known ratio 
Av7/Avg. The cube of the ratio of the reduced masses of the 2s electrons in Li and Li’ is included as a factor 
in the calculation by analogy with the corresponding case of the hydrogens. The observed value of g7/ge 
is greater than the value calculated by (0.012+0.003) percent. 





INTRODUCTION 


T is the purpose of this paper to describe a precision 
measurement of the ratio of the nuclear g factor of 
Li’ and that of Li® by the molecular beam magnetic 
resonance method. In the work of Nafe and Nelson,! 
the h.f.s. separations of the ground states of H and D 
were measured, and the observed ratio Avy/Avp com- 
pared with that calculated from the accurately known? * 
ratio of the magnetic moments, ux/up. It was found 
that the experimental value was lower by 0.017 percent 
than the calculated value. This discrepancy was ex- 
plained by Bohr* in terms of the compound structure 
of the deuteron. In that portion of the electron orbit 
which is close to the nucleus, the electron velocity is 
much greater than that of the nucleons. Consequently, 
the electron orbit is centered about the slowly moving 
proton rather than about the center of mass of the 
nucleus. When the electron is within the nucleus, the 
neutron appears as a shell within which a magnetic 
interaction occurs only between proton and electron. 
From an analysis of this process, Bohr has shown that 
the apparent ratio of the nuclear moments, ux/up as 
determined from the h.f.s. must be increased by 0.018 
percent. Nelson and Nafe® have also measured the 
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h.f.s. separation of the ground state of tritium. Using 
the ratio of the magnetic moments of the proton and 
triton, obtained by Bloch, Graves, Packard, and 
Spence,® and the measured value of Avg, the tritium 
h.f.s. can be calculated. The calculated and measured 
values of Avr agree within 1 part in 10°. Avery and 
Sachs’ have estimated that the fractional reduction of 
Avr from that calculated from Avy and the ratio uz/ur 
would be roughly 5 percent of that which occurs for 
the deuteron. 

In the present paper, the measured ratio g7/ge is 
compared with that calculated from the kaown ratio 
Av;/Avs. The Av’s of Li® and Li’ were originally meas- 
ured by Kusch, Millman, and Rabi,* who obtained 
Av;/Ave=3.52090-+0.00025. Recently, Kusch and Taub® 
have remeasured these Av’s with much greater precision! 
Their value for the ratio is 3.52096+-0.00006. It shoud, 
be noted that the uncertainty in this value is less than 
that obtained from the published values of the A»’s 
since uncertainties in the frequency of the crystal. 
against which all frequency measurements were made, 
have no effect on the ratio of the Av’s. 


METHOD 


The resonance line, observed in the spectrum of a 
diatomic molecule and which arises from a reorientation 
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of the nuclear spin with respect to the magnetic field, 
is the envelope of a large number of unresolved lines 
which result from the transition Am;=-t1 in the 
various rotational states, J, m,;. The structure of these 
lines has been discussed by Feld and Lamb’® and by 
Nierenberg and Ramsey." The principal interactions 
which give rise to the line structure are the interaction 
of the nuclear electric quadrupole moment with the 
gradient of the electric field at the nucleus, and the 
interaction of the nuclear magnetic dipole moment with 
the magnetic field produced at the nucleus by the 
molecular rotation. When J=3, as for Li’, the envelope 
of the unresolved lines exhibits three maxima. At 
sufficiently high magnetic fields, the whole structure is 
symmetrical about the frequency fo=ogrH/h and the 
central maximum is, itself, symmetrical about this 
frequency. However, at intermediate fields, considerable 
departures from symmetry may occur. The frequencies 
of the components of the central maximum (m;=}< 
m= —}) are, to the second order, given" by: 


f=—g1u0oH /h—myc/h 
+[3(6/h)?(1— 2) (92*—1) ]/ (4gruoH/h) 
—[(c/hYP(1—2*) /(2grmoH/h), (1) 


where z=m,/J, b=e*gQ/4 and is the energy separation 
of each of the satellite maxima from the central peak, 
and c is the energy of interaction of the nuclear magnetic 
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Fic. 1. Nuclear resonance spectrum of Li’ in Lil. 
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Fic. 2. Nuclear resonance spectrum of Li® in Lil. 























moment with the magnetic field produced by unit 
molecular rotation. 

The first term gives a line whose width is determined 
by the resolution of the apparatus and which is sym- 
metrical about the frequency fo. The second term 
broadens this line symmetrically, since positive and 
negative my are equally probable. The contribution of 
this term to the width of the line at half-intensity is: 


Af=0.954ac/h, (2) 
where 
a= }?/8r ART. 


To find the effect of the last term in (1), it is necessary 
to evaluate the term (c/h)*J*. For small a, the most 
probable value of J~0.707/a. For this value of J, 
(c/h)*>J?=0.55(Af)?. In the case of Li’ in Lil, Af<8.5 
X 10° sec.—. If we consider the limiting value of z=0, 
at a frequency of observation fp>=16X10® sec. 
(H=10* gauss), the value of the last term becomes 
about 1.3 sec.'. The effect is entirely negligible and 
becomes even smaller for Li®. The third term in the 
expression for the frequency has a maximum value at 
2=5/9. For Li’ in Lil, 6/h=21.5X10* sec. For 
fo=16X 10° sec, and 2?=5/9, the third term becomes 
about 40 sec.—. This represents the maximum shift of 
any one of the components of the line from its position 
at infinité field. The over-all effect on the envelope of 
all the lines is less than this and is, therefore, negligible 
to within 1 part in 500,000. The effect of the quadrupole 
term on the position of the resonance line of Li® is 
even smaller. The case of LiBr is almost identical to 
that of Lil. ; 

The central maximum of the Li’ line and the center 
of the Li® line may thus serve to determine the ratio 
of the two nuclear g values to a precision limited only 
by experimental factors. 


APPARATUS AND PROCEDURE 


The apparatus used in this experiment is the same as 
that used in the work on the nuclear electric quadrupole 
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moment of Li®,” and in the determination of the proton 
moment.!® A beam of Lil molecules was obtained by 
heating Lil in a gold-plated iron oven. The gold-plating 
was found very useful in preventing free iodine, pre- 
sumably produced by thermal dissociation, from re- 
acting with the iron. The LiBr beam was produced 
directly from an iron oven. The resolution half-width 
of the apparatus, for a perfectly homogeneous magnetic 
field, is about 1.2 kc/sec. for Lil and about 1.5 kc/sec. 
for LiBr. The observed half-widths are, for Li® in Lil 
and LiBr, 2.85 and 4.4 kc/sec., respectively, and, for 
the central maximum of Li’ in Lil and LiBr, 8.5 and 
12.3 kc/sec., respectively. Figures 1 and 2 show the 
nuclear resonance lines of Li’ and Li® in Lil. The line 
structure has been observed to be entirely independent 
of magnetic field. The spectra for LiBr are essentially 
similar. , 

The data of this experiment are the frequencies of 
the Li® and Li’ lines measured in the same constant 
magnetic field. Since the magnetic field does, in fact, 
vary with time during the period of observation, it is 
necessary to correct for this variation by observing the 
current in the magnet winding at each frequency 
reading. The method of making this correction has 
been described in detail previously, and no further 
discussion will be given here. It should be mentioned 
that the direction of the magnetic field was reversed 
between successive runs as in the experiment” on the 
determination of the g value of the proton. The fre- 
quency of a line was determined by observations of the 
frequencies of two points on the resonance curve at 
which equal reduction of beam intensity was observed. 
The resonance curve was alternately traversed in 
opposite directions, and the fractional reduction of 
intensity at the points of observation was varied in 
order to reduce the possibility of systematic errors. 
The frequencies were measured with a General Radio 
heterodyne frequency meter, Type 620A. In thé course 
of the experiment, two different meters were used with 
an identical result. The limitation on the precision of 
this experiment was imposed primarily by fluctuations 
in the magnetic field, not readily correlated to fluctua- 
tions in magnet current. 

A careful study was made of the perturbing effects of 
power supplies on the magnetic field, the effect of the 
magnitudes of r-f current within a reasonable range, 
and the effect of different r-f generators coupled sepa- 


2 P, Kusch, Phys. Rev. 75, 887 (1949). 
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TABLE I. Results of individual determinations of g7/ge. 
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rately to the molecular beam apparatus. The maximum 
observed variation in the frequency of the Li’ line 
under widely varying experimental conditions was too 
small to be meaningful. 


RESULTS AND CONCLUSIONS 


The results of this experiment are given in Table I. 
At least five separate determinations of the ratio g7/ge 
were made in each run. Each determination involved 
a minimum of two measurements of the resonant 
frequencies of both Li® and Li’. The mean of these 
values is 2.64094+0.00005, where the error is the 
average deviation. 

It is possible to calculate the ratio g7/gs from the 
known value of the ratio of the Av’s by means of the 
Fermi formula, in which the compound structure of 
the nucleus is not considered. This gives: 


87/go=((2I+1)6/(2I+1)7](m,6/myz)*Av7/Ave 
= 2.64061-+0.00005, (3) 


where mr¢,-7 are the reduced masses of the 2s electrons 
in Li® and Li’, and the stated error is the error only in 
the ratio Av;/Avg. The inclusion of the factor (m,¢/m,7)* 
is made by analogy with the corresponding case of the 
hydrogens, since in each case the problem is one 
involving a single s electron. No rigorous justification 
of the inclusion of this factor has been made. The 
neglect of this factor increases the ratio g7/ge obtained 
from the Av’s to 2.64072+0.00005. The discrepancy 
between the observed value of g7/gs and that calculated 
from (3) is then 0.00033--0.00007. It seems probable 
that this discrepancy can be explained in a manner 
similar to that used in the treatment of H and D. 
This awaits a more detailed calculation of the effect 
of the nuclear structure of Li on the h.f.s. 


4 FE, Fermi, Zeits. f. Physik 60, 320 (1930). 
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Interaction of 14-Mev Neutrons with Deuterons* 
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By coincidence counting of recoil deuterons in a proportional counter telescope the angular distribution 
for n—d scattering has been measured using monoergic neutrons of 14-Mev energy. The measurements 
covered the angular range corresponding to neutrons being scattered at angles between 180° and 70° in the 
center of mass system, and by extrapolation an approximate curve was obtained over all angles. Upper 
limits can be placed on the probability of the m-2n disintegration process for ejection of protons in the 
angular range from 0° to 120° in the center of mass system. 





INTRODUCTION 


HERE have been numerous investigations, both 
experimental and theoretical, on the interaction 
of fast neutrons with deuterons. The difficulty in the 
development of adequate theory for this three particle 
system has more or less paralleled the difficulty of ex- 
perimenters in the determination of reliable data. 
Recent! and forthcoming data in the region of 100 Mev 
has encouraged more theoretical investigation.* Ex- 
tensive calculations in the energy region below 14 Mev 
have been made by Massey and Buckingham,**® who 
have compared the results of their calculations with 
experimental data on angular distributions for scat- 
tering® at 2.5 Mev and with data on total »—d cross 
sections’ at several energies up to 13.5 Mev. Recent 
cloud chamber data of Darby and Swan® at 2.5 Mev 
agrees in character, but disagrees quantitatively, with 
ion chamber data of Coon and Barschall.® 
Angular distribution data have not, to our knowledge, 
been published for neutron energies greater than 2.5 
Mev.? For neutron energies above the threshold (3X 2.2 
Mev) for the disintegration of the deuteron, any experi- 
mental search should seek to isolate the scattering proc- 
ess from the n—2n process. Ageno et al.” give uncertain 
experimental evidence for the existence of the n—2n 
process at 14 Mev and compare their results with those 
of other experimenters and with theory, though the 
information is extremely meager. 
The experiments of Ageno et al. were made difficult 


* This document is based on work performed at Los Alamos 
Scientific Laboratory of the University of California under 
Government Contract W-7405-eng-36. 
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by their not having an intense source of monoergic 
neutrons. The recent development!" of sources in this 
laboratory using the reaction T(d,n)He* makes avail- 
able an intense monoergic neutron source in the energy 
region from 12 to 18 Mev and simplifies the techniques 
required for measuring angular distributions and for 
differentiating between the scattering and n—2n proc- 
esses. In the present measurements, by using this source 
at a single neutron energy of 14 Mev, we have measured 
the angular distribution for scattering, and have been 
able to set upper limits for the m—2n reaction over the 
angular region, for proton emission, from 0° to 80° in 
the laboratory system. 


APPARATUS 


The triple coincidence counting telescope and asso- 
ciated equipment used by Barschall and Taschek” for 
measuring — p scattering has been used, with methods 
similar to theirs, to investigate n—d scattering. For 
most of the details regarding the neutron source, the 
proportional counter telescope, and the electronic 
counting circuits, reference may be made to the section 
on “Apparatus” in their report. Suitable variations in 
procedures were used in the present work to search for 
the possible presence of protons arising from the dis- 
integration of the deuteron. 

The 14-Mev neutrons from the T(d,n)He‘* reaction 
were incident on a deuterium target located within the 
envelope of the counter telescope. The deuterium target 
was in the form of a thin layer of heavy paraffin melted 
in vacuum into a 0.004-inch recess in a 0.050-inch thick 
flat platinum button and then machined to a uniform 
thickness. The layer had a total weight of 15.98 mg, 
surface density 9.82 mg cm~*, diameter about 1.5 cm, 
and for determination of the number of deuterium tar- 
get atoms was assumed to have chemical composition | 
C4sDo2. The proton impurity in the heavy paraffin was 
probably several percent, though there was no reliable 
analysis of the purity. The radiator was located inside 


10 * apenee Hemmendinger, and Jarvis, Phys. Rev. 75, 1464 
(1949). 

11 Graves, Rodrigues, Goldblatt, and Meyer, to be published 
in Rev. Sci. Inst. 
2H. H. Barschall and R. F. Taschek, Phys. Rev. 75, 1819 
1949). 
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the common envelope of the three-counter system at a 
distance of 18.0 cm from the neutron source. 

Limiting apertures with 3-inch diameter holes were 
located in front of each of the three counters. An ioniz- 
ing particle ejected from the radiator would cause a 
double and triple coincidence count simultaneously if it 
passed near the axis of the counter system through all 
three of the limiting apertures. The distance r between 
the radiator and the apertures determined the solid 
angle for counting and was different for different sets 
of data as well as for double and triple coincidence. All 
data were adjusted, by the factor 1/r’, to the distance 
21.0 cm which was the value applying directly to the 
best angular distribution data. At the distance of 21.0 
cm the maximum angular range for acceptance of par- 
ticles ejected from the radiator was about +7 degrees. 
To obtain angular distributions the counter assembly 
was mounted so as to pivot about an axis through the 
radiator. 


PROCEDURE 


In order to distinguish between recoil deuterons and 
disintegration protons, the detector system was oper- 
ated under a variety of conditions to obtain information 
about the range of ejected particles. In Fig. 1 range- 
angle curves are plotted for the various particles which . 
may emerge when 14 Mev neutrons are incident on the 
heavy paraffin radiator. These are derived from well- 


known range-energy curves and the energy-momentum 
considerations of the possible processes. Since the n—2n 
process leads to three product particles (unless a di- 
neutron is ejected), the disintegration protons will 
presumably have a continuous range of energies. Curve 
c is derived by assuming the case in which two separate 
neutrons emerge in the same direction and with the 
same energy. For such a case the energy £, of the proton 
is determined by 


(E,)*=43(En)' cosd-3(E, cos?0+3E,— 60)}, 


where E, is the energy of the incident neutron, Q is the 
binding energy of the deuteron, and @ is the angle in 
the laboratory system between the direction of the in- 
cident neutron and that of the ejected proton. If the 
above assumption is correct, curve c gives the upper 
limit of the range of disintegration protons. 

Examination of the curves of Fig. 1 suggests ways of 
discriminating between the different possible particles, 
and toward this end three sets of angular distribution 
data were taken as indicated below. The distance from 
the radiator to the -inch diameter limiting aperture in 
front of the second or third counter is denoted re- 
spectively by “doubles r” which applies to double co- 
incidence counting, and by “triples r”’ which applies to 
triple coincidence counting. 

(1) 1.8 atmos. argon in counters; doubles r=22.12 cm, triples 


r=29.23 cm: With this pressure a particle required 57 cm range 
to penetrate through the counter telescope and cause a triple 
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coincidence count. Similarly 44 cm range was required for a 
double coincidence count. 

(2) 0.20 atmos. argon pressure; doubles r= 14.09 cm, triples 
r=21.00 cm: This low pressure allowed particles of relatively 
small range to penetrate through the counters. A range of only 
4.6 cm was required for triples and of 3.2 cm for doubles. 

(3) 0.20 atmos. argon pressure; a 0.007-inch platinum absorber 
between the second and third counters; doubles r=13.50 cm, 
triples r= 20.86 cm: The platinum absorber thickness was chosen 
so as barely to stop recoil deuterons at 6=0° (100 cm range). 
Thus a range greater than about 110 cm was necessary for triples, 
whereas, as in case (2), a range of only 3.2 cm was necessary for 
doubles. 


One further set of data was taken at 0.20 atmos. 
pressure after reducing the size of the collimating aper- 
tures in the counter telescope from 32-inch diameter to 
%-inch diameter. This reduced the over-all angular 
spread from about +7° to +4° and was done in an 
attempt to determine whether the angular resolution 
had large effect on the shape of the angular distribution 
curve. 

As described in reference 12, many pulses induced by 
neutrons and by gamma-rays in the individual counters 
were larger than pulses originating from the small 
amount of ionization of the high energy protons or 
deuterons. On this account considerable care had to be 
taken in setting the bias level on the three pulse height 
discriminators which eliminated small pulses. Allowing 
too many small pulses to pass through to the coinci- 
dence circuit would cause a high background of ac- 
cidental coincidence counts. For our 1.8 atmos. data 
the biases were set in the same manner as described 
in reference 12, using plutonium 239 alpha-particles 
inside the counters as a reproducible calibrating 
standard. In the case of our 0.20 atmos. data, a 
proton of energy 14 Mev lost only about 35 kev by 
ionization in one counter. For reliable setting of 
biases at this low level it was found more desirable to 
use, as a reproducible standard of pulse height, the small 
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Fic. 1. Range versus angle for particles ejected from the heavy 
paraffin radiator by 14-Mev neutrons. Curve a is for recoil deu- 
terons, curve 6 for recoil protons, and curve ¢ for maximum- 
energy disintegration protons from d(n,2n) p. 
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TABLE I. Triple and double coincidence counts. The “Total count, rad. in” and “Total count, rad. out” 
correspond to the same number of monitor counts. 








10 15 20 


Recoil angle in lab system =86 
160 150 140 


0 
Neutron angle in cm system =¢ 180 


2s 275 2 35 40 50 55 62.5 70 
130 125 120 110 100 80 70 55 40 





1.8 atmos. argon pressure 
Triplés (r = 29.23 cm) 
Total count, rad. in 
Total count, rad. out 
Net X (r:/r)? per monitor unit 
Standard error in net 


Doubles (7 = 22.12 cm) 
Total count, rad. in 
Total count, rad. out 
Net X (r:/r)? per monitor unit 
Standard error in net 


0.20 atmos. argon pressure 
Triples (r =r; = 21.00 cm) 
otal count, rad. in 
Total count, rad. out 
Net X (r:/r)? per monitor unit 
Standard error in net 


Doubles (r = 14.09 cm) 
Total count, rad. in 
Total count, rad. out 
Net X (r:/r)? per monitor unit 
Standard error in net 


0.20 atmos. 0.007” Pt absorber 
Triples (r = 20.86 cm) 
Total count, rad. in 
Total count, rad. out 
Net X (r:/r)? per monitor unit 
Standard error in net 


Doubles (r = 13.50 cm) 
Total count, rad. in 
Total count, rad. out 
Net X (r:/r)? per monitor unit 
Standard error in net 


6742 
4267 
128 
5 








gamma-ray-induced pulses from a weak radium source 
placed in a reproducible geometry outside the counter 
at the time of bias setting. The method of bias setting 
was as follows. Bias curves for coincidence counting of 
recoil deuterons at 0° (where specific ionization is a 
minimum) were taken, and the end of the bias plateau 
determined on the arbitrary but linear scale of an arti- 
ficial pulse generator. To insure that high energy protons 
also be recorded, the operating bias was then chosen a 
little less than half the value at the end of the bias 
plateau curve, since the specific ionization of fast 
protons is half that of deuterons of the same energy. 
The counting rate with the radium source in place was 
then immediately determined at this bias setting and 
subsequently used for making small corrections in bias 
setting to account for daily fluctuations in gas multi- 
plication and electronic gain. 

Since the neutrons originated from the reaction 
T(d,n)He’, the relative number of neutrons incident on 
the deuterium radiator in any given counting interval 
was monitored by counting the alpha-particles in known 
geometry. An alpha-particle count would enable one 
to determine the absolute neutron yield at any angle if 
either of the following two conditions existed: if the 


angular distribution for the D—T reaction were well 
known, or if the alpha-particles were counted at an 
angle ¢. equal to the neutron angle ¢, minus 180° in 
the center of mass system. As to the first of these condi- 
tions, rough measurements in this laboratory indicate 
that the thick target neutron yield is nearly isotropic 
in the center of mass system for our deuteron bombard- 
ing energy of 200 kev. As to the second condition, in 
our geometry ¢, was 100°, corresponding to which the 
most desirable angle for counting alphas would be 
¢a= 80°. Since our alpha-counting was done at ¢. 
= 116°, one would expect an angular anisotropy to have 
a relatively small effect on our measurement. Combining 
the above considerations, we estimate that anisotropy 
will not introduce an error of more than 5 percent in 
our determination of the absolute number of neutrons 
incident on the heavy paraffin radiator. 

The coincidence counting data was taken in cycles 
in which a count with the heavy paraffin in place was 
always followed by a background count taken with the 
paraffin coated platinum button rotated through 180° 
so as to expose clean platinum in place of the heavy 
paraffin. Subtraction of the background count then 
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gave the coincidence count due only to particles ejected 
from the heavy paraffin radiator. 


RESULTS 


Most of the experimental results on the angular de- 
pendence of coincidence counts are’ summarized in 
Table I. Three sets of data are given as obtained under 
the three sets of conditions described above. The total 
number of counts obtained with the radiator in place 
(“rad. in’’) and with the radiator rotated out (rad. 
out’’) are listed and determine the statistical accuracy 
of the data. In analysis of the data the total count per 
64,000 counts (“monitor unit”) on the alpha-particle 
monitor is determined, and the result for ‘“‘rad. out” is 
subtracted as a background from that for “rad. in” to 
determine the net coincidence count due to the presence 
of the radiator. The net count is then adjusted to the 
solid angle corresponding to the r= 21.0 cm distance and 
listed in Table I under “Net X (r;/r)? per monitor unit” 
along with the statistical error. 

In the discussion that follows it will become evident 
that the net coincidence count must be almost entirely 
due to recoil deuterons, to the exclusion of disintegra- 
tion protons or recoil protons. The first evidence for 
this appears in examination of the data from 0 to 20°. 
In this angular range the doubles and triples at 1.8 and 
at 0.20 atmés. all agree within statistical errors. This 
implies that, within our accuracy of about +10 percent, 
all particles having range greater than 3.2 cm also have 
range greater than 57 cm; i.e., there are no disintegra- 
tion protons of energy between about 1.5 Mev and 7 
Mev. Since, for the 0.20 atmos. data, there is very little 
difference in the range required for doubles (3.2 cm) 
and for triples (4.6 cm), the agreement between these 
data is good evidence to justify our method of adjusting 
the data to one solid angle by the appropriate 1/r’ 
factors. 

Further evidence for the premise stated above lies in 
examination of the data at angles greater than 20°. 
With increasing angle above 20°, the 1.8 atmos. data 
rapidly fall below the 0.20 atmos. data. This is to be 
expected if the particles are recoil deuterons, since at 
1.8 atmos. recoil deuterons at angles larger than 20° 
begin failing to have sufficient range to penetrate into 
the third counter if one includes the effects of radiator 
thickness (8.6 cm air equivalent) and angular spread. 
The corresponding angle for recoil contamination pro- 
tons is 38°, and for maximum-range disintegration 
protons is 46 degrees. Similar angles applying to the 
occurrence of double coincidences are about 5° larger. 
The low value of the 1.8 atmos. datum at 40° sets an 
upper limit to the number of disintegration protons of 
energy greater than 7 Mev at this angle. 

The 0.20 atmos. data, as shown in Fig. 2, form a 
smooth curve for angles up to about 55° where there is 
a fairly sudden drop, slightly more delayed for the 
doubles data (solid circles) than for the triples data 
(hollow circles). This drop must be expected for recoil 


deuterons, which, for angles greater than 50°, begin 
failing to have range enough to cause triples. The cor- 
responding angle for recoil protons is 56° and for maxi- 
mum-range disintegration protons is 86°, while the 
same angles applying to double coincidences are a few 
degrees larger. The break in the curve is not very sharp 
because of the effect of radiator thickness and because 
of lack of angular resolution. The low value of the 0.20 
atmos. data in the region of 80° sets an upper limit to 
the number of disintegration protons near 80° of energy 
greater than about 1.5 Mev. 

The data with the platinum absorbing foil at 0°, 10°, 
and 20°, also shown in Fig. 2, indicates that at 0° the 
number of particles of range greater than 110 cm is 
about 3 percent of the number of particles of range less 
than 110 cm. Assuming all of this 3 percent count is due 
to contamination protons, and using the best available 
values of the n— p and n—d differential scattering cross 
sections for 0° recoils, we can calculate the proton con- 
tamination in the heavy paraffin radiator. The value so 
obtained is 6 percent, which is not an unexpectedly high 
value. Thus an upper limit is set on the number of 
disintegration protons at 0° of range greater than 110 
cm. , 
The above rather detailed and piecemeal evidence 
against the presence of disintegration protons leads the 
authors to believe that almost certainly the integrated 
cross section for the disintegration process over the 
range from 0° to 80° in the laboratory system and 
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Fic. 2. Coincidence counting data as a function of laboratory 
angle @ for recoil deuteron. Y(6)=net number of coincidence 
counts per 64,000 alpha-monitor counts. o(@)=cross section per 
unit solid angle. The dashed curve is an extrapolation drawn to 
give an area under the curve corresponding to the total scattering 
cross-section value taken from reference 10. 


} =triples at 0.20 atmos. pressure in counters. 

@ =doubles at 0.20 atmos. 

¥ =triples with 0.007” Pt absorber, 0.20 atmos. 
* =doubles with 0.007” Pt absorber, 0.20 atmos. 
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Fic. 3. Angular distribution data plotted in center of mass 
system. The data plotted are the triple coincidence data with 0.20 
atmos. pressure in counters. The dashed curve is an extrapolation 
drawn to give an area under the curve corresponding to the total 
scattering cross-section value taken from reference 10. o(¢) =scat- 
tering cross section per unit solid angle in the center of mass 
system. 


yielding protons of energy greater than about 2 Mev is 
less than about 0.05 barn. It follows that the curve of 
Fig. 2 is essentially the m—d scattering angular dis- 
tribution in the range from 0 to 50°. Information about 
the curve in the remaining region between 50° and 90° 
may be gotten by extrapolation using the total cross- 
section values of Ageno et al.’ The method of extrapola- 
tion will be described below. 

The data taken with the narrow geometry for which 
the angular resolution was about +4° are compared 
with the +7° resolution data in Table II, which tabu- 
lates the ratio of the count with 6=0° to the count 
with 6= 10°. Within statistical accuracies the change in 
angular resolution has no effect on these ratios, in- 
dicating that the +7° resolution data are not badly 
distorted. 

Examination of Table I shows abnormally high back- 
ground coincidence rates for the 0.20 atmos. data as 
compared to the 1.8 atmos. data. It was shown, by 
measurements of the time resolution of the detecting 
and counting system and by recording the individual 
counts occurring in each of the three counters, that 
most of this high background was not due to accidental 
coincidences. It is reasonable to expect that there are 
many relatively short range background particles from 
the brass counter walls, steel diaphragms, and filling 
gas which can cause a high true coincidence background 
at 0.20 atmos. but not at 1.8 atmos. 

By making observations at 0° Ageno et al.” conclude 
that possibly the »— 2m process has a cross section of the 
order of 0.05 barn. Our data at 0° sets an upper limit 
of about 0.05 barn for differential cross section in the 
laboratory system at 0° unless there are a relatively 
large number of low energy protons of energy less than 
1.5 Mev. The two sets of data are therefore not in- 
consistent. 

Figure 3 shows our angular distribution data plotted 
in the center of mass system, ¢- being the angle for the 
scattered neutron. The data plotted are the triple co- 
incidence data at 0.20 atmos. counter pressure, and the 


dashed curve is the extrapolation referred to above. The 
extrapolation was made in two ways, and essentially 
the same result obtained. The first method was to as- 
sume our absolute neutron flux measurement by alpha- 
particle counting was correct, calculate the differential 
cross section at'¢?=180°, and draw the extrapolation 
with a somewhat arbitrary shape but in such a way that 
Jo"a()sin¢dd was equal to the value 0.86 barn given 
in reference 7. The second method used the fact that 
the n—p scattering measurements of Barschall and 
Taschek had been performed with identical equipment 
and under directly comparable geometric conditions. 
The alpha-particle counter was considered not as a 
neutron flux measuring device but only as a flux moni- 
tor. Then the extrapolation of the »—d scattering yield 
curve was drawn to satisfy the relation 


Naona(total) 7” ; 
<A" — | Ys(6)sindde, 


f Y ,a(¢)singdé= 


N y0np(total) 


where the Y(@)’s are relative yields per monitor count, 
N is the total number of deuterons or protons in the 
radiators, and where the m— scattering is assumed 
isotropic in the center of mass system. This method 
thus does not depend on our absolute neutron flux de- 
termination and uses the ratio onq(total)/on (total) of 
the total cross-section values rather than either of the 
individual cross sections given in reference 7. Both 
methods determine the fraction of the area under the 
yield curve in the extrapolated region, but the second 
method does not determine the scale of values for the 
absolute differential scattering cross section o(@). The 
two methods agree as to the fraction of the area in the 
extrapolated region, and one therefore has more con- 
fidence in the neutron flux measurement which deter- 
mines the scale of absolute values indicated in Fig. 3. 
The corresponding scale of values of differential cross 
section o(@) for the recoil deuteron yield in the labora- 
tory system is shown in Fig. 2. 

Since the total cross section is obtained by integrating 
the function o(¢)sing, our extrapolation gives a poor 
determination of o(@) at ¢=0°. However, it is certain 
that there is a peak for forward scattering of the neu- 
tron which is considerably larger than the peak for 
backward scattering, even though the forward scatter- 
ing peak is in the extrapolated region. A direct measure- 
ment of the forward scattering peak would be very 
desirable, but may be accessible only to measurements 
in which the scattered neutrons themselves are detected. 


TABLE II. Effect of angular resolution. 








Doubles Triples 





0° count _ 
10° count — 
0° count _ 
10° count — 


+7° resolution: 1.41+0.12 1.54+0.12 


+4° resolution: 1.59+0.11 1.55+0.22 
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From a comparison of our curve at 14 Mev with the 
theoretical curves of Buckingham and Massey’ at 11.5 
Mev, one may make the following general statements. 
The theoretical and the experimental curves agree in 
features of marked angular asymmetry with a minimum 
at about 110° and a forward scattering peak larger 
than the backward scattering peak. However, regardless 
of how the curves are normalized the experimental 
curve differs at some angles by factors of several from 
the various theoretical curves. As is pointed out by 
Massey and Buckingham,’ their “exchange force” cal- 
culations will probably come into better agreement 
with experimental fotal cross-section values’ in the 
region of 14 Mev when they take into account the con- 
tributions of higher than » angular momentum states, 
which were ignored in their original calculations. Such 


a refinement in the “exchange force” theory may also 
bring it into better agreement with our angular dis- 
tribution data. If such an extension of the theory gives 
favorable results, the over-all evidence will be somewhat 
more in favor of “exchange forces” than “ordinary 
forces.”” However, as Darby and Swan? point out, their 
angular distribution data at 2.5 Mev agrees very closely 
with the “ordinary force” curve of Buckingham and 
Massey, whereas the data of Coon and Barschall® at 
this energy fits better with the “exchange force” curve. 
Obviously more accurate and complete data are 
necessary. 

We wish to thank S. G. Forbes for keeping the de- 
tecting equipment in operating condition as well as for 
much of the data taking, and E. R. Graves for helpful 
discussions and criticisms. 
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Magnetic measurements on titanium metal of purity 99.95 percent have been carried out down to 0.3°K. 
The titanium was found to be superconductive with a transition temperature of 0.53°K. Measurements 
of the magnetic threshold curve were made for which the initial slope was found to be 470 gauss per degree. 


INTRODUCTION 


N carrying out investigations on techniques required 
for the observation of nuclear paramagnetism, the 
properties of some superconductors have been studied 
below 1°K. Details of the results obtained with high 
purity titanium are given herewith. 

Titanium of stated purity approximately 99.75 per- 
cent was found by Meissner! in 1930 to become super- 
conductive by observation of the resistance of a single 
crystal specimen. The transition point in zero mag- 
netic field was found to be 1.13°K. Subsequent re- 
sistance measurements by Meissner, Franz, and Wester- 
hoff? on other titanium samples showed superconductive 
transitions at higher temperatures, one being as high 
as 1.77°K. de Haas and van Alphen using titanium of 
unstated purity found by resistance measurements a 
superconductive transition at about 1.72°K, with a 
broad transition region. Webber and Reynolds‘ in 1948 
observed an anomaly in the resistance of a titanium 
specimen, prepared in a different manner from the 

* Frederick Gardner Cottrell Fellow. 

1W. Meissner, Zeits. f. Physik 60, 181 (1930). 

“an Franz, and Westerhoff, Ann. d. Physik 13, 555 
7W. J. de Haas and P. M. van Alphen, Proc. Amst. Roy. 


Akad. Sci. 34, 70 (1931). 
4R. T. Webber and J. M. Reynolds, Phys. Rev. 73, 640 (1948). 


above, the resistance showing a marked decrease over 
a broad temperature range between 3°K and 1°K with- 
out, however, showing superconductivity. 

Measurements by Shoenberg,® on the other hand, on 
the magnetic properties of titanium of purity 99.9 
percent revealed no sign of superconductivity, defined 
by the establishment of zero magnetic induction 
throughout the entire specimen, down to temperatures 
of about 1.0°K. Shoenberg® reported, however, the 
occurrence of a very small diamagnetic anomaly at 
about 1.5°K and suggested that the previous observa- 
tions of zero resistance at about this temperature were 
due to very small regions in the specimen becoming 
superconductive where chemical or physical impurity 
might have been concentrated. Such a view is sup- 
ported by the considerable scatter in the values of 
transition points observed.!* 

The experiments reported in this paper were under- 
taken in order to clarify the question of the possible 
occurrence of superconductivity in titanium which in 
view of Shoenberg’s work appeared doubtful. From the 
position of titanium in the periodic table it would 
appear that it should become superconductive, since 
the other metals in the same sub-group are super- 


5D. Shoenberg, Proc. Camb. Phil. Soc. 36, 84 (1940). 
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conductors. This view is supported by consideration 
of its atomic volume.’ It seemed of interest, therefore, 
to extend magnetic measurements on a titanium sample 
of higher purity than previously used to the tempera- 
ture region below 1°K. 


EXPERIMENTAL METHODS AND RESULTS 


A special sample of titanium of 99.95 percent purity 
was kindly furnished us by the Battelle Memorial 
Institute. The method of preparation by the thermal 
decomposition of the iodide on a hot wire has been 
fully described elsewhere.*® 

Cooling to liquid helium temperature was carried 
out by the use of a Simon-type® expansion liquefier 
having provision for withdrawing the liquid helium 
into external cryostats.!° Temperatures below 1°K were 
obtained by the magnetic methods," using chromium 
potassium alum as the working substance, the magnetic 
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Fic. 1. The measured magnetic threshold as a function 
of temperature (Curie scale). 
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6 (a) W. Meissner, Ergeb. d. exakt. Naturwiss. 11, 222 (1932); 
(b) N. Kurti and F. Simon, Proc. Roy. Soc. A151, 610 (1935) ; 
and (c) D. Shoenberg, Superconductivity (Cambridge University 
Press, London 1938), p. 2. 

7™See, for example, Burton, Grayson-Smith, and Wilhelm, 
Phenomena at the Temperature of Liquid Helium (Reinhold Pub- 
lishing Corporation, New York, 1940), p. 94. 

® Campbell, Jaffee, Blocher, Gurland, and Gonser, J. Electro- 
chem. Soc. 93 271 (1948). 

* F. Simon, Physik Zeits. 34, 232 (1933). 

10R. B. Scott and J. W. Cook, Rev. Sci. Inst. 19, 889 (1948). 

1 P, Debye, Ann. d, Physik 81, 1154 (1926); and W. F. Giaque 
J. Am. Chem. Soc. 49, 1864 (1927). 
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field being produced by a large permanent magnet 
giving a field of 8000 gauss in a 2-inch gap. 

Thermal contact between the chromium potassium 
alum and the titanium metal was achieved mechani- 
cally, as previously carried out by Kurti and Simon.*®) 
The metal was divided into small pieces of linear di- 
mensions approximately 2-3 mm and these pieces were 
distributed at random in the powdered salt and the 
mixture compressed under a pressure of 200-300 atmos. 
into an ellipsoidal pill having major and minor axes of 
length 27 mm and 13 mm, respectively. This direct 
method of making thermal contact was found to be 
satisfactory down to the lowest temperatures used 
(0.3°K), as préviously found by Kurti and Simon.®®) 

The filling factor, f, of the specimen, i.e., the ratio 
of the distributed density of the powder to the crystal- 
line density, was 0.79. Hence, the calculated value of A, 
given by A=cf(4r/3—W), where c is the Curie con- 
stant per cc and WV the demagnetizing factor of the 
specimen, was taken to be 0.011 degrees. This value 
has been taken in calculating 7,*, i.e., the extrapolated 
temperature based on Curie’s law for a spherical 
specimen.” 

The temperature was calculated in the usual manner 
from observations of the magnetic susceptibility of the 
sample, the latter being measured by the ballistic 
mutual inductance method." These susceptibility meas- 
urements served also to detect the occurrence of the 
transition from the superconductive to the normal 
state of the titanium, such transitions producing sudden 
changes in the observed total susceptibility of the 
specimen, due to the perfect diamagnetic properties 
of the superconductive state. 

The measurements were made by allowing the speci- 
ment to warm up slowly either in a small externally 
applied magnetic field (<60 gauss) or in zero field, 
susceptibility measurements being taken at regular 
time intervals. Superconductivity, evident by strong 
diamagnetism of the titanium, was observed at tem- 
peratures below 0.53 degrees. Details of the kind of 
transitions observed will be given in a subsequent pub- 
lication. From the measurements in zero magnetic field, 
an assessment could be made of the percentage volume 
of the titanium which became superconductive. Within 
experimental error this was 100 percent, indicating that 
the superconductive effects were not due to impurities. 
The rate of warm-up was sufficiently. slow to ensure 
satisfactory temperature equilibrium between the salt 
and the metal, approximately one hour being required 
for the specimen to warm from 0.3°K to 0.6°K. This 
warm-up time corresponded to an average heat influx 
of 350 ergs per minute. 

The transition temperature for the titanium was 
found to be 0.5270.006, with a slope for the magnetic 


12 See N. Kurti and F. Simon, Phil. Mag. 26, 849 (1938). 
18See N. Kurti and F. Simon, Proc. Roy. Soc. A149, 152 (1935) ; 
and W. J. de Haas and Wiersma, Physica 2, 335 (1935). 











threshold of 
(dH ./dT)y-0= 470 gauss/degree. 


No traces of minor magnetic anomalies at temperatures 
between 0.53 and 4.2°K were observed. A plot of the 
measured magnetic threshold curve is given in Fig. 1, 
the temperatures being plotted on the Curie scale, 7,*. 
The possible error in interpreting the observed results 
is given by the lines drawn through the points in Fig. 1. 
Within the temperature range concerned, the devia- 
tions of the values of T,* from the absolute tempera- 
ture would be small and not greater than the experi- 
mental error of observation. 


DISCUSSION 


The low value found for the superconducting transi- 
tion point of titanium (0.53) confirms the work of 
Shoenberg® who found no sign of complete super- 
conductivity down to 1.0°K, and indicates that the 
results previously obtained by resistance measure- 
ments were probably due to physical or chemical im- 
purity effects rather than being characteristic of pure 
titanium metal. The low transition point also lends 
some support to the considerations put forward by 
de Launay and Dolecek."* 

The high value for the slope of the magnetic threshold 
curve is comparable with that for the “chard” super- 
conductors, e.g., Ta and Cb. The magnetic threshold 
curve for Zr, in the same sub-group of the periodic 
table as Ti, also has a high slope, being approximately 
400 gauss per degree.*®) For very pure thorium, how- 
ever, the only other superconductor in Group IVa for 
which the magnetic threshold curve has been meas- 
ured,® is as small as 190 gauss per degree, a figure 
comparable with those for the “soft” superconduc- 
tors.1516 On the other hand, measurements? on less pure 


4 J. de Launay and R. L. Dolecek, Phys. Rev. 72, 141 (1947). 
( 16 Daunt, Horseman, and Mendelssohn, Phil. Mag. 27, 754 
1939). 
at * G. Daunt and K. Mendelssohn, Proc. Roy. Soc. A160, 127 
1937). 
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and on cold-worked thorium showed much higher slopes 
for the threshold curve, a result which made the sub- 
division between hard and soft superconductors appear 
artificial, the high slopes possibly being due to impurity 
effects or physical strain. This view is supported by the 
work of Lasarew and Galkin"’ on the effect of strain, 
and it would consequently be desirable to extend the 
magnetic measurements on the hard superconductors to 
include systematically the effects of annealing, etc.** 
In summation, it is certainly not possible to regard the 
magnetic threshold curves of the hard superconductors 
as forming a basis for the calculation of the thermo- 
dynamical properties, such as entropy difference, etc., 
with the same confidence as those for the soft super- 
conductors. In view of this and because of the limited 
temperature range of our measured curve for titanium, 
no calculations have been made of thermodynamical 
properties. 
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tantalum in various physical states have been made by R. T. ° 


Webber (Phys. Rev. 72, 1241 (1947)). However the observed 
slopes of the threshold curves even for the annealed specimens 
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Indium (114) emits soft conversion electrons (range ~20 mg/cm?) and hard nuclear beta-rays of energy 
1.89 Mev. Lead absorption gives quantum energies of 0.15 Mev and 0.70 Mev whereas coincidence absorp- 
tion yields a maximum quantum energy of 0.90 Mev. The harder quanta are associated with an inner 
beta-ray group constituting less than 1.5 percent of the total beta-radiation, if with any group at all. A 
gamma-gamma-coincidence rate of (0.25+0.02) x 10- coincidence per gamma-ray was noted. 

Barium (140) emits nuclear beta-rays having a maximum energy of 0.91 Mev and two gamma-rays 
having quantum energies of 0.14 Mev and 0.6 Mev as indicated by absorption in lead. Beta-gamma-coin- 
cidence data, obtained from Ba™ in equilibrium with La™ and from Ba freshly separated from its daughter 
element, show that the beta-ray spectrum is complex and that about twenty percent of the disintegrations 
proceed by way of the inner beta-ray group which is coincident in time with gamma-radiation. 


See note added in proof. 





INTRODUCTION 


HE radiations of the isomers of In" have been 
studied intensively by many investigators. 
Lawson and Cork"? report a maximum beta-ray energy 
of 1.98 Mev (cloud chamber and magnetic field) for the 
72-second In". The value for the converted gamma-ray 
of *In™ was reported as 0.19 Mev’. A more recent clas- 
sified report,* gives spectrometric values of 1.98 Mev 
and 0.186 Mev for these radiation energies. A recent 
report by Cork et al.‘ gives 190.9 kev as the energy of 
the highly converted gamma-ray of *In"™* and 0.81 Mev 
as the energy of a relatively hard gamma-ray emitted 
by the two isomers in equilibrium. 

No comment is made in their paper regarding the 
presence of the harder gamma-ray. Its energy value, 
obtained by lead absorption, is simply quoted in their 
Table I. The presence of the hard quantum stimulated 
some interest in the matter on the part of the writers 
so that some radioactive indium was obtained from the 
Oak Ridge pile for investigation. Chemical separations 
were carried out for the removal of Ag, Cu, Fe, Pb, 
Ca, and Nias contaminants indicated by spectrographic 
analysis. 

The historic barium (140), parent element of the 
40-hour lanthanum (140), is among the products of 
uranium fission. Among the few papers in the open 
literature dealing with this activity are an absorption 
value of 1.2 Mev and a spectrometric measurement 
giving 1.05 Mev‘ as the maximum energy of the nuclear 
beta-rays. The gamma-radiation is reported to have an 
energy of 0.54 Mev. Classified measurements include 
beta-ray end points at 0.4 Mev and 1.0 Mev and lead 

* Assisted by the joint program of ONR and the AEC. 

1 J. L. Lawson and J. M. Cork, Phys. Rev. 56, 291 (1939). 

2 J. L. Lawson and J. M. Cork, Phys. Rev. 57, 982 (1940). 


Other references to measurements carried out prior to 1940 may 
be found in this paper. 

3P. W. Levy, Plutonium Proj. Rept. Mon P-250 (February, 
1947), p. 26, quoted by Seaborg and Perlman in their recent 
isotopic table. 

4 Cork, Shreffler, and Fowler, Phys. Rev. 74, 1657 (1948). 

50. Hahn and F. Strassman, Naturwiss. 27, 11 (1939). 

6 W. Rall and R. G. Wilkinson, Phys. Rev. 71, 321 (1947). 


absorption measurements, giving a quantum energy of 
0.5 Mev.’ Still other classified measurements give an 
absorption limit of 1.1 Mev for the beta-rays® and a 
spectrometric value of 0.529 Mev for the hard gamma- 
ray. Additional classified data!’ give good agreement 
with the values already quoted. 

For this investigation, Ba'® was produced in the 
fission process at the Oak Ridge pile. Measurements of 
radiation energies and coincidence rates of Ba!° were 
carried out when it was in equilibrium with La!® as 
well as when freshly separated from it. 

A complete description of the general methods and 
techniques used in obtaining the data to follow has been 
previously given." 


In! 14 


A thin source of the chemically purified *In"™4— In™ 
was placed before a single G-M counter, and the ab- 
sorption curve of Fig. 1 was obtained. The end point, 
occurring at 0.87 g/cm? in aluminum, corresponds to a 
maximum energy of 1.89 kev as calculated by Feather’s 
equation.” In the region of small absorber thickness, 
(<20 mg/cm’), the conversion electrons of the 48-day 
metastable state of *In' are clearly evident. The curve 
closely resembles one previously published by Lawson 
and Cork.? If the portion of the curve relating to the 
72-second period is extrapolated to zero absorber thick- 
ness, it can be shown that the number of nuclear beta- 
rays present is about equal to the number of conversion 
electrons, indicating a conversion coefficient of the order 
of one hundred percent. 

The gamma-radiation of the purified indium source 
was absorbed in lead as plotted in Fig. 2. It is immedi- 


7D. W. Engelkemeier, Plutonium Proj. Rept. CC-1959 (August, 
1944), quoted by Seaborg and Perlman. 

8H. A. Levy and L. G. Stang; Plutonium Proj. Rept. CC-1204, 
(January, 1944), p. 9, quoted by Seaborg and Perlman. 

®V. A. Nedzel and M. B. Sampson, Plutonium Proj. Rept. 
CC-2283 (October, 1944), quoted by Seaborg and Perlman. 

10 Plutonium Proj. Rept., “Nuciei formed in fission,” Rev. 
Mod. Phys. 18, 513 (1946). 

11 C, E. Mandeville and M. V. Scherb, Nucleonics 3, 2 (1948). 

2 N. Feather, Proc. Camb. Phil. Soc. 34, 599 (1938). 
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ately clear that two gamma-rays are present. Resolution 
of the curve into its two components gives linear ab- 
sorption coefficients corresponding to quantum energies 
of 0.15 Mev and 0.70 Mev. Taking into account the 
variation with energy of the quantum efficiency of the 
counter, it is estimated that the soft radiation is about 
six times as intense as the hard gamma-rays. The 
harder gamma-ray is undoubtedly that previously 
noted by Cork e¢ al.4 It cannot be said whether the 
softer quanta are emitted with the disintegration of the 
72-second period or whether they are unconverted 
gamma-rays emitted at the 48-day level. Because of the 
inaccuracies of absorption methods, the latter possi- 
bility cannot be dismissed. 

A source of *In"*—In"™ was placed behind a thick 
aluminum block so that recoil electrons ejected from 
the block by the gamma-rays would traverse two G-M 
counters in coincidence. Aluminum absorbers were 
placed between the two counters to obtain the coin- 
cidence absorption curve of Fig. 3. From a previously 
published calibration curve," an energy of 0.90 Mev is 
deduced. The disagreement between the two values of 
the energy of the harder gamma-ray may be simply a 
result of the inaccuracies of absorption methods. When 
a source of radioactive indium was placed between two 
gamma-ray counters in coincidence, a gamma-gamma- 
coincidence rate of (0.25+-0.02) x 10- coincidence per 
gamma-ray was measured. Several different geometries 
were employed, but the gamma-gamma-coincidence 
rate persisted, attesting the validity of the effect. A 
search was made for beta-gamma-coincidences, but 
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Fic. 1. Absorption in aluminum of the charged particles of 
*In!4— In™4, Soft conversion electrons and hard nuclear beta-rays 
are present. The end point corresponds to a maximum beta-ray 
energy of 1.89 Mev as calculated by Feather’s equation. 


13C, E. Mandeville and M. V. Scherb, Phys. Rev. 73, 1434 
(1948). 
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Fic. 2. Absorption in lead of the gamma-rays of indium (114). 
The linear absorption coefficients taken from the curve correspond 
to quantum energies of 0.15 Mev and 0.70 Mev. 


none were detected. Assuming that a genuine coin- 
cidence rate as large as the accidental rate could be 
detected, knowing the calibration of the gamma-ray 
counter of the beta-gamma-coincidence counting ar- 
rangement, and assuming that the beta-rays of a low 
intensity inner beta-ray group are followed by about 
0.8 Mev of gamma-ray energy, it was concluded that 
the softer beta-rays have an intensity less than 1.5 
percent of the principal group at 1.89 Mev. This con- 
clusion rests upon the assumption that the hard gamma- 
rays are indeed coupled with a nuclear beta-ray spec- 
trum. Naturally, it cannot be said whether the sup- 
posed beta-ray spectrum originates at the 72-second 
level or at the 48-day level. 


Ba!” 


The aluminum absorption curve of the beta-rays of 
Ba!°, separated from La™, is shown in Fig. 4. The 
measurements were completed within 40 minutes after 
the chemical separation. The end point corresponds to 
a maximum beta-ray energy of 0.91 Mev. 

The gamma-rays of Ba™° were absorbed in lead as 
shown in Fig. 5. The starting time of each curve after 
the initial separation of barium from lanthanum is 
indicated at the right of the drawing. Each curve was 
completed in less than twenty minutes after the starting 
time; that is, the first curve was commenced five 
minutes after chemical separation and completed 
within twenty-five minutes after separation. It is 


’ evident that the first curve, the five minute curve, is 


readily analyzed into two components. The linear ab- 


-sorption coefficients taken from the curve correspond to 


quantum energies of 140 kev and 0.6 Mev, respectively. 
These values are only approxirnate since they are 
subject to the inaccuracies of the absorption method. 
It appears, however, that the softer gamma-ray has not 
been previously reported. The curves of Fig. 5 show 
how the gamma-count increases with time and with the 
growth of La“, a hard gamma-ray emitter. The curva- 
ture in the region of low energy becomes less and less 
apparent with time and as the activity of the daughter 
element increases. This shows that the soft radiation, 
so clearly evident on the curve taken five minutes after 
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chemical separation, is definitely emitted in the disin- 
tegration of Ba!®, 

The beta-gamma-coincidence rate of Ba™°, in equi- 
librium with La™, is shown in curve A of Fig. 6. The 
curve is seen to rise from an extrapolated value of 
1.0X10-* coincidence per beta-ray at zero absorber 
thickness to 1.8% 10-* coincidence per beta-ray in the 
vicinity of 0.34 g/cm*. The coincidence rate beyond this 
absorber thickness is characteristic of La alone. Below 
0.34 g/cm?, the coincidence rate of La” is reduced by 
the presence of the beta-rays of Ba! which are ob- 
viously accompanied by much less gamma-ray energy 
than are those of La!°. Were the beta-rays of Ba'*° 
accompanied by no gamma-rays whatever, the beta- 
gamma-coincidence rate at zero absorber thickness 
would be exactly half as great as it is beyond 0.34 
g/cm?. From the curve, it is seen that this is not quite 
the case. This fact alone shows that a small number of 
beta-gamma-coincidences are present in the disintegra- 
tion of Ba™. 

Curve B is a plot of the genuine beta-gamma-coin- 
cidence rate of Ba™° alone. Barium was chemically 
separated from lanthanum at each point of the curve. 
Approximately fifteen minutes were required to prepare 
and mount the barium source after each separation. 


Coincidences were observed for about eight minutes at 


each point so that each measurement was completed in 
less than twenty-five minutes after the chemical sepa- 
ration. Only brief observations could be made at each 
point of curve B because of the rapid growth of La™®. 
Even very small traces of La’ are sufficient to in- 
validate any Ba™° measurements. This results from the 
fact that La!° is characterized by radiation energies 
and coincidence rates which are very high as compared 
with those of pure Ba!*°. The aforementioned brevity of 
the coincidence measurement at each point of curve B 
made statistical accuracy difficult, and measurements 
were almost impossible to carry out at appreciable ab- 
sorber thicknesses. Although the coincidence rate 
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appears to be decreasing with increasing absorber 
thickness, the statistical accuracy of the points at larger 
absorber thickness makes it impossible to say that the 
coincidence rate eventually decreases to zero to indicate 
a complex spectrum. However, this conclusion can be 
reached byanother rather simple argument. 

It has been previously shown" in this laboratory that 
although the beta-ray spectrum of La!“° is complex, the 
beta-gamma coincidence rate appears to be constant, 
independent of the beta-ray energy. It was also con- 
cluded that ‘on the average, each beta-ray of La"® is 
followed by 2.3 Mev of gamma-ray energy.* Extra- 





1000 t Ly T t qT ' 


COUNTS PER MINUTE 
8 





1 1 l S 
00 0.2 04 0.6 0.8 1.0 12 14 
CM~LEAD 














Fic. 5. Absorption in lead of the quantum radiations of 
Bal”—La™., The time after the initial chemical separation at 
which each curve was commenced is given at the right of the 
figure. A time of less than twenty minutes was required to com- 
plete each curve. The curve begun five minutes after the separation 
> ho eaggg into two components having energies of 140 kev and 

.6 Mev. 


* In connection with the gamma-radiation of La“, it should be 
mentioned that the energy of the hardest gamma-ray was er- 
roneously reported as 2.16 Mev (see reference 13). This estimate 
was obtained from a preliminary calibration curve for the coin- 
cidence counting set which was based upon an unduly low value 
for the maximum energy of the gamma-rays from Ga”. Taking 
the energy of the hardest gamma-ray of Ga” to be 2.51 Mev, the 
maximum energy of the gamma-rays of La” becomes 2.38 Mev. 








polation of curve B to zero absorber thickness gives a 
beta-gamma-coincidence rate of 0.11 10-* coincidence 
per beta-ray. Since curves A and B were taken with a 
fixed geometry common to both curves, 1.8/0.11 
= 2.3/0.14.** In other words, at zero absorber thickness, 
the beta-rays of Ba! are followed on the average by 
0.14 Mev of gamma-ray energy. Therefore, the 0.54 
Mev gamma-ray cannot be associated with each beta- 
ray of Ba!*°. The obvious explanation is that the beta- 
ray spectrum of Ba™° is complex.*** From the coin- 
cidence data given herein, it can be concluded that the 
inner beta-ray group constitutes about twenty percent 
of the totality of the beta-rays emitted by Ba. This 
calculation is based upon the assumption that the 
harder beta-ray group is associated with a ground state 
transition in Ba™® and hence non-coincident with any 
gamma-rays. This assumption may be only an ap- 
proximate truth, because the position of the 140 kev 
gamma-rays in the disintegration scheme of Ba! is not 
known. This estimate of relative intensity of the beta- 
ray spectra is in good agreement with one previously 
obtained from aluminum absorption and Feather 
analysis.’ Returning to Fig. 5 it can be seen that the 
five minute curve gives 160:480 as the ratio of counts 
arising from the 0.14 and 0.6 Mev quanta. Assuming 
that the G-M counter is four times as efficient for the 
hard radiation as for the soft quanta, the ratio becomes 
640:480. Thus, the two quanta are of roughly equal 
intensity and may be in cascade. Difficulties relating to 
even minute quantities of La'® made it impossible to 
make reliable gamma-gamma-coincidence measurements 
in Bal, 


APPENDIX I. CHEMICAL PROCEDURE FOR THE 
PURIFICATION OF INDIUM 


Neutron irradiated indium foil plus additional carrier elements 
silver, copper, iron, lead, calcium, and nickel, known from a 
spectrographic analysis to be present in thé indium as impurities, 
were dissolved in 6N nitric acid. Potassium chloride was added to 
the solution, precipitating all of the silver and part of the lead. 
These chlorides were removed by filtration, and the filtrate was 


** It is here supposed that the energy-quantum efficiency curve 
of the gamma-ray counter is linear with energy so that the beta- 
gamma coincidence rate is also proportional to the average 
amount of gamma-ray energy associated with the beta-rays. This 
is a good assumption, because the gamma-ray counter is con- 
structed of materials made of the light elements. 

*** In making beta-gamma-coincidence measurements on both 
In"4 and Ba™, the coincidence resolving time was varied from 
0.10 microsecond to 1.0 microsecond. No change in the genuine 
beta-gamma-coincidence rate of either element was noted. The 
small beta-gamma-coincidence rate of Ba! and the lack of coinci- 
dences in In" therefore cannot be explained by a time delay in 
this time interval. 
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Fic. 6. Curve A is a plot of the beta-gamma-coincidence rate 
of Ba™ in equilibrium with La as a function of the surface 
density of aluminum placed before the beta-ray counter. Curve B 
is the coincidence rate of Ba alone. A chemical separation of 
Bal ’ La! was made just prior to taking each point of 
curve B. 


made slightly ammoniacal, precipitating indium, iron, residual 
lead, copper, and nickel as hydroxides. The filtrate, deep blue in 
color from the ammonia complexes of copper and nickel, con- 
tained no appreciable activity and was therefore discarded. The 
hydroxides were dissolved in 6N sulfuric acid, and the acid 
solution was reduced with 30-mesh zinc pellets, precipitating 
indium, copper, lead, and nickel as metals. Repeated reductions 
with zinc were necessary to reduce all of the indium. The metals 
were dissolved in 6N nitric acid and converted to sulfates by 
adding 1 cc of 18N sulfuric acid and evaporating to SO; fumes. 
The solution was diluted to 10. percent sulfuric acid and filtered 
to remove the insoluble lead sulfate. The sulfate solution of 
indium and traces of copper and nickel was made slightly am- 
moniacal and filtered. The precipitate was dissolved in two cc of 
3N hydrochloric acid, and the acid solution was nearly neutralized 
with ammonia. Five grams of sodium bisulfite was added, and 
the solution was boiled for 15 minutes, then filtered. The precip- 
itate of basic indium sulfite was washed with cold water, dried at 
100°C and used in the experiments. 


APPENDIX II. SEPARATION OF BARIUM FROM 
LANTHANUM 


Barium chloride was precipitated from the barium-lanthanum 
solution with 12N hydrochloric acid. The precipitate was sepa- 
rated from the supernatant liquid by centrifugation, washed with 
6N hydrochloric acid, dissolved in hot water, and reprecipitated 
as barium chloride with 12N hydrochloric acid, centrifuged and 
counted. 

Note added in proof: Since this paper was submitted for publica- 
tion, the measurements of Boehm and Preiswerk (Helv. Phys. 
Acta 22, 331 (1949)), have appeared. They report gamma-gamma- 
coincidences but no beta-gamma-coincidences in In™, in agree- 
ment with the findings of the writers. By critical absorption, they 
have shown that the hard gamma-rays of In™ are related to the 
K-capture process. 



































ee 


TL LT a ere hoes Ree een, ere 





Pease: Tore 


Sac rere 


Cana NNT rRNA TENE ES NEp ENR ases 


PHYSICAL REVIEW VOLUME 7o, 


NUMBER 6 SEPTEMBER 15, 1949 


Breakdown and Maintenance of Microwave Discharges in Argon 
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The breakdown fields for argon have been measured in a resonant cavity at 3000 megacycles/sec. over a 
pressure range from 3 to 100 mm Hg. The discharge gap approximates the case of a uniform field between 
parallel plates. The results are compared with predicted values derived from Holstein’s theory; the agree- 
ment is quite good, about 5 percent. Measurements taken with the discharge in the cavity permit deter- 
mination of the voltage-current characteristics of the argon microwave discharge. These are given for a set 
of pressure values. These characteristics are compared with results on positive column gradients in d.c. 


discharges. 





INTRODUCTION 


N important reason for the study of microwave 
discharges is their relative simplicity as compared 
with d.c. or low frequency discharges. There are two 
reasons for this relative simplicity: first, electrode phe- 
nomena need not play a role in the high frequency 
discharge and second, an electron need not undergo a 
net drift motion to receive energy from the high fre- 
quency field. These differences between the d.c. and 
high frequency case may be illustrated by a qualitative 
description of the breakdown process for the two cases. 
In the d.c. case! a chance electron formed in the gas 
volume between the two electrodes drifts toward the 
anode under the influence of the applied field, gaining 
energy from the field and losing it chiefly through 
inelastic collisions with gas molecules. Some of these 
will be ionizing collisions; the resulting electrons also 
move toward the anode producing still more electrons. 
Thus the original chance electron produces an ex- 
ponential increase in electron density with position 
toward the anode. As Townsend has pointed out, how- 
ever, this alone cannot result in a self-sustained dis- 
charge. For a discharge to occur it is necessary that all 
the physical phenomena resulting from the passage of 
the original electron through the gas to the anode shall 
result in the formation of at least one additional electron 
in the volume at a potential no greater than that at 
which the original chance electron started. This re- 
generative process generally occurs at the cathode 
through electron emission due to impinging ions, photons 
and excited atoms. Thus Townsend’s d.c. breakdown 
theory involves two distinct features. These are volume 
ionization by electrons depending on the gas, gas 
pressure, and applied field and cathodic emission 
depending upon all of the above factors plus the nature 
of the cathode surface. 
An electron in a region of high frequency field? has an 
oscillatory motion at the field frequency plus a recti- 
linear motion whose magnitude and sign depend on the 


. J. Druyvesteyn and F. M. Penning, Rev. Mod. Phys. 12, 
88 (1940). 

2 For these and the following remarks to apply, the drift motion 
per cycle of an electron in the high frequency field must be small 
compared to the linear dimensions of the discharge region. At 
microwave frequencies (f>10° sec.~!) and usual geometries this 
condition is easily met. 


phase of entry of the electron into the field. The maxi- 
mum energy that can be acquired by a free electron is 
determined by the field amplitude and frequency. The 
presence of a gas alters the situation profoundly, how- 
ever, for now the electrons may make elastic collisions 
with the gas molecules. In such a collision the electron 
energy is only slightly reduced because of the disparity 
in masses, while the electron velocity after collision is 
more or less randomly directed with respect to the 
field. As a result of this random orientation of velocity 
after collision, the electron energy will, on the average, 
grow with successive collisions until the electron can 
make excitation and ionizing collisions with gas mole- 
cules. Thus the number of electrons will grow with time 
provided that an electron produces at least one other 
electron before it is lost. For breakdown considerations 
the important loss mechanisms are attachment to 
molecules and diffusion out of the field region. Thus for 
a non-attaching gas the breakdown criterion is simply 
this: rate of production of electrons by ionization must 
exceed rate of loss of electrons by diffusion. 

These ideas were developed by Holstein in an un- 
published report® and formed the basis of his theory of 
high frequency breakdown in a non-attaching gas.* This 
theory is based on two points the first of which is the 
breakdown criterion stated above. The second is his 
observation—in a paper on electron energy distribution 
functions*—that in the pressure region in which the 
field frequency is less than the frequency of elastic col- 
lisions of electrons with the gas and greater than the 
frequency of inelastic collisions, the electron distribution 
in energy for the high frequency field is very nearly the 
same as that in a d.c. field whose value equals the 
r.m.s. value of the high frequency field. The breakdown 
case treated by Holstein is that of a uniform field 
between parallel metal plates; for this geometry the 
r.m.s. breakdown field £ is related to the pressure p and 
plate separation d by the expression 


iin ees (1) 
ee (E/Pe/p) 


8 Westinghouse Research Report, R-94411-9A, “The TR 
switch,” Chapter III, Theory of the TR Switch, by T. Holstein. 

4T. Holstein, Phys. Rev. 69, 50(A) (1946). 

5 T. Holstein, Phys. Rev. 70, 367 (1946). 
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where a is Townsend’s first coefficient for a d.c. field EZ 
and pressure p and T, is the electron temperature for the 
same field and pressure. k is Boltzmann’s constant and 
e is the electronic charge. 

Some years ago Townsend and Gill® summarized 
certain related remarks as well as pointing out the close 
similarity between the high frequency discharge and the 
positive column of a d.c. discharge. Recently microwave 
breakdown measurements as well as theoretical work 
have been reported for air with flat plate and cylindrical 
geometry by Herlin and Brown’ and for helium with 
mercury admixture by MacDonald and Brown.® 

A primary purpose of the work reported here was 
experimental verification of Eq. (1) above. For this 
purpose we studied the breakdown field in argon 
at 3000 megacycles/sec. argon was chosen partly 
because values of a/p and T, are known over a suitable 
range of values of E/p but mainly because the Penning 
effect? with argon is limited to certain chemically 
active molecules which may be readily removed. 

The experiment approximated the idealized case of 
the theory by providing as the discharge region the 
space between the ends of two cylindrical reentrant 
noses in a cylindrical resonant cavity. The input of the 
cavity was coupled to a generator, the output to a load. 
Figure 1 illustrates the behavior of the power trans- 
mitted by the cavity as the power incident on the cavity 
is varied. 

In the absence of a discharge the power transmitted 
by the cavity is a linear function of the incident power; 
this is illustrated by the line OF. The cavity gap field 
rises as the square root of the incident power, and with 
a gas at an appropriate pressure in the cavity break- 
down may occur. If this occurs at an incident power H, 
the cavity transmission falls from A to B, and simul- 
taneously a luminous glow appears in the cavity. We 
use this sudden fall in transmitted power as the break- 
down criterion. 

The discharge loads the cavity and detunes it, the 
relative importance of the two depending on the 
pressure. The net effect of either, however, is to reduce 
the cavity transmission. The characteristic of the 
discharge is such that an increase in incident power 
from H to K causes a fall in transmitted power from B 
to C. Reducing the incident power toward G, the trans- 
mitted power rises, and at G a sudden increase from D 
to E is observed. This corresponds to extinction of the 
discharge. Thus the discharge is always present for 
powers above H, never present for powers below G and 
may or may not be present for powers between G and H. 


® Townsend and Gill, Phil. Mag. 26, 290 (1938). 
(1948) A. Herlin and S. C. Brown, Phys. Rev. 74, 291, 910, 1650 
8 A. D. MacDonald and S. C. Brown, Phys. Rev. 75, 411 (1949). 
* This effect is the ionization of impurity molecules by meta- 
stable atoms of the main gas constituent when the energy dif- 
ference between the ground state and metastable state of the 
principal gas exceeds the ionization energy of the impurity. 
Penning, Naturwiss. 15, 818 (1927). 
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Breakdown measurements consist of determining the 
transmitted power at A. Knowing this power and the 
electromagnetic properties of the cavity, one may 
compute the gap voltage at breakdown. Maintenance 
measurements consist of determining curves such as 
DBC; with this data plus information on the cavity 
circuit properties, the discharge conductivity and the 
voltage-current characteristics of the discharge may be 
computed. 


DESCRIPTION OF APPARATUS 
I. Microwave Equipment 


The generator used for the experiment was a Sperry 
410-R klystron mounted in a water-cooled bath of 
transformer oil. It was operated as a self-excited oscil- 
lator, powered from a regulated supply, with r-f output 
powers usually around ten watts. The transmission line 
used was standard 1} inchX3 inch rectangular brass 
waveguide (RG-48/U), the various sections being 
coupled with standard choke-flange points (UG-53/U, 
UG-54/U). 

The high power variable attenuator was especially 
designed for the experiment and is described in detail 
elsewhere.!° It was a variable position tapered vane 
type, the vane being a hollow Lucite chamber through 
which an ethelyne glycol and water mixture was cir- 
culated. This liquid served as attenuating medium as 
well as coolant in a closed system using an air cooled 
heat exchanger. Attenuations from under a db to about 
40 db could be obtained with a maximum voltage 
standing wave ratio of 1.07. 

The resonant cavity was specifically designed to 
satisfy the high frequency requirements of the experi- 
ment and to permit bakeout at over 400°C. The 
cylindrically symmetrical cavity is shown in Fig. 2. 
The cavity was coupled to the input and output wave- 
guide with identical circular rises 0.562 inch in di- 
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Fic. 1. Diagram illustrating the effect of the discharge on the 
cavity transmission. OF is the characteristic without a discharge, 
DBC that with the discharge. AB is the breakdown line, DE the 
extinction line. 


1D. Alpert, Rev. Sci. Inst. (to be published). 
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Fic. 2. The resonant cavity used for the experiment. 


ameter. The window seals were wide corrugated rings 
stamped from sheet Kovar to which glass disks were 
sealed. The noses of the cavity were polished with the 
edges turned to 0.040 inch radius to eliminate local 
fields in excess of the central field." The cavity itself 
was made of OFHC copper. The cavity and seals were 
assembled by silver brazing in a hydrogen atmosphere. 
The pumping connection to the interior of the cavity 
was a series of 8 holes, $ inch in diameter spaced equally 
around the bottom of the cavity near the cylinder wall. 
The technique of making the window seals as well as 
assembly methods for the cavity have been described 
in an unpublished report.” Figure 3 gives the essential 
interior dimensions of the cavity. 

The cavity mounting was such as to permit the 
waveguide to be removed during bakeout. The exterior 
of the cavity was a circular cylinder of height equal to 
that of the waveguide. The waveguide was bored 
through to clear the cavity which was rigidly clamped 
to it by a collar and flange arrangement. Good electrical 
contact top and bottom was made by using special 
gaskets of 3-mil copper ribbon, corrugated by rolling 
between two lengths of gear stock, then bent into a 
circle in the plane of the ribbon. Electrical measure- 
ments indicated an effective and reproducible joint. A 
vertical slit 0.150 inch wide between the cavity and side 
walls of the waveguide contributed no significant 
leakage. 

Power was measured by 10 ma Littlefuses used as 
bolometers in a mount developed at our laboratory 
during the war by a group under J. E. Hill."* These were 
used with resistance bridges measuring fixed power 
levels in a conventional manner. The power levels 
measured by the bolometers were around 1 milliwatt 
with attenuators used to measure higher powers; for 
certain maintenance data powers as low as 0.1 milliwatt 
were measured. 





1 Rogowski and Rengier, Arch. R. Elekt., 16, 73 (1926). 
2 Westinghouse Research Report, R-94411-9A, “The TR 
switch,” Chapter IV, The 1B24 Design by D. Alpert. 
%T. Miller, Proc. IL.R.E. 36, 380(A), (1948). 
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Incident power and higher levels of transmitted 
power were measured with Bethe hole directional 
couplers. The two couplers used had attenuations of 
15 and 22 db. The low power variable attenuators were 
of standard design using tapered resistance card vanes.!5 

Figure 4 shows the microwave equipment in block 
form. The low power attenuator just preceding the 
discharge cavity was used at very low incident powers. 
This permitted measurement of a suitable power level 
in the directional coupler. For lower values of trans- 
mitted power the cavity output was connected directly 
to a low power variable attenuator and bolometer. 

All the measuring equipment had voltage standing 
wave ratios under 1.07 and almost all were better than 
1.05. Attenuation of the low power attenuators and 
directional couplers was known to +0.02 db. The 
directivity of the couplers was better than 20 db. The 
relative short time error in the bolometers due to tem- 
perature drift, bridge sensitivity, etc., was five to ten 
microwatts at most. Six bolometers of the same design 
when intercompared gave power measurements within 
1 percent. Further, a comparison made during the war 
between this type of bolometer mount and a M.L.T. 
Radiation Laboratory thermistor mount gave agree- 
ment within 1 percent. 

The loaded Q of the cavity was measured by a special 
sweep frequency technique developed at this laboratory 
during the war by McCoubrey, Packard, and Krasik 
for measurements on radar beacon standard frequency 
cavities. This technique has been described elsewhere."® 
Insertion loss of the cavity was measured by a substi- 
tution method using a calibrated attenuator. Cavity 
measurements were made in the mount used for the 
discharge experiments either just preceding or im- 
mediately following discharge measurements. We 
estimate the loaded Q of the cavity to have been 
measured to 3 percent in absolute value and the inser- 
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Fic. 3. The interior dimensions of the resonant cavity 
used for the experiment. 


ation Laboratory Series), Vol. 11, pp. 858-866. 
18 Reference 14, pages 748-751. 
16 Reference 14, pages 396-403. 
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tion loss to 0.1 db. These absolute errors are due prin- 
cipally to small residual standing waves; the repro- 
ducibility of the measurements was several times better 
than the estimated errors. Two similar cavities were 
used in the experiment; the measured values are given 
in the table below. Most of the breakdown data was 
taken on cavity No. 1. 


Cavity No. 1 Cavity No. 2 
Loaded Q 2780 2890 
Insertion loss 8.9 db 8.9 db 
Frequency 2950 megacycles/sec. 2950 megacycles/sec. 


II. Pumps and Gas Handling Equipment 


The pumping and gas handling system is shown 
schematically in Fig. 5. The discharge cavity, ion gauge 
and an auxiliary d.c. discharge tube form a central 
system protected from the oil diffusion pumps and 
grease stopcocks by liquid air traps. The system is made 
of Pyrex connected to the cavity through a Kovar-glass 
seal and a section of annealed copper tubing. The 
auxiliary discharge tube was used to clean the gas after 
filling; it had two closely spaced cylindrical electrodes 
made of magnesium alloyed with some few percent of 
cerium. The ion gauge was standard with the usual 
residual air calibration (1va.= 10-5 mm Hg). 

After the system had been opened to air, the central 
system and liquid air traps were baked at 425°C for 
at least 24 hours. Following this the ovens on the traps 
were removed, and liquid air was placed on the traps 
while bakeout of the central system proceeded for some 
hours. After bakeout a shut-off test was made by closing 
stopcocks S; and Se; an ion gauge current of 10-° 
amperes was obtained which showed no change in 24 
hours. 

Pump No. 1 was connected to the central system 
through a standard type of reentrant liquid air trap. 
Pump No. 2 was used chiefly for the gas system, which 
was connected to the central system through two reen- 
trant liquid air traps in series. These traps were of 
special design and were made in the following way. A 
sheet of three mil copper foil, six inches wide and about 
40 inches long, was corrugated diagonally by rolling it 
between two lengths of gear stock. The copper sheet 
was then wrapped around the inner tube of a standard 
reentrant type liquid air trap so as to fill completely 
the space between the inner and outer tubes of the trap. 
The corrugations thus formed a large number of small 
diameter tubes in parallel spiralling around the inner 
tube of the trap. This design aimed at a trap which 
would be effective in removing condensible vapors 
from gas at fairly high pressures as it entered the central 
system. A detailed description and performance analysis 
will be published in a later article by one of the authors 
(D. A.) in the Review of Scientific Instruments. 

Pressure was measured with an oil manometer using 
Octoil S. The manometer read pressures up to 60 mm 
Hg directly ; a stopcock was provided for evacuating the 
closed side of the manometer or pressurizing it to 


MICROWAVE DISCHARGES IN ARGON 









DIRECTIONAL OIRECTIONAL 
COUPLER COUPLER 











Low POWER 
ATTENUATOR 


Fic. 4. Line diagram of the microwave equipment used for break- 
down and maintenance measurements. 


extend the pressure range. We estimate the error in 
pressure to be 0.06 mm Hg at most, which is under 1 
percent except for the two lowest pressures in the 
breakdown data. 

The argon used was of the highest purity obtainable 
commercially. It was obtained from the two primary 
suppliers in one liter flasks with break-off tips. Except 
for possible contamination of the gas itself by the 
manufacturer, no mercury was present in the system. 

Following bakeout gas was admitted to the system 
to the maximum pressure desired. The auxiliary d.c. 
discharge was then started and operated continuously 
during the run and for at least 24 hours preceding any 
measurements. This discharge operated at about 150 
ma and 100 volts from the 60-cycle power line. 


BREAKDOWN MEASUREMENTS 


For breakdown measurements only the transmitted 
power at breakdown is required. From this the break- 
down voltage may be obtained by a straightforward 
analysis. The definition of “external” or “transmission” 
shunt resistance!” R; associated with the output coupling 
is given by the equation 


V=(2R2P2)}, 


where P2 is the power transmitted to a matched load 
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Fic. 5. Diagram of the pumping and gas filling equipment. 


117 The cavity parameter Q is w//P where w is the circular fre- 
quency, U the energy stored in the cavity and P is a power loss. 
The shunt resistance R is V?/2P where V is the time peak of the 
gap voltage. The power P may be the dissipation in the cavity 
walls, the power transmitted to a coupled circuit or the total 
power loss of the cavity and associated lines. Corresponding to 
each power loss a Q and shunt resistance may be defined. Clearly 
the ratio R/Q is independent of this choice. 
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TABLE I. Microwave breakdown fields for argon. 








Transmitted power E/p 
at breakdown (Peak volts/ 


pd 
(milliwatts) (mm Xcm) cm Xmm) 





10.9 
11.1 
11.3 
11.4 
11.6 
11.8 
12.0 
12.3 
12.6 
13.0 
13.2 
13.6 
13.9 
14.3 
14.7 
15.3 
15.9 
16.5 
18.0 
19.3 
12.7 20.9 
10.3 23.2 

c 26.6 

. 33.5 
52.4 
87.0 


64.2 
60.1 
58.6 
55.9 
53.6 ~ 
51.0 
48.4 
45.9 
43.4 
40.7 
38.4 
35.8 
33.2 
30.9 
28.3 
25.7 
23.3 
20.9 
17.6 
15.1 
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and V is the peak gap voltage in the cavity. For a 
cavity with equal input and output couplings'® 9 


Q2/OL=2/(T)}, 


where Q, is the loaded Q of the cavity and T is the 
fractional transmission of the cavity at resonance. 
Further since 


R2=(R/Q)O2, V=2[(R/Q)QrP2}(T)*. (2) 


In this expression if P: is the power transmitted at 
breakdown, V is the gap breakdown voltage. The value 
of R/Q for the cavity was calculated for us by T. Hol- 
stein who obtained the value 58.9 ohms. The breakdown 
voltages may be computed by using this and the mea- 
sured values of Q;, T and transmitted power. The circuit 
analysis used here assumes the cavity has a single 
resonant mode with loaded Q>>1. 

The measurement procedure was as follows: with no 
discharge in the cavity the incident power level was set 
somewhat below that causing breakdown. The bridge 
reading the transmitted power was then balanced and 
maintained in balance continuously as the incident 
power level was slowly raised. At breakdown the bridge 
unbalanced sharply; the power reading at which it had 
been balanced just previous to breakdown was then 
noted. This value we call the transmitted power at 
breakdown. Three successive trials were taken, the 


18 T. Holstein, Transmission Characteristics of Resonant Cavities 
in Microwave Systems (unpublished report, Westinghouse Research 
Report R-94318-F). 

19 Cf. Smullin and Montgomery, Microwave Duplexers (Radi- 
—_ ‘aaa Series), Vol. 14, Chapter II. Also reference 14, 
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agreement in general being better than one percent. 
Breakdown measurements at various pressures of 
Argon were obtained by starting with the highest 
pressure desired and evacuating through pump No. 2. 

The results of our breakdown measurements in 
argon are given in Table I and the solid curve of Fig. 6. 
The data given are values of breakdown field over 
pressure vs. the product of pressure and gap spacing. 
The theoretical curve was given by Holstein in an 
unpublished report.’ It was obtained using the published 
data for a given by Kruithof and Penning?® and the 
electron temperature data of Townsend and Bailey” in 
Eq. (1). The experimental curve lies from 4 percent to 
8 percent below the theoretical curve; we consider such 
agreement to be satisfactory verification of the break- 
down theory over the region of applicability. 

From our maximum error estimates of 3 percent for 
Qz, 2.5 percent for T, 0.5 percent for P and Holstein’s 
estimate of 1 percent for his value of R/Q we estimate 
the error limit in breakdown voltage to be about 3 
percent. This excludes the question of absolute bolom- 
eter calibration; in view of the intercomparisons made, 
we believe this question to be satisfactorily resolved. 
Data taken with cavity No. 2 gave agreement to 
within 1 percent of the solid curve of Fig. 6 over the 
range of comparison with theory; the departure was as 
much as 5 percent for lower values of E/p. 

Our gap geometry deviates from that of a uniform 
field between parallel plates assumed in the theory in 
at least two respects. First, because the gap diameter 
is an appreciable fraction of a wave-length, the field 
decreases from the axis of the cylinder to the outer edge. 
Second, there is a sidewise diffusion of electrons out of 
the gap region. Both effects should cause the measured 
breakdown voltage to be higher than that for an ideal 
gap geometry. Concerning the first point we find that 
at the outer boundary of the gap the field is down to 
about 85 percent of its value at the center; hence the 
average field does not deviate by over 7 percent from 
the extreme values and is probably better. Concerning 
the sidewise diffusion loss out of the gap region, Hol- 
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Fic. 6. Breakdown fields in argon. The ordinate is peak break- 
down field over pressure, the abscissa pressure times gap spacing. 
The theoretical curve is by Holstein. 


*” Kruithof and Penning, Physica 4, 430 (1937). 
*1 Townsend and Bailey, Phil. Mag. 44, 1033 (1922). 
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stein, in an unpublished calculation, has shown it to be 
a negligible fraction of the total diffusion loss. 

In these measurements a number of argon samples 
were used. Before cleaning with the auxiliary discharge, 
two or three of the samples gave essentially identical 
breakdown vs. pressure curves while the remainder of 
the samples gave curves lying below this common curve 
by varying amounts. Differences of as much as 20 
percent were observed at the higher pressures—above 
40 mm Hg. At pressures below 10 mm Hg there seemed 
to be little difference among samples, however. For a 
sample giving low breakdown voltage, operation of the 
cleaning discharge for an hour produced a marked rise 
in breakdown voltage, and operation for 24 hours 
brought it into agreement (better than 1 percent) with 
the common top curve. Further operation of the 
auxiliary discharge for 24 hours and longer periods had 
no measurable effect; moreover, the cleaning discharge 
had no effect on the breakdown voltage of those samples 
originally giving the common top curve. We conclude 
that a contaminant removable by a cleaning discharge 
and measurably affecting the breakdown voltage of 
argon is present to a varying extent in the gas samples 
furnished us; apparently our own gas handling system 
introduced no such contaminant. 

To reduce the statistical spread in breakdown voltage 
measurements we found it necessary to use a radio- 
active source to provide a sufficient electron density. 
We used a 100 microcurie ampule of radium which was 
placed on top of the cavity ; the cavity copper thickness 
in this region was 9/64 inch. 


MAINTENANCE MEASUREMENTS 


With the discharge present in the cavity we may 
assume that the cavity is loaded with a gas discharge 
admittance Yq at the gap. If the generator frequency 
is the resonant frequency of the cavity without the 
discharge, with the discharge the following expression 
of Holstein’s* for the ratio of incident power P; to 
transmitted power P2 may be used. 


P./P2=1/T|1+YVeRz|?. (3) 


Here Rz is the loaded shunt resistance of the cavity 
(without the discharge), and T is defined as before. By 
measuring the incident and transmitted powers with 
the discharge present we know all the quantities in 
Eq. (3) except Yg. To obtain the magnitude of Vg 
from this equation we must know the phase of V¢ 
or make some reasonable assumption about it. We 
chose the latter procedure for reasons to be discussed 
later. Having the magnitude of Yg and the gap voltage 
at any transmitted power from Eq. (2), we may obtain 
the gap current and thus the voltage-current charac- 
teristics of the discharge. 

The procedure used to obtain incident and. trans- 
mitted powers was the following: with the cavity filled 
with argon at the desired pressure, the discharge was 
started and the incident power increased to the maxi- 


mum value used, about six watts. The bridges reading . 


incident and transmitted powers were balanced and the 
values noted; a set of such readings were then taken 
reducing the incident power in steps. In order to obtain 
the point at which the discharge was extinguished we 
proceeded as follows: at an incident power slightly 
above that at which the discharge was extinguished, the 
bridge reading transmitted power was balanced and 
maintained in balance continuously as the incident 
power was lowered slowly. At extinction the bridge 
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Fic. 7. Maintenance data for the argon discharge; the abscissa 
is incident power in milliwatts, the ordinate transmitted power in 
milliwatts. The range of incident powers is from 1 to 10* milli- 
watts. The line at the left with 45° slope is - the line of cavity 
transmission without the discharge. 
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suddenly unbalanced; the value at which it had just 
previously been balanced was noted, after which it was 
rebalanced for the higher value of transmitted power. 
At the same time the bridge reading incident power was 
balanced and the value noted. This procedure, similar 
to that used to obtain the breakdown voltage, was also 
used to locate the discontinuities in the maintenance 
characteristics. Following each run, a set of check 
points was taken which included the extinction point. 
Reproducibility better than 2 percent was considered 
satisfactory. Incident powers below 20 milliwatts were 
measured by inserting the low-power attenuator in the 
main line as shown in Fig. 4. 

In these measurements the generator was carefully 
tuned to within 0.05 bandwidth of the cavity resonance 
preceding each run and each set of check points. There 
was no measurable detuning of the generator with 
variation in attenuator setting. As with the breakdown 
measurements the cavity was filled with gas to the 
highest pressure desired with runs taken at successively 
lower pressures by exhausting through pump No. 2. 
Again we found that cleaning of the gas with the 
auxiliary discharge was necessary for reproducible data; 
after cleaning, various samples of gas gave maintenance 
data within the limits of reproducibility of measure- 
ments on a given sample. 

The maintenance data which we obtained is given 
in Fig. 7 in the form of curves of transmitted power 
vs. incident power for a series of 11 pressures from 5.3 
to 66.1 mm Hg. The curves lie above one another in 
the order of increasing pressure; because of the discon- 
tinuities in the curves for the higher pressures at 
incident powers between 3 and 4 watts, they are given 
as separate plots. At pressures below those given here, 
the curves of transmitted power vs. incident power lie 
above one another as the pressure is reduced since 5.3 
mm Hg gives about the minimum value of transmitted 
power over the range of incident powers examined. At 
each discontinuity in the data including extinction we 
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Fic. 8. Voltage-current characteristics of the argon discharge at 
27.4 mm Hg assuming phase angles for the discharge admittance 
of 0, 30, 45 and 90 degrees. 
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have connected initial and final transmitted powers with 
a vertical dashed line. All measured points in the runs 
given, including check values, are shown. . 

The breaks in the maintenance data curves are 
reproducible as is the indicated hysteresis effect in 
changing from one condition to the other. Accompany- 
ing the sudden transition, the discharge, which on the 
higher curve appears to be a more or less uniform 
luminous region across the entire gap, develops a bright 
luminous ball at the center of the gap while the re- 
mainder of the glow appears reduced in intensity. At 
the lower pressures, 33.8, 27.4, and 20.7 mm Hg, where 
the transition is gradual, the development of the 
luminous ball is likewise gradual. It has been suggested 
that this phenomenon is similar to “contraction” in the 
d.c. positive column.” The curious bump in the curve 
for 14.5 mm Hg near extinction is not understood. The 


‘effect is definitely connected with the discharge and is 


independent of the measuring equipment; it is quite 
reproducible although it occurs only around this 
pressure. 

We have previously remarked that reduction of the 
power data to discharge characteristics requires some 
information about the phase of Vg. Because the par- 
ticular cavity we used was very loosely coupled to the 
transmission lines, measurement of the phase of Y¢ 
directly was not easy. By the following considerations, 
however, we can make a sufficiently good estimate of 
the phase angle ¢ associated with Y¢. Townsend and 
Gillé have pointed out that the minimum value of 
discharge field as a function of pressure corresponds to 
wrt of the order of magnitude unity, w being the circular 
frequency of the generator and 7 the mean time between 
collisions. An order of magnitude calculation for the 
relation between ¢ and 7 gives tand=wr, and if the 
distribution function does not change very much with 
pressure, tang varies as 1/p.% To be conservative let 
us assume tand=2 at 5 mm Hg; for 20 mm Hg we 


22 Reference 1, page 170. 

If we define a high frequency electron mobility K as the 
average over all the electrons of the ratio to the field of the 
electron velocity component in the field direction, the phase of 
this mobility and the phase of the discharge admittance are the 
same. For electrons of a given speed v this mobility may be cal- 
culated by simple mechanics. For a single electron the result is 

K=(1/iw)e/m {1—exp[iw(to—2)]}, 

e/m being the charge to mass ratio of the electron, ¢ the time 
considered and ¢ the time previous to ¢ at which the electron 
suffered its last collision. Next K is averaged over all the electrons 
of speed » by introducing the probability that the electron has 
gone for a time (¢—%) without a collision; this probability may 
be written in terms of the mean free path A(v) and v. The resulting 
average K is a real factor times the complex number (1+iw7), 
t being A(v)/v. Thus for electrons of velocity v, tang=wr. For 
an electron distribution in energy + must be averaged over the 
distribution and in general will not be equal to \/# where \ and 
® are averaged independently. For helium X(v)/v is essentially 
independent of v, thus tan¢=wr is true even in the average; for 
other gases for which the phase varies with electron energy, a 
factor, presumably of the order of magnitude of unity, is involved. 
Whatever this factor, if the electron distribution in energy does 
not vary greatly with pressure, wr will vary as 1/p. 

% We may estimate wr at 5 mm Hg directly. Suppose we take 
the average electron energy to be about 1/3 the ionization poten- 
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Fic. 9. Voltage-current characteristics of the argon discharge 
over @ range of pressures. We calculated these from the data 
assuming the gap current to be in phase with the gap voltage. 


would thus expect ¢ to be under 30°. The very small 
effect of such phase angles on the voltage-current curve 
is illustrated by Fig. 8. 

Here we have reduced the data for 27.4 mm Hg 
assuming phase angles 0, 30, 45, and 90 degrees. The 
effect of phase angle is clearly greatest at low currents. 
Around 200 microamperes, which is practically extinc- 
tion, the difference in voltage between phase angles 
of zero and 30 degrees is only about 1 percent and 
between zero and 45 degrees less than 5 percent. At 500 
microamperes the difference in voltage from zero phase 
angle is 0.5 percent for 30 degrees, 1 percent for 45 
degrees, and 5 percent for 90 degrees. In view of these 
results we have computed voltage-current character- 
istics for our discharge for pressures of 20.7 mm Hg 
and higher assuming the phase of Yg to be zero. These 
are given in Fig. 9. 

The operating point of the discharge in a given circuit 
with a given incident power may be determined 
graphically in a manner similar to the procedure used 
with d.c. discharges. The results are quite simple for 
the case of Yg real. From Eqs. (2) and (3) we get 


V= 2(2P;/R2)*(R1/1+RzY¢). 


We can get an equation for J, the peak gap current, by 
multiplying this by Yg. These two equations represent 
a relation between V and J in terms of the parameter 
RY g. Solving, we obtain 


V= 2R1(2P;/R)'—IRt. (4) 


This is the equation for a straight line in the V—J 
plane with a slope —R, and intercept for J=0 equal 
to the gap voltage without a discharge. This straight 
line is the locus of all possible gap currents and voltages 
for the particular cavity with a given incident power. 
The result is illustrated by Fig. 10. Pi, Pi2, Piz, and Pixs 
represent four successively higher values of the incident 
power. The intersections, A and B, of the discharge 
characteristic with the line labeled Pi presumably 


tial or 5 volts (see reference 5 page 381). This corresponds to 0 
of about 1.4 108 cm/sec. We may take as a conservative estimate 
\=(1/30p) cm in the average (see Kollath, Physik. Zeits. 31, 997 
(1930)), » being the pressure in mm Hg. This gives about 0.9 for 
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represent two possible operating points of the discharge 
in the cavity with incident power P. However, by the 
usual stability arguments,”* only A is a stable operating 
point. Lowering the incident power to P;3 moves the 
operating point to C; still lower incident powers move 
the operating point to E, the point of tangency and 
extinction. Thus at extinction the slope of the discharge 
characteristic is —R,. The portion of the characteristic 
above E, EDB, can be explored only with a cavity with 
higher value of Rr. 

In Fig. 11 we have plotted the discharge characteristic 
for 47.0 mm Hg to illustrate this behavior, the points 
representing values calculated from our data while the 
straight lines are drawn with a slope —R,. At both 
extinction and the transition points the agreement of 
the slopes is quite good. 

The close similarity between the high frequency dis- 
charge and the d.c. positive column has been pointed 
out.® In the high frequency discharge between parallel 
plates the applied high frequency field produces ioniza- 
tion while loss occurs by a diffusion motion to the 
plates. In a positive column in a cylindrical tube, 
ionization is produced by the longitudinal gradient due 
to the applied d.c. field while the loss is by radial 
diffusion to the tube wall. To compare the high fre- 
quency data with positive column data, account must 
be taken of the relative rates of ionization by the d.c. 
and high frequency fields and the geometry difference 
which affects the diffusion rate. Concerning the first 
point it has already been pointed out® that a d.c. field 
of amplitude £ and high frequency field of r.m.s. value 
E result is essentially the same electron energy dis- 
tribution over the range of frequency to pressure ratios 
which we use. The diffusive loss in a plane geometry 
with plate separation d is equal to that in a cylindrical 
tube of radius R for* 


x/d=2.405/R. 
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Fic. 10. Diagram illustrating the location of the operating point 
by the intersection of the circuit characteristic with the discharge 
characteristic. 


25 Engel and Steenbeck, Elektrische Gasentladungen (J. Springer, 
Berlin, 1932), II, 170-175. 
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Fic. 11. Voltage-current characteristic of the Argon discharge 
at 47.0 mm Hg showing the characteristic slope at extinction and 
at the transitions. The straight lines are drawn with slope — Rz. 


In Fig. 12 we compare our maintenance data taken 
at selected values of current from Fig. 9 with positive 
column measurements by Klarfeld”® taken in a tube of 
radius 1 cm and a calculation by Holstein’ the calcula- 
tion being made in a manner very similar to that for 
breakdown. The maintenance calculation differs from 
that for breakdown in that the densities are presumed 
to be sufficiently high so that the electron diffusion is 
ambipolar rather than free. The electron energy dis- 
tribution is taken to be the same at all radii and 
equivalent to the distribution for a d.c. field equal to 
the r.m.s. value of the high frequency field. Numerical 
values are obtained using published values of the 
parameters. 

While the range of the abscissas for the various 
curves do not overlap well, it would seem that the high 
frequency discharge is more nearly represented by the 
calculation than is the positive column data. Presum- 
ably cumulative ionization processes are extremely 
important in the positive column; the fact that the 
high frequency data lies below the calculation suggests 
that these cumulative processes are also important here. 


26 Klarfeld, Tech. Phys. U.S.S.R. 5, 725 (1938). 
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Fic. 12. Comparison of the longitudinal gradient in the d.c. 
positive column with high frequency maintenance fields. The cal- 
culated curve is by Holstein and is based on ambipolar diffusion. 
The experimental positive column data is from Klarfeld. The 
ordinate £/p is either longitudinal gradient in the positive column 
or the r.m.s. maintenance field over the pressure. 


We may estimate our density by assuming the current 
uniformly distributed over the area of the gap and 
further that the mobility in the high frequency field is 
the same as for a d.c. field of the same magnitude as the 
r.m.s. value of the high frequency field. Using published 
values of mobility,?” we estimate densities of 3108, 
2X 10° and 10” per cc. for peak gap currents of 200, 
1000, and 5000 microamperes, respectively. At den- 
sities of 10® per cc we should expect the diffusion rate 
of electrons to be greater than the ambipolar rate?® so 
that surprisingly enough the difference to be ascribed 
to cumulative processes is even greater than is indicated 
by Fig. 12. The other possibility, of course, is that the 
space charge field does have an appreciable effect on the 
energy distribution of the electrons. 

In conclusion we wish to thank Dr. T. Holstein of 
this laboratory for proposing this experiment and 
assisting in interpretation of the results. 


27R, A. Nielsen, Phys. Rev. 50, 950 (1936). 
28 T, Holstein, Phys. Rev. 75, 1323A (1949). 
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Effects of instrument resolution and converter thickness on photoelectron lines have been investigated 
experimentally for gamma-radiation from 0.4 to 3 Mev. While determinations based on the high energy 
extrapolated edge of the lines seem to require no corrections for converter thicknesses, the peak value, 
which does require corrections, is in some cases more easily located. Peak shifts determined for thorium 
converters near 0.5 Mev are extrapolated to other energies by use of theoretical arguments. Values based 


on both types 


of determinations are quoted for gamma-radiation from the reactions Li’(p p’)Li™, 


Be*(d n)B'*, and Co(8-)Ni®*. The corresponding excited level transition energies obtained are Li’: 
476.7+0.9 kev; B'*: 713.8+1.3 kev; Ni®*: 1172.4+1.8 kev and 1330.9+2.1 kev. 





HE comparatively large aperture and high resolu- 
tion of the magnetic lens beta-ray spectrometer 
have led to its increasing application to the precise de- 
termination of gamma-ray energies in the range from 
a few tens of kilovolts to several Mev. The most com- 
mon method used consists in observing the spectrum 
of photoelectrons produced by the gamma-radiation 
either by internal conversion in the source or by ex- 
ternal conversion in a suitable foil. In both cases, essen- 
tially monochromatic lines are observed, -broadened, 
and displaced to varying degrees depending on the 
energy losses in the source or converter and on the 
resolution of the instrument. We have attempted to 
make a systematic examination of these effects as they 
apply to the determination of certain gamma-ray en- 
ergies in the region from 0.4 to 3 Mev. 


APPARATUS 


The spectrometer used in this work was patterned 
after the instrument described by Deutsch, Elliott, 
and Evans,’ modified to use the annular focusing dis- 
cussed by Frankel and others.? It comprises a brass 
tube 10” in diameter and 48” long (Fig. 1) in which are 
placed suitable baffles to limit the electron trajectories 
and to reduce scattering and direct radiation back- 
ground. A helical baffle is provided to permit distinction 
between positive and negative electrons. The focusing 
magnetic field is produced by four individual water- 
cooled coils which were in the present experiments 
grouped together at the middle of the tube. Since the 
magnetic circuit contains no iron, the field is propor- 
tional to the current. As a measure of the current in 
the spectrometer coils, the millivolt reading on a Type 
K Leeds and Northrup potentiometer in conjunction 
with a set of carefully intercalibrated Manganin shunts 
was used. The unbalanced output of the potentiometer 
was simultaneously indicated on a sensitive galvan- 
ometer and amplified as an a.c. signal after being 
changed into a square wave at a low signal level by a 
Western Electric sealed pressure relay. This amplified 


1 Deutsch, Elliott, and Evans, Rev. Sci. Inst. 15, 178 (1944). 
*S. Frankel, Phys. Rev. 73, 804 (1948); J. M. DuMond, Rev. 
Sci. Inst: 20, 160 (1949); Persico, ibid., 191. 


signal was used to control a }-K.W. amplidyne in the 
field circuit of the 60-K.W. generator supplying the 
spectrometer current. The spectrometer current was 
held to better than 2 parts in 10,000 on the average.* 

A vacuum connection to a 1.4-Mev electrostatic 
accelerator enabled suitable targets at the source posi- 
tion to be bombarded by high energy protons or deu- 
terons for the study of prompt and short-lived radio- 
active gamma-radiation. Gamma-rays produced at the 
source position ejected secondary electrons from a 
heavy element converter immediately adjacent. A 
schematic diagram of the source assembly is shown in 
Fig. 2. The source and converter were supported by an 
0.02 inch wire and the region around the source was 
completely free of scattering materials for a minimum 
of three inches. Particular care was taken to reproduce 
accurately the centering and axial locations of the 
sources and, while the diversity in the nature of the 
gamma-ray sources required some variation in tech- 
niques, the geometry of the source assembly was stand- 
ardized as much as possible. 

The internal parts of the spectrometer were centered 
with respect to the tube at assembly. Further adjust- 
ment of the geometrical alignment was made by moving 
the tube with respect to the axis of the coils in such a 
way as to maximize the observed intensity of the high 
energy internal conversion “X”’ line (Bp= 10,000 gauss 
cm) of ThD. Stray lateral magnetic fields were then 
compensated, by means of two large, mutually per- 
pendicular coils, to give maximum intensity for the 
comparatively low energy “F” line from ThC (Bp= 1385 
gauss cm), the “7” line (Bp=1750 gauss cm) being used 
as an auxiliary check. It was observed that when the 
compensation was properly set, the instrument resolu- 
tion was the same for all of the internal conversion 
lines. When the compensation was incorrect the first 
sign of maladjustment was a line broadening and loss 
in intensity which was progressively worse the lower the 
line energy. Only after a considerable amount of mal- 
adjustment of the compensation were the line shapes 


3 We are indebted to Mr. G. W. Downs for much helpful advice 
on this control system and to Messrs. C. B. Dougherty and W. D. 
Gibbs for putting it into operation. 
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Fic. 1. Spectrometer assembly. 


‘ 


asymmetrical or noticeably shifted. Because the com- 
ponent of stray field parallel to the spectrometer axis 
was not compensated, a small correction to the observed 
line position was made. For the arrangement used here, 
this correction is 


5M.V./M.V.=22S/Bp,! 


where S§ is the axial component of the stray field in 
gauss, Bp the momentum of the line in gauss cm, and 
M.V. is the millivolt reading on the potentiometer in- 
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Fic. 2. Schematic drawing of source assembly. 


‘ The dimensional constant 22 is for a configuration: source to 
counter distance= 114 cm; full width at half maximum of axial 
component of focusing field=53 cm; maximum radial electron 
aoe for median ray=10 cm; acceptance angle for median 
ray = 13°, 


dicating the spectrometer coil current. Since in this 
experiment a value of S=0.390.1 gauss was measured, 
the correction at 2000 gauss cm, for example, is 0.3; 
percent. . 
In the final configuration, the spectrometer yielded 
a symmetric curve, with a shape well approximated by 
a Gaussian function (Fig. 3) of width at half maximum 
of 1.52 percent. In general this width will depend on the 
instrument aperture arrangement and the source size. 
An investigation showed that for the range of source 
sizes used here, the line shapes were comparatively in- 
dependent of source size. The solid angle is estimated 
to be 0.5 percent of a sphere. 


GAMMA-RAY MEASUREMENTS: 
INTERNAL CONVERSION 

Internal conversion photoelectrons provide a par- 
ticularly simple indication of the gamma-ray energy, 
if the available intensity is great enough to permit the 
use of a source of such thickness that the energy loss of 
the electrons may be ignored. In such cases, the ob- 
served electron distribution is simply the “window” or 
resolution curve of the instrument and the determina- 
tion may be made directly in terms of either the peak 
or the extrapolated edge positions. Comparison with a 
known line of the same character then provides the 
calibration. As an example of this technique, and for a 
calibration required for subsequent work we have 
made an intercomparison of the internal conversion 
lines of the gamma-radiation of ThD (X line) and Au’ 
(K and L lines). The former line was measured by 
Ellis® in terms of the J line for which he obtained an 
absolute value by measurement of the magnetic field. 


5 Ellis, Proc. Roy. Soc. A138, 318 (1932). 
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Siegbahn® measured the absolute values of the J and F 
lines by comparing the difference with x-ray spectro- 
scopic values and obtained momenta on the average 
0.11 percent lower than those given by Ellis. Taking 
the mean of the two J line determinations and using 
Ellis’ X/Z ratio, one obtains a momentum value of 
10,000+14 gauss cm, or 2.618+.004 Mev for the 
gamma-ray energy.’ 

The gamma-radiation of Au’ has been measured in 
a curved crystal spectrometer by DuMond, Lind and 
Watson® who give 411.2+-0.1 kev for the energy, yield- 
ing values of Bp= 2219.7 gauss cm for the K conversion 
line and Bp=2502.1 gauss cm for the L line. The K 
and L binding energies used here were determined from 
the critical absorption wave-length table of Compton 
and Allison.’ Since the L;, Zyz, and Lz;; lines were not 
resolved, a weighted mean value for the L shell energy 
was used. Table I gives the pertinent values for the 
elements used in these experiments. 

For the “‘X” line measurements, sources of ~4 mm 
diameter of ThB were prepared by electrostatic collec- 
tion from Tn gas on .0005-inch Al foils. The thin (essen- 
tially mono-molecular) deposits so obtained were 
covered by an additional layer of .0005 inch Al foil to 


prevent recoil ThC” nuclei from escaping. The Au’. 


source was plated from solution on a .0005 inch Cu foil 
and had a thickness of less than 0.1 mg/cm?.”® The 
total activity of these sources was of the order of 20 u 
curies. Typical curves obtained are reproduced in Fig. 3 
and Fig. 4, and the resulting peak and edge calibration 
values in terms of millivolts drop across a standard 
shunt presented in Table II." The indicated locations 
of the X, and Xq, lines in Fig. 3 are calculated from 
Ellis’ data. The close agreement of the calibrations 
attests to the accuracy of the method and provides a 
relative check on the two independent standards.” 

Measurements were also made on the ThF and I 
lines, but the uncertainties in the stray magnetic field 
corrections limited the precision to about 0.5 percent. 
The values obtained were in agreement with the ratios 
quoted by Ellis within this accuracy. 


6 Siegbahn, Arkiv f. Ast. Math. Fys. 30A, No. 20 (1944). 

7 Bp=(10*/2.99776) [E(E+1.02158) }!; E in Mev (absolute). 

8 DuMond, Lind, and Watson, Phys. Rev. 73, 1392 (1948). 

® Compton and Allison, X-Rays in Theory and Experiment (Van 
Nostrand Company, Inc., New York, 1935). p. 794. 

10 We are indebted to the AEC for their cooperation in supplying 
the Au! and Co sources and to Mr. J. H. Sullivan for the 
chemical preparations involved in certain of the applications. 

1 The focusing current for lines having momenta greater than 
4500 gauss cm was measured on a shunt having .1330; times the 
resistance of the standard shunt. 

2 Tf one uses the peak calibration for the Au’ to determine the 
X line value from this experiment, a value of 9998 gauss cm is 
obtained, corresponding to a gamma-ray energy of 2.618 Mev 
with a probable error of 4 kev. The corresponding extrapolated 
edge value, which is in this case considered somewhat less reliable 
because of the overlapping with the Xq line, yields Bp =9989 
gauss cm or 2.615.006 Mev. This comparison has been recently 
repeated with a resolution of 1.0%, resulting in a Bp value of 
_ gauss cm for the X line peak or an energy of 2.613+.004 

ev. 


TABLE I. K and L shell energies. 








Etjyr =: Ek 
(kev) (kev) 


16.3 20.1 
13.0 15.6 
12.3 14.5 


ELjI 
(kev) 


19.7 
15.2 
14.2 


EK EL] 
(kev) (kev) 


Thorium 109.8 20.5 
Lead 88.0 15.8 
Mercury 83. 14.8 
Nickel 8. 


Element 





1 
i - —_— -— « 








EXTERNAL CONVERSION MEASUREMENTS 


For gamma-ray sources in which no appreciable in- 
ternal conversion occurs, photoelectrons may be pro- 
duced in an external converter of high atomic number, 
using the arrangement of Fig. 2. Radiation produced in 
the target as at a in the figure will undergo photoelectric 
conversion throughout the volume of the converter foil. 
One such process is schematically illustrated at 5; the 
photoelectron so produced will then emerge from the 
foil at some point c after having followed a path deter- 
mined by a comparatively large number of small angle 
elastic scatterings, resulting principally from the inter- 
action of the photoelectron with the nuclear coulomb 
fields of the converter atoms. At the same time, the 
photoelectron suffers ionization loss by interaction with 
the electrons in the converter, resulting in its emergence 
at c with a total loss of energy determined by the path 
length b-c. Because of the effects of scattering and 


straggling in the foil, the number of electrons emerging 


in a given energy interval will decrease as the energy 
loss increases, leading to a spectrum with a maximum 
value for zero energy loss, tailing off monotonically 
toward lower energies at a rate determined by the initial 
photoelectron energy and the converter thickness and 
atomic number. The observation of such a distribution 
with an instrument of finite resolution will in general 
result in a shifting of the peak and extrapolated front 
edge of the curve by a magnitude depending on the 
resolution and on the exact shape of the spectrum. 

To illustrate the effect of converter thickness on line 
shape at a comparatively low energy, experimental 


“window CURVE” 
Th-X INTERNAL CONVERSION LINE 
(1.5,% RESOLUTION) 


X Line 27,702.02 


Goussian fit 


COUNTS PER UNIT MOMENTUM INTERVAL 


270 «272 «6274 «62760878280 0 282 06284 286 
POTENTIOMETER READING (m.v.) 


262 #290 292 


Fic. 3. “Window curve”: observed spectrum from internal 
conversion lines of 2.62 Mev gamma-radiation of ThD. 
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INTERNAL CONVERSION 
ay 
LINE 
(RESOLUTION 1.5%) 


K Line 46.184.04 


COUNTS PER UNIT MOMENTUM INTERVAL 


POTENTIOMETER READING (MV.) 
450 460 470 480 490 50.0 S10 52.0 53.0 546 


Fic. 4. Internal conversion lines of 411 kev 
gamma-radiation of Au!%, 


curves of the K conversion in thorium foils of the 411.2 
kev gamma-radiation of Au are shown in Fig. 5. The 
source used for this work consisted of a 1 mm square 
of activated Au foil .001 inch thick placed on the back 
of a .030 inch copper absorber, to which were attached 
the thorium foils.“ The copper absorber was used to 
suppress the continuous § radiation. The ordinates of 
the various curves have been adjusted only to the ex- 
tent that backgrounds of the order of 30 percent, due 
partly to the tailing of the Z and M lines at ~51 M.V. 
and partly to general radiation, have been subtracted. 
_ The intensities plotted are for a constant source strength 
in all cases. 

Perhaps the most significant feature of these curves, 
from the standpoint of their usefulness in energy deter- 
minations, is the observation that the intersection of the 
extrapolated front edge with the background is ap- 
parently independent of converter thickness. A similar 
set of curves for the 717 kev gamma-radiation from the 
reaction Be*(d n)B!™* is shown in Fig. 6. The curves of 
Fig. 7 illustrate the two high energy gamma-rays ac- 
companying the decay of Co®, where the background 
has not been subtracted.” In all cases the extrapolated 
edge values for the K conversion lines were found to 
be independent of converter thickness to within about 
0.2 percent. Reference to Table III shows that the value 
of the Au’®* gamma-ray deduced from the extrapolated 
edge agrees within 0.1 kev with the known value (using 
extrapolated edges of the internal conversion lines re- 
ferred to above for calibration). 

13 Throughout this paper the converter thicknesses quoted in 


inches are nominal thicknesses. By weighing these have been de- 


termined to be: 

7 mg/cm? 
16 mg/cm? 
“25 mg/cm? 
57 mg/cm? 
78 mg/cm? 


.00025 inches 
.0005 inches 
.001 inches 
.002 inches 
.003 inches 
004 inches 113 mg/cm? 
.005 inches 150 mg/cm? 


4 The cobalt curves were run with only .001 inch Cu absorber: 
the abnormal intensity of the L lines is due to the superposition 
on them of the internal conversion K lines, shifted by the energy 
loss in the absorber. 


The height and location of the peaks and the mag- 
nitude of the low energy side of the distributions, on 
the other hand, are clearly affected by changes in the 
converter thickness. Between the .00025 inch and the 
.0005 inch curves in Fig. 5, one observed an increase of 
intensity and a shift of the maximum toward lower 
energy. As compared with the expected peak for zero 
converter thickness, the .00025 inch peak is shifted by 
1.7 kev and the .0005 inch by 3.2 kev. For thicknesses 
greater than .0005 inch one observes no further shift or 
increase in peak intensity (the intensity actually de- 
creases somewhat because of the absorption of the 
gamma-radiation) and only the lower energy tail seems 
to be affected. 

In an effort to ascertain the primary distribution of 
the electrons emerging from the converter, the experi- 
mental curves of Fig. 5 have been “unfolded,” i.e., the 
effect of finite resolution removed, by a method of suc- 
cessive approximations assuming a Gaussian window 
shape. Although such a procedure cannot in general 
be expected to reveal changes occurring in intervals 
small compared to the resolution width (7.3 kev), in 
this case the unfolding was facilitated by the fact that 
the upper limit of the primary spectrum was known 
absolutely from the calibration. The curves of Fig. 8, 
which exhibit the inferred spectra for three converter 
thicknesses, show that the number of electrons per unit 
momentum interval emerging from the converter drops 
very sharply in. less than ~3 kev and thereafter falls 
more gradually at a rate depending on converter thick- 
ness. The ordinates in these curves are in the same 
(arbitrary) units as those of Fig. 5, to facilitate com- 
parison. As a check on the reliability of the inferred 
primary distribution, the .0005 inch converter curve 
was repeated at a resolution of 0.65 percent, using a 
smaller source, and introducing several other modifica- 
tions in the spectrometer. The primary spectrum repre- 
senting the best fit for the two resolutions is shown in 
Fig. 9, where the numerically integrated “folds” with 
gaussians of 0.65 percent and 1.5 percent width are also 
shown, together with the experimental points. This 
inferred distribution agrees well with the corresponding 
one in Fig. 8: the initial decrease in the number of 
electrons per unit energy interval is again very pro- 
nounced. The unfolding of several other curves ob- 
tained from 0.7 and 1.1 Mev gamma-rays has yielded 
similar shapes. While the present experiments appear to 
indicate that the character of the primary spectrum 
undergoes an abrupt change in the neighborhood of 
two to four kev energy loss (for the Au!’ radiation), it 
should be pointed out that the unfolding process is 
necessarily quite sensitive to small experimental errors; 
an upward shift of the assumed front edge of the pri- 
mary spectrum of 0.5 kev—about the probable error— 
yields a satisfactory fit with a distribution function 
dropping off to half the maximum value in four to six 
kev and consequently with a considerably less abrupt 
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TABLE II. Calibration lines. 








Ey 
Line (kev) 


Edget Peakt (Bp/M.V.) (Bp/M.V.) 
M.V. M.V. edge peak 





2618 +4 
411.2+ .1 
411.24 .1 


ThD K 
Au! decay K 
Au’ decay L 


47.92, 
47.92, 
47.91; 


47.925+.03 


208.6,* 
46.32 
52.22 


Calibration** : 


47.379 
47.33 
47.29, 


47.349+.03 


211.19* 
46.89 








+ Corrected for axial component of stray field. 


* Including 9 gauss cm correction for cover foil; reduced to standard shunt readings. 


** ThD values weighted 3 X; mean of three runs given in table. 


change in slope. More definite information on the exact 
shape of the primary spectrum in the first few kilovolts 
must clearly be sought in further experiments employ- 
ing significantly higher resolution. In any case, it is 
clear that there exists near the high energy limit of the 
spectrum a considerable excess of electrons over what 
might be expected if scattering and straggling effects 
were neglected and that. the common assumption of a 
rectangular distribution may be quite misleading in this 
energy region. It is presumably just the existence of this 
large number of electrons with small energy loss which 
accounts for the fact that the extrapolated edge of the 
distribution observed with the resolutions used here is 
relatively independent of converter thickness. With a 
considerably broader window curve, one might expect 
the influence of the back slope to become relatively 
more important, resulting in a detectable edge shift. 
The behavior of the distribution as a function of 
energy was studied using K photoelectrons produced in 
a .0005-inch thorium foil by the following gamma-rays: 


(a) Au! radiation (411.2 kev)—.030 inch Cu absorber and 
.0005 inch Th converter. 

(b) Li™ radiation (478 kev)—produced by bombardment of a 
Li target by protons: same absorber and converter. 

(c) Annihilation radiation (510.8 kev)—from 10 min N® pro- 
duced by bombarding a .010 inch thick graphite target with deu- 
terons; same absorber and converter. 

(d) B'* (717 kev)—produced in the reaction Be*(d n)B'™* by 
deuteron bombardment of an .004 inch Be target with the .0005 
inch Th converter only. 


The observed spectra are illustrated in Fig. 10, where 
the momentum scales have been adjusted by multipli- 
cation to bring the front edges into coincidence. The loca- 
tion Bp/Bpo= 1.000 corresponds to the true position of 
the photoelectron line, determined absolutely for the 
Au’ radiation. In Table III, the gamma-ray energies 
derived from the observed extrapolated front edges are 
presented, including the Co determinations from Fig. 7. 

An independent check on the consistency of the data 
and support for the assumption that the extrapolated 
front edge does not, within the present uncertainty, re- 
quire correction for converter thickness is provided by 
the close agreement of the observed value of the an- 
nihilation radiation to the known figure of 510.8 kev." 
The probable errors indicated include estimates of un- 
certainties in matching the curves and subtracting 


DuMond and Cohen, Rev. Mod. Phys. 20, 82 (1948); 
DuMond, Lind, and Watson, Phys. Rev. 75, 1226 (1949), 


background in addition to such systematic errors as 
appear in current measurement, source location and 
stray field corrections. 

Examination of the curves of Fig. 10 shows that, as 
the energy is increased, the tail of the distribution be- 
comes less prominent compared to the resolution of the 
instrument, which is given by a constant width on this 
plot. The peak locations for the four curves are identical 
within the experimental error of about 0.1 percent and 
indicate a displacement downward of 0.66 percent in 
momentum. That the peaks coincide in this case is to 
some extent fortuitous; a thinner converter would be 
expected to give a relatively smaller shift at the higher 
energy (compare Fig. 11). 


PEAK SHIFT CORRECTIONS 


It would appear from these experiments that, as long 
as variations in source diameter sufficient to affect the 
window curve are avoided, the extrapolated edge de- 
termination is to be preferred because of its relative 
independence of converter thickness. However, in many 
practical cases, uncertainties in the background and the 
interference of neighboring lines may make such deter- 
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Fic. 5. 411 kev radiation of Au!®, converted in 
various thorium foils. 
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TABLE III. K-lme extrapolated edge determinations— 
.0005-inch thorium converter. 








Ee+Ex 
(kev) 


411.1+ .6 
478.34 .7 
510.8+ .7 
716.7+1.0 
1172.,+2.5 
1330.2 +2.9 


M.V.t 
(current) 


44.48 


Bettt E. 


(gauss-cm) (kev) 


2106.1 301.3 
50.42 2387.3 368.5 
53.21 2519.4 401.0 

70.04 3316.3 606.9 
eet 4965 1062.5 
116.5, 5518 1220., 


-Ray source 





Au! decay 
Li™* 

et annihilation 
Blot 

Co® decay (a) 
Co® decay (b) 








t Corrected for axial component of stray field. 
tt Values reduced to standard shunt readings. 
ttt Using as a calibration Bp/M.V. =47.349+.03. 


minations more difficult than the location of the peak. 
As has already been pointed out, if peak values are to 
be used, allowance must be made for the converter 
effects. The corrections to be applied may be roughly 
estimated from consideration of the effect of folding the 
window curve into the characteristic primary distribu- 
tion. For “thin” converters, in which the energy loss is 
small compared to the resolution width, Jensen, Laslett, 
and Pratt!* have pointed out that, if straggling is 
neglected, this distribution can be approximated by a 
rectangle of width equal to the average energy loss in 
the foil, and that the resulting peak shift is one-half 
this width. The straggling in energy loss due to the rela- 
tively infrequent close collisions is, however, an appreci- 
able factor, and will have the effect of spreading the 
electron distribution on the low energy side. Since the 
“average” energy loss is heavily weighted by the small 
fraction of electrons which have lost large amounts of 
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Fic. 6. 717 kev radiation from Be%(d n)B', converted in 
various thorium foils. 


16 Jensen, Laslett, and Pratt, Phys. Rev. 75, 458 (1949). 
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energy and which thus will have little influence on the 
peak location, it would seem reasonable that the ef- 
fective width of the distribution is better measured by 
the “most probable” energy loss, which gives more 
equitable weighting to the majority of the electrons. 
Values of the most probable energy loss in thorium have 
been calculated for the thicknesses used in these experi- 
ments, by R. F. Christy and E. R. Cohen,” and the 
resulting shift limits are shown in Fig. 11 by the three 
dashed curves extending horizontally to the right; the 
upward trend at low energies reflects to some extent the 
influence of scattering in increasing the effective path 
length. The importance of straggling effects even in the 
region from 1 to 3 Mev may be judged from the fact 
that these shift limits are about a factor of two lower 
than those corresponding to the average energy loss. 
For thicker foils, or lower energies the scattering may 
reach such proportions that many of the photoelectrons 
produced will become essentially diffused and will 
either be lost completely or suffer so large energy degra- 
dation as to fail to appear in the observed part of the 
spectrum. The plural scattering and diffusion of elec- 
trons has been treated theoretically by Bothe® and by 
Bethe, Rose, and Smith!® who find that the number of 
electrons penetrating a given thickness of material 
drops off very rapidly for thicknesses of the order of 
the “transport mean free path,” which is defined as the 
distance in which the root mean square scattering angle 
becomes of the order of 7/4. By associating a most 
probable energy loss with the effective path length for 
electrons originating at various depths in the converter, 
one obtains a distribution which decreases monotonic- 
ally from a maximum at zero energy loss to half in- 
tensity at a value corresponding roughly to the most 
probable energy loss in the transport mean free path. 
The folding of the window curve into such a spectrum 
leads to a peak shift approximately equal to the half 


PHOTOELECTRIC CONVERSION 
OF co®° 3 RADIATION 
IN THORIUM FOIL (RESOLUTION 15%) 


(K, 1.331 Mev) 


COUNTS PER UNIT MOMENTUM INTERVAL 


12.8 130 13.5 14.0 45 150 15.5 16.0 165 170 
POTENTIOMETER READING (MV.) 


Fic. 7. 1.17 and 1.33 Mev gamma-radiation from Co, 
converted in .0005-inch and .001-inch thorium foils. 


17R, F. Christy and E. R. Cohen (to be published). 
18 W. Bothe, Zeits. f. Physik 54, 161 (1929). 
19 Bethe, Rose, and Smith, Proc. Am. Phil. Soc. 78, 573 (1938). 
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width at 1/e of the maximum (0.60 times the full width 
at half maximum) of the window curve. This limit, in- 
dicated by the dashed diagonal line of Fig. 11, is quite 
insensitive to the detailed shape of the primary dis- 
tribution and should give a fairly reliable upper limit 
to the shift in the energy range 0.2 to 1.0 Mev for 
resolution widths less than about 5 percent. This line 
represents then the limiting case of an infinitely thick 
converter which together with the “thin” converter 
limit accounts for the main feature of the curves of 
Fig. 11. A somewhat more detailed treatment, assuming 
an exponential distribution cut off sharply at the most 
probable energy loss, for intermediate converter thick- 
nesses leads to the solid curves of Fig. 11. The coefficient 
of the exponential was taken as inversely proportional 
to the energy loss in a transport mean free path, the 
constant of proportionality having been adjusted to fit 
the experimentally determined shifts for Au’ and 
annihilation radiation. The limiting cases of thick and 
thin converters exhibited in these curves merge reason- 
ably well into the limits indicated by the more general 
considerations. 

The extent to which the above discussed effects are 
applicable may be seen, at least qualitatively from the 
distributions of Fig. 5 and Fig. 8. Photoelectrons that 
are produced at a depth within the converter such that 
the most probable energy loss suffered in emerging from 
the foil is less than approximately the resolution of the 
spectrometer will be the most effective in determining 
both the location and the intensity of the observed line 
peak. In the present case this amounts to energy losses 
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Fic. 8. Inferred “primary” distribution in energy of photo- 
electrons emerging from thorium converters irradiated by 411 
kev Au!®§ gamma-radiation, as would be observed with infinitely 
high resolution. 
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Fic. 9. Inferred primary distribution of photoelectrons pro- 
duced by 411 kev Au! radiation in .0005-inch thorium foil. The 
theoretical “folds” with 1.5 percent and 0.65 percent Gaussian 
window curves are compared with the observed points. 
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Fic. 10. Observed K photoelectron distributions for™several 
gamma-rays, converted in .0005 inch thorium. The abscissa 
Bp/Bpo= 1.000 corresponds to the true momentum of the photo- 
electrons, i.e., the expected peak location for an infinitely thin 
converter. 





HORNYAK, LAURITSEN, AND RASMUSSEN 


TABLE IV. Peak determinations, .0005-inch thorium converter. 








M.V.t Bottt 


-Ray source (current) (Gauss-cm) 


Ee Ee+E K,L Ey 
(kev) (kev) (kev) 





2092.9 
2372.3 
2462.4 


Au" decay K 43.67 
Li™* K 49.50 
Au! decay L 51.38 
et annihilation K 52.24 2503.6 
Bi K 68.77 3295.8 
Co™ decay (a) 103.26\tt 4949 

Co decay (b) K 114.9¢f 5509 


298.2 408.0 411.2 
364.8 474.6 4784+ 9 
386.9 407.0 : 411.2 
397.1 506.9 ‘510.8 
601.4 711.2 716.1+1.3 
1058.2 1168.9 1172.2+2.5 
1217.3 1327.6 1331.6 +2.9 








+ Corrected for axial component of stray fields. 
tt Values reduced to standard shunt reading. 
ttt Using as a calibration Bp/M.V. =47.925+.03. 


less than 8 kev or a depth less than about .0003 inch of 
thorium. Thus it is observed that the increase of the 
peak intensity in going from .00025 inch to .0005 inch 
is comparatively slight although a shift in the location 
of the peak to a lower energy is apparent. Increasing the 
foil thickness beyond the “resolution depth” should 
however materially increase the prominence of the tail 
just below the peak until a thickness comparable to the 
transport mean free path is reached. The transport 
mean free path is estimated to be .0004 inch for this 
energy. After a thickness of the order of two or three 
times this value is reached, very few additional electrons 
are observed even in the tail. The “cut-off’’ used in the 
theory is indicated in Fig. 8 for the .00025-inch foil 
thickness. The absence of any sharp discontinuity in 
the .00025-inch curve at this energy loss emphasizes the 
approximate nature of the theory used in obtaining the 
curves of Fig. 11. 

In Table IV are presented the observed peak locations 
for the various gamma-rays discussed earlier, together 
with the estimated shift values (in parentheses) taken 
from Fig. 11. While no great claim to precision can be 
made in the arguments on which the corrections are 
based, a comparison with the values of Table III indi- 
cates satisfactory agreement between the two sets of 
determinations. It may be remarked that in the case 
of the Li’™ radiation, the fact that the line is bracketed 
between two known values makes the determination 
almost independent of the corrections adduced above. 
For the Co®, a direct extrapolation, ignoring the peak 
shift would lead to values about 6 kev higher than those 
quoted in Table IV. 


DOPPLER SHIFT 


In the cases of the Li’ and B'™ radiations, an ap- 
preciable correction for Doppler effect is involved in 
the determination of the energy of the excited state 
because of the center of mass motion. The shift associ- 
ated with a center of mass velocity along the spec- 
trometer v is, neglecting effects of order v*/c? and as- 
suming isotropic disintegration, 


5= (v/c)E,{cos8) 


where (cos6) is the mean cosine of the angle between the 


spectrometer axis and the gamma-rays producing photo- 
electrons in the acceptance cone. An estimate of (cos6) 
can be made if the scattering of the photoelectrons is 
neglected and if the angular distribution of the photo- 
electrons is simply taken to be a delta-function at the 
angle 


w=cos 1B, 


with the direction of the gamma-ray, where 8, is the 
velocity of the photoelectron in units of the velocity of 
light. Then for the geometry in question, with 4 the 
acceptance angle of the spectrometer 


(cos6) = [cos(@o-+w)cos(@o.—w) ]?. 


Table V gives the calculations leading to the values of 
6, assuming that the residual nucleus has not been 
stopped before the emission of the gamma-ray. The 
scattering experienced by the photoelectrons will in 
general reduce the Doppler shift, since radiation emitted 
at large angles to the center of mass motion will con- 
tribute appreciably to the spectrum. In an experimental 
comparison of the gamma-ray from the decay of Be’ 


with that accompanying the inelastic scattering of. 


protons by Li’, the Doppler shift was found to be 1.6 
kev” for the same geometrical arrangement used here. 


PHOTOPEAK SHIFT FOR 
THORIUM CONVERTERS 
1.5% RESOLUTION 


Legend: Mg/cm*® 
e-—--? 
v-—-—6 
o———-25 


6 6 10 20 30 40 646.0 80100 
E, (MEv) 


Fic. 11. Peak shift correction for converter thickness as a 
function of initial photoelectron energy. 


20 Rasmussen, Lauritsen, and Lauritsen, Phys. Rev. 75, 199 
(1949). 
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TABLE V. Doppler shifts. 
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TasBLE VI. Gamma-ray and excitation energies. 




















Beatenene 3 

volta; 

Reaction (Mev) v/c w (cos6)t (kev) 

Li’(p p’)Li™ 1.05 .0059 38.5° 78 22 

Be*(d n)B'* .96 .0058 2.1° .86 3.6 
t 00 =13°. 


The calculated shift for B'* has been reduced by the 
same proportion in the computation of the final values, 
even though at this higher energy the scattering is 
certainly less important. Table VI presents the final 
values, using the means of Tables III and IV, and in- 
cluding the estimated Doppler shifts. 

The present value for the excited state of Li’ is 
slightly lower than the value 478.51.5 kev given by 
Elliott and Bell? for B!°(ma)Li™ but as the probable 
errors overlap, the difference is hardly significant. The 
Co® values are about 15 kev higher than those ob- 
tained by Jensen, Laslett, and Pratt!**; the reason for 

211. G. Elliott and R. E. Bell, Phys. Rev. 74, 1869 (1948). 

* Note added in proof: More recent work by the authors, kindly 


communicated to us by Professor Laslett has led to values 
which, when adjusted by use of the average energy loss, agree well 








Ey 4 SE tevel 
Reaction (kev) (kev) (kev) 
Li"(p p’) Li™* 478.34 .6 1.64 .7 476.7+ 9 
Be*(d n)B* 716.44 8 2.6+1.0f 713.8+1.3 
Co®(B-) Ni®* (a) 1172.4+1.8 0 1172.4+1.8 
Co®(B-) Ni® (b) 1330.942.1 0 1330.9+2.1 








f Taken as.~ 1.6/2.2 X3.6. 


this discrepancy is not clear. A preliminary crystal 
spectrometer determination of these lines, kindly com- 
municated to us by Professor DuMond and Dr. Lind 
is in good agreement with the values quoted here. 

It is a pleasure to acknowledge the many helpful 
suggestions and active assistance of Professor R. F. 
Christy in connection with this problem. We are also 
indebted to Professors C. C. Lauritsen and W. A. 
Fowler for valuable advice and consultations. This 
work was assisted by the joint program of the ONR 
and the AEC. 


with those cited here. The agreement is less good if the shift is 
calculated from the most probable energy loss, but is still within 
the combined probable errors. 
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Penetration and Diffusion of X-Rays through Thick Barriers. II. The Asymptotic 


Behavior when Pair Production Is Important* 
U. Fano 


National Bureau of Standards, Washington, D. C. 


(Received May 16, 1949) 


The methods of a previous paper are modified to cover the high energy x-rays which are strongly absorbed 


by pair production. The variation of intensity with depth of penetration is then expected to follow a law of 


the type x~*/6 exp(—ymx+5z!). 


HE factors governing the approach to spectral 
equilibrium in the penetration of hard x-rays 
have been discussed in a previous paper,! which will be 
referred to as I. It was found that the trend of the total 
x-ray intensity at great depth of penetration depends 
essentially upon the progressive formation and decay 
of those secondary components that are least absorbed. 
The earlier treatment assumed that the primary 


an" supported by the Applied Mathematics Branch of the 


1 Bethe, Fano, and Karr, Phys. Rev. 76, 538 (1949). 

t Note added in proof: The results derived in I are closely related 
to those derived by Wick (Phys. Rev. 75, 738 (1949)) in his 
treatment of the analogous neutron problem. Wick also took into 
account the effect of small angular deflections and his methods 
are now being applied to the x-ray problem. This effect tends to 
modify the values of the constants in (13 a and ¢c) without changing 
the structure of these formulas. : Finally, it is understood that 
some of the results reported in I were also obtained by Greuling 
(unpublished). 











x-rays are less absorbed than any of their secondaries. 
This obtains in lead only up to energies of about 3 Mev, 
in lighter elements up to higher energies. At very high 
ehergies absorption by pair production becomes in- 
creasingly important and secondary scattered x-rays 
may be more penetrating than the primaries. Under 
these conditions the softer x-ray components still ap- 
proach an equilibrium, but this equilibrium state is now 
controlled by the formation and decay of the hardest 
secondary components. The energy of these components 
corresponds to the minimum of the plot of absorption 
coefficient vs. photon energy,? and may be much lower 
than the energy of the primaries. (The present analysis 
disregards the bremsstrahlung of the electrons generated 
by pair production.) 


2 See, e.g., W. Heitler, Quantum Theory of Radiation (Oxford 
University Press, London, 1944), p. 216. 
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This paper deals with the approach to equilibrium by 
a method which holds under broader conditions than 
the method used in the earlier work. However, we rely 
on the same principles as in I, namely: 


(a) Use of special approximations in the limited energy range 
of the hardest components which control the equilibrium. 

(b) Disregard of the deflections associated with scattering, 
since these deflections are small for the hardest components. — 


The latter assumption, amounting to the adoption of 
a “one-dimensional” model, is not as realistic in the 
present context as it was in I, since the hardest com- 
ponents themselves may have undergone an appreciable 
deflection in the course of previous scattering. There- 
fore, the results to be obtained here need reviewing in 
the framework of a more comprehensive treatment 
which is now being developed. However, the asymptotic 
behavior of the ‘‘one-dimensional model” is inherently 
an essential ingredient of the behavior of more realistic 
systems. 

The mathematical treatment of this paper is more 
flexible than that of I. It makes use of a simplifying 
assumption somewhat less restrictive than the previous 
one (K(u’, u)=const). The solution that will be given 
here preserves a qualitative significance, even though 
little accuracy, in the low energy range. The purpose of 
this note is just to point out qualitative features. The 
derivation of a more accurate solution requires a more 
detailed calculation which is now in progress. 


CALCULATION 


We start from a ‘‘one-dimensional”’ equation govern- 
ing the diffusion and degradation of photons, which is 
equivalent to (1) I. It is convenient to adopt here a 
different choice of variables—namely, to indicate: 


(1) the energy of photons by their wave-length \, expressed in 
Compton units, and 

(2) their spectral distribution by a “spectral energy density” 
Y(x, \). (With reference to the “integral photon spectrum” re- 
ferred to in I, Y= —vdI/dv=d0I/0X.) 


The function Y is governed by the equation 


x 
aV/ax=—y(d)¥+ f ROW, »)V (x, aN, (1) 
do 


where: 


R(N’, A)=(B)ura{ 2+ 
+NALA—N’)?—2(A—N’) ]} a. (1’) 
ura=absorption coefficient for Thomson 
scattering. 
u=total narrow beam absorption coeffi- 
cient at wave-length X. 


The initial condition is: 
Y(0, d) = dod(A— Xo). (1’’) 


The solution of (1) is represented by the method of 
Laplace transformation as a superposition of spectral 


distributions—each of which decays as an exponential 
function of x: 


at+io ; 
V(x, )=(1/2xi) f dp y(p, dexp(— px) 


+Aod(A— Ao) exp(— Hox). (2) 


The last term of (2) represents the primary radiation. 
The “Laplace Transform” y(p, A) is governed by the 
equation: 


x 
(u—p)9(9, = f RN’, N)y(p, NAN’ 
Xo 


+rok(Ao, )/(uo— Pp). (3) 


At this point we introduce the main simplifying as- 
sumption (referred to as (a) above), of attributing to 
R(\’, 4) a constant value C. This value may be taken 
equal to k(A, A)=(2)u7x or a little lower. (The earlier 
choice of the independent variable and of the de- 
pendent variable Y was designed so that the assumption 
R(X’, A)=C is not too unrealistic. In fact R(X’, A) re- 
mains of the order of magnitude of wr, for all values of 
\’ and 4.) 

Equation (3) reduces now to: 


ny 
uu p)yonr=c f v(p, ’)dd’+Co/(uo— p). (3’) 


Simple differentiation reduces (3’) to a first order linear 
differential equation whose solution is: 


oy 
y(p, )=Crs exp|C xu) P| / 


do 
| an ieee ae 


Equation (2), with the expression (4) of y, describes 
the spectral distribution at all depths x. It constitutes 
an approximate formal solution of the “one-dimen- 
sional” penetration and degradation problem governed 


by (1). 
ASYMPTOTIC BEHAVIOR OF THE SOLUTION 


There is a standard method for studying the values 
of the “inverse transform” (2) at great depths, that is, 
for large x. This is to deform the path of complex inte- 
gration over p way to the right in the complex plane, 
where the factor, exp(— px) becomes very small; how- 
ever, the deformation should not bring the path through 
any region where y becomes. very large. Such a region 
lies on the positive real axis of ~, where the denomina- 
tors z— p in (4) vanish. 

Accordingly, the path of integration can be so de- 
formed (Fig. 1) that the main contribution to the inte- 
gral comes from a section of the path in the proximity of 





a - ss rw ee 45 ee eee 


i= 46 A ee OD lH 





tial 


(2) 


on. 
the 


(3) 


‘ar 











a “saddle point” at p= ,.* This point is located on the 
real axis a little to the left of u,, where u, is the smallest 
value of u(d’) in the range of integration of )’ in (4), 
from Xo to A. (The distance of p, from yu, decreases as 
~ increases and it turns out that the product (u.—p.)x 
is either a number of the order of 1 or a slowly increasing 
function of x.) 

In the case, studied in I, where the primary radiation 
of wave-length Xo is harder than any of its secondaries, 
the smallest value of u(X’) is found at the very start of 
the integration: 4.= (Ao) =o. The function u(d’) for 
any material has a minimum value uv», at some wave- 
length A». Therefore, in general, 


Ms=H(Am)=Hm for o<Am, (Sa) 
Khs= u(Ao) = po for Ao > Rim (5b) 


(The case where \<), is not interesting in the present 
connection.) 

At great depths of penetration, the values of » which 
contribute substantially to the integral in (2) still de- 
pend on -the value of x, but they are confined to the 
proximity of u, within a distance ~y,— p,. Therefore, 
this dependence on x will not affect substantially the 
factor (u—) in (4) or those portions of the integral in 
(4) where u(A’) — p>>u.— p (assuming that A>A,). Now, 
these portions of (4) are the very ones that depend on A. 
It follows that the whole integral in (2) depends on A 
and x through separate factors of the expression (4). 
In other words, under the conditions stated, Y(A, x) 
becomes the product of a function of \ and a function 
of x, that is, the spectral distribution becomes inde- 
pendent of the depth of penetration. This constitutes 


_ asort of “equilibrium” (within the meaning of (b) in I). 


The concept just outlined may be formulated mathe- 
matically by various devices. For example, one may 
represent the factor 1/(u(A’)—) in the integral of (4) 
as the sum of two functions: one function which matches 
1/(u—) accurately for \’~2,, has a simple form and 
vanishes when \’==i,, and another function which 
vanishes for \’~X, and is therefore practically inde- 
pendent of ». The function u(A’) may be matched, for 





ny 
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Fic. 1. Schematic 
representation of the 
“saddle point” of the 
integrand and of the 
“steepest descent” 
path of integration 
over the complex 
variable p in Eq. (4). 

















\’~ , by a three-term power expansion: 
u(r’) ~ pat He(A’ — As) + (Pu /dd?).(0’—ds)?/2, 
where 1,= (du/dX’)n’ =a,. We write then: 
1/[u(’)— p]=1/[us— pt ia(0’—d,) 
+ (Pu /dd*) (0’—.)?/2 + {1/LH’) — 2] 


— 1/[us—pt+ fis(A’— As) , 
+ (du /dr*),(’—d,)?/2 J}. (6) 


Little error is incurred by replacing the variable p by 
ae within the curly brackets. The quantity { } may 
then be integrated over )’ from Ao to A, numerically if 
necessary. The result of the integration is some function 


Q(%o, d)= f an’ {1/Cu(n’)— we] 
—1/Ciia(d’—Dx)-+ (@u/dr),(0— 2/2}, (7) 


which needs no further investigation at this point. 
The remaining integral yields: 


dn’ /[us— p+ jts(X’— As)+ (d?u/dd*) ,(X’ — d,)?/2 ]J= Ti+ T» 


do 


tie t (Pu /dd*),(A— Az) — [2 — 2(2u/dd*) (us— p) }? 





= [a2— 2(du/dd*).(ue— p) J? log 


tet (Pu/dd*).(A—d.) + [iP —2(Pu/dd?).(ue—P) }* 


= [a2— 2(@u/dd*).(us— p) 4 log 





The term 7 may be simplified, when A>A,, by expand- 
ing the logarithm. It reduces to: _ 
Ti~—2/[aet+(@u/dd?).(A—A.) ] (for A>A,). (9a) 


3 See, e.g., H. and B. S. Jeffreys, Mathematical Physics (Cam- 
bridge University Press, London, 1946), Chapter 17, 


fist (du/dd*) (Ao— Xs) ae [i2— 2(@u/dd).(us— p) }3 


(8) 








fist (d?u/dd*) (Ao— A) +Lh2— 2(du/dd?2).(us—p)}* 


This term may be added to Q(Ao, A) and treated ac- 
cordingly. 

The term 7; is independent of A and it determines the 
asymptotic dependence of Y on x. This term takes 
different, simple, forms when the primary radiation is 



























742 


not nearly of the most penetrating variety, that is when 
Ao>>Am OF AoKAm, also when Ao=Am. The former of 
these cases is the same as was treated in I. 

When Ao>Am, As=Ao according to (Sa). When Ap is 
sufficiently larger than Am, j1.?= p4o?>>2(d?u/dd*)o(uo— p). 
Expansion into powers of 2(du/dd*)o(uo— p)/ fo? re- 
duces then 7» to: 


T2~— (1/jt0) logl(uo— p)(@u/dd*)o/ ite? J, 


(for Ao>Am). (10a) 
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When Ao approaches Am, jo tends to zero. The expres- 
sion [jo?—2(d?u/dd*)o(uo— p) ]* vanishes before Ay 
reaches Am, and thereafter it becomes imaginary. At 
ho=Am, Ho=As=fim=0, the argument of the log is 
—1=¢—*' and T, reduces to 


T2= 4 2(@u/dd*) m(um— p) 1*. 


When Ao decreases below Am, As=Am according to 
(5b), #s=m=0, and T>2 takes the form: 


(10b) 


(Pu/dd*) m(Ao— Xm) — 21 2(Pu/dd*) m (Hm — D) J} 





T2= i[2(Pu/dd*) m(um— p) }* log 


When AoA, the last term becomes very small and, 
inclusive of the factor in front, it reduces to: 


~1/(@4/dr) m(Am— do). (9b) 


This term, like (9a), is independent of p; it may be added 
to Q(Ao, A) and treated accordingly. The significant part 
of (8) is then simply: 


To~2n[2(Pu/dr*)m(um—p)}-*, for (Ao>Am). (10c) 


The preceding considerations lead us to write the spec- 
tral distribution (2) in the form: 


V(x, A)=Aod(A—Ao) exp(— wor) 
+[Cro/(u— us) _] exp[CQ(Ao, A)+CT1 JF (x, Ao), 
(for A>A,); (11) 
with 
a+io 
F(a, d)=(1/2ni) fap 


Xexpl—px+CT2(p, do) /(mo—p). (11’) 

The integral in (11’) may be evaluated by steepest 
descent for each value of x and for the different rela- 
tionships between yu and d which correspond to different 
absorbing materials. When the energy of the primary 
photons is much smaller than that of the most pene- 
trating ones (i.e., Ao>Am) T2 takes the form (10a), and 
the integration yields exactly: 


F(x, do) =[1/T (C/ sto +1) ]( sho? /(Pu/dd*) 9) &/i0 


Xexp(—por). (12a) 


This asymptotic behavior coincides with that obtained 
in (5) I, as it should. In the opposite case, when AoA m 
and TJ; takes the form (10c), evaluation by steepest 


(d?/dd*) m(o— Am) +i 2(@u/dd*) m(um— p) }? 
= [2(@u/dd*) m(um— p) }-4{ 2e—artan[ (@y/dd*) m*(um— p)*/ (a? u/dd*) m(Am— Xo) ]} , 





descent yields: 


F(x, o)~(2/3x)§[20°C*/(Eu/dd*) m(Ho— Hm) ] 
X [(Pu/dd*) m/40°C*x J expl — mx 
+3(a?C?x/2(Pu/dd*) m)*]. 


The structure of these formulas is brought out by ex- 
pressing them respectively as: 


F(x, \o)=const. x*° exp(— ox), (13a) 
F(x, Xo) = const. 25/6 exp(—pmx+bx!),4 (13c) 


where Ko=C/jto and b=3(x°C?/2(d2u/dX)m)*. Both 
formulas contain the factor exp(—.x), where yu, stands 
for uo OF 4m respectively, which represents the decay of 
the most penetrating component under consideration. 
The remaining factor «*° or respectively x—*/6 exp(bx) 
represents the effect of the accumulation of the second- 
ary components barely softer than the most penetrating 
ones. Notice that Ko and b depend on the balance be- 
tween the generation of softer components, which is 
represented by C, and the corresponding loss of pene- 
trating power, which depends on the derivatives of u. 

The solution obtained here has much the same sig- 
nificance as the solution derived in I and discussed at 
the end of that paper. The solution (11) is completely 
defined for all values of A>>d,, but it has no great claim 
to accuracy for large values of \ because of the as- 
sumptions made, namely that k(A’, A)=C and that the 
effect of deflections can be disregarded. 

It is a pleasure for me to acknowledge the cooperation 
of my colleague P. R. Karr. I also wish to thank Dr. 
F. H. Murray of the Oak Ridge National Laboratory 
for many helpful discussions. 


‘This formula has also been obtained independently by Dr. 
Henry Hurwitz, Jr., who has kindly informed me of his results. 


(12c) 
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A discussion is given of the connection between the results of microwave resonance absorption experi- 
ments and gyromagnetic ratio experiments on ferromagnetic substances. A review of the experimental 


data indicates that the microwave experiments usually give g>2, while gyromagnetic measurements 
usually give values of the related quantity g’ which are <2. The analogous situation obtaining in paramag- 
netic salts is explained by means of a simple example, and the application of the argument to ferromagnetic 
substances is indicated. The validity of the use of g in the macroscopic equations of motion in the resonance 
experiment is justified as a consequence of the approximate mutual cancellation of the orbital and lattice 


angular momenta. A critical discussion is given of other attempts to explain the gg’ effect. 





I. INTRODUCTION 


HE purpose of this paper is to discuss the con- 
nection between the results of determinations of 
the gyromagnetic ratio of ferromagnetic substances and 
the results of microwave magnetic resonance absorption 
experiments on these substances. Further, a critical 
analysis will be given of the various attempts to “ex- 
plain away” the apparently anomalous result of the 
resonance absorption experiments, namely the fact that 
the values of the g-factor deduced from the absorption 
experiments are usually >2, whereas the gyromagnetic 
experiments usually give values < 2. We are concerned 
in this paper with an explanation of the differences 
between the two types of experiments. In the existing 
literature there is rather little discussion of the detailed 
theory of gyromagnetic effects: Gorter and Kahn! have 
treated the paramagnetic case, and Polder? has sug- 
gested the extension of their considerations to the 
ferromagnetic case. Broer*® has discussed the diamag- 
netic case with particular reference to superconductors. 
Our arguments may be considered as an extension and 
justification of the suggestion made by Polder in the 
references cited. 

In a microwave resonance absorption experiment one 
determines the separation hw between adjacent energy 
eigenvalues of the specimen in a constant magnetic 
field H. The classical theory‘ of the effect gives as the 
resonance condition 


hw= gusH ert, (1) 


where the effective magnetic field Hes: is given by 
Hets= (BH) (2) 


for a plane specimen with the static magnetic field 
parallel to the plane of the specimen; and by 


Hent= H—40M,, (3) 


1C, J. Gorter and B. Kahn, Physica 7, 753-764 (1940). 

2D. Polder, Phys. Rev. 73, 1116 (1948); Phil. Mag. 40, 99-115 
(1949): see also the comments by J. H. Van Vleck, Physica 15, 
197-206 (1949). 

*L. J. F. Broer, Physica 13, 473-478 (1947). 

*C. Kittel, Phys. Rev. 71, 270-271 (1947); 73, 155-161 (1948). 
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for a plane specimen with the static magnetic field 
normal to the plane of the specimen; while in general 


Aets= {(H.+ (Ny—N,)M, |(4.+ (N.—N.)M,]} (4) 


for an ellipsoid with demagnetizing factors V., N,, N.; 
here H, is the static field. The effective field to be used 
in the resonance condition Eq. (1) differs from the 
applied field H because of the effect of the magnetic 
moment interactions within the specimen; these inter- 
actions give a dynamic demagnetization coupling which 
shifts the resonance condition in the manner prescribed 
by the effective field equations, The results of the clas- 
sical theory of the effective field have been confirmed by 
the quantum-mechanical calculations of Van Vleck® and 
Polder? who worked with the complete microscopic 
Hamiltonian of the spin system; quantum-mechanical 
calculations by Luttinger and Kittel,® and Richardson,’ 
give identical results starting from a macroscopic Hamil- 
tonian. It is of course to be expected from the cor- 
respondence principle that the classical results will not 
be altered by quantization, since we are concerned here 
with large quantum numbers, of the order of 10% or 
more. 

We shall consider Eq. (1) as the definition of g, which 
will be called the spectroscopic splitting factor. That is, 
the g-value resulting from a microwave absorption 
experiment is to be calculated by substituting in the 
equation fw=gyusH.r: the experimental frequency w 
and the experimental effective field H.¢ as given by the 
appropriate special case of Eq. (4), taking H to be the 
static magnetic field strength at the resonance max- 
imum.’ This definition of g involves the implicit 
assumption that the effective field equation is valid 

5 J. H. Van Vleck, unpublished. 

me Ne Luttinger and C. Kittel, Helv. Phys. Acta 21, 480-482 
a J. M. Richardson, Phys. Rev. 75, 1630 (1949). 

8 It is supposed merely for ease in discussion that the crystal- 
line anisotropy energy of the substance is zero; the effect of finite 
anisotropy is discussed in the author’s 1948 paper. Professor J. H. 
Van Vleck has kindly pointed out that a term was neglected in 
Eq. (26) of the latter paper, so that Eq. (25b) should read 

N,y*= (§+4 cos46)(Ki/M?), 
and the K; term in Eq. (27b) should be corrected similarly. 
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TABLE I. Comparison of representative experimental values of 
spectroscopic splitting factor (g) and magnetomechanical ratio. 
(g’) for ferromagnetic substances.* 








Microwave resonance tien experiments 
g 





Tron 2.12-2.17 
Cobalt 2.22 
Nickel 2.19-2.42 
Magnetite 2.20 
Heusler alloy 2.01 
Permalloy 2.07-2.14 
Supermalloy 2.12-2.23 








* The values of g’ are taken from the summary by S. J. Barnett, Proc. 
Am. Acad. 75, 109 (1944). The values of g are based largely on J. H. E. 
Griffiths, reference 13, and unpublished data kindly communicated by Dr. 
Griffiths; also on various papers and unpublished measurements by W. A. 
Yager and his collaborators, to which detailed reference is made in the 
text. The value of g for magnetite is from L. R. Bickford, Jr., Phys. Rev. 
76, 137 (1949). For Permalloy, g is from Kip and Arnold, reference 14. 


under more general conditions that envisaged by any 
of the previous derivations of the effective field equa- 
tion. *-7 A more general derivation is given in Section 
IV. 

In a gyromagnetic experiment one determines the 
change of magnetic moment resulting from a change of 
angular momentum, as in the Barnett experiment; or 
else one determines the change of angular momentum 
resulting from a change of magnetic moment, as in the 
Einstein-de Haas experiment. In either case we define 
the magnetomechanical factor g’ by the equation 


g'(e/2mc)=AM/AJ, (5) 


where M is the magnetization and J is the angular 
momentum per unit volume. We shall require later the 
following more explicit statement of this relation. One 
actually observes the angular velocity (and, hence, the 
angular momentum) of the lattice of the specimen; 
because of conservation of angular momentum the 
change of angular momentum of the lattice A/iat is 
equal but opposite to the sum of the changes in the 
angular momenta* J,pin and Jor associated with the 
spin and orbital motion of the atomic electrons: 


AJ iat = ae A(J spin+Jorb)- (6) 


We have supposed here that, unlike the microwave case, 
the changes of Jspin and Jo are non-radiative, but 
proceed by relaxation effects entirely internal to the 
specimen. We now make the additional assumption that 
the magnetic moment associated with the rotation of 
the lattice may be neglected; this assumption may 
introduce fractional errors of the order of less than 
m/My~1/2000; an error of this magnitude is not 
detectable with present experimental technique. Thus 
we may set 


AM= A(M pint Mav), (7) 
so that Eq. (5) becomes . 


; é A(Mspin+Morn) 
Sar aaa ? (8) 
2mc AV, spiat di orb) 


* For convenience in.writing we shall imagine that we are 
always dealing with unit volume of material, 





apart from questions of algebraic sign. We are omitting 
diamagnetic effects throughout. 

Because the following sections of this paper are con- 
cerned largely with the differences which exist between 
g and g’ it may be well here to prove that g=g’ for a 
solid in which the individual atoms are not subjected to 
any non-central electric fields from neighboring atoms 
in the solid: this amounts in effect to the assumption 
that the electrostatic field intensity caused by neighbors 
is zero over the volume of the atom under consideration. 
A consequence of this assumption is that the orbital 
and spin angular momenta are not coupled to the 
lattice, although the orbit and spin may be coupled to 
each other. We permit only a fictitious small coupling 
to the lattice in order to make possible the exchange of 
angular momentum between the electronic and lattice 
systems which occurs in the gyromagnetic experiments, 
but we neglect the momentum exchange in the micro- 
wave experiments. On the above model the resonance 
absorption effect will be described by the equation of 
motion 


(I spint Jorb)/dt= (Mopin+ Mow) XH; (9) 

on substituting Eq. (8), we have 
d(Mspin-+ Mor)/dt= g’(e/2mc)(Mspint+Mow) XH, (10) 
which leads in the usual way to the resonance condition 
w= g’(e/2mc) Hers, (11) 


or 
hw=g' upHess; (12) 


this is identical with Eq. (1) if 
g'=8. (13) 


We have thus shown that the spectroscopic splitting 
factor is equal to the magnetomechanical factor when 
the electronic angular momentum is not coupled to the 
crystal lattice. We shall show below that for numerous 
solid substances the electronic angular momentum is 
coupled to the lattice, and that to a good approximation 
one should in calculating the resonance condition omit 
Jor from the left side of Eq. (9), while Eq. (8) is 
unaltered. In this situation g will no longer be equal to 
g’, but we have (Eq. 37)) 


/ 


4 = Janie 
4 Sasbden, 


which may be greater or less than unity depending on 
the sign of the spin-orbit coupling constant. 

In some ways g is similar to the effective mass in the 
theory of metals; in both cases hidden momentum 
transfer processes are present and are important. 


(14) 


II. EXPERIMENTAL VALUES OF g AND g’ 


A summary of the results of experimental measure- 
ments of g and g’ is given in Table I. It may be noted 
that g>2 and g’< 2 in every instance except for Heusler 
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alloy, where g>g’=2.00. A possible explanation of the 
unique position of Heusler alloy will be suggested in 
Section III. We now proceed to give a detailed discus- 
sion of certain fundamental aspects of the experimental 
results. 





Shape Dependence of Effective Field Equation 


Perhaps the most convincing test of Eq. (4) for the 
effective field is provided by a comparison of g-values 
from the parallel [Eq. (2) ] and normal [Eq. (3) ] field 
experiments, as first suggested to the author by Pro- 
fessor C. J. Gorter. The experiments were performed on 
Supermalloy at 1.25 cm by Kittel, Yager, and Merritt,° 
and resonance was obtained at the widely different 
field strengths of 4880 oersteds with the field parallel 
to the plane sample and 15,500 oersteds with the field 
normal to the sample; the corresponding g values as 
calculated using Eqs. (2) and (3) are 


Qu=2.17; g,=2.23. 


These values are quite sensitive to the value of the 
saturation magnetization, and the uncertainty in this 
quantity may perhaps account for the small differences 
between g, and g,,. Unpublished results of Yager on 
nickel at 1.25 cm give 


£y=2.19-2.22;  g,=2.26. 


An additional but less critical test of the theory is 
furnished by the measurements of Hewitt!® on two 
specimens of zinc-manganese ferrite, one a plane and 
the other a small sphere. Application of the appropriate 
effective field equations leads to 


2.12; gephere= 2.16. 


£plane— 


Frequency Dependence 


The clearest test of the frequency dependence of 
Eq. (1) is provided by Supermalloy. At 1.25 cm Yager 
and Bozorth," and Yager,” find g=2.17. At 3 cm Yager 
finds, in unpublished work, g=2.17. The resonance in 
Supermalloy is exceptionally sharp; so that the agree- 
ment of the g-values at the two wave-lengths is quite a 
critical confirmation of the theory. For iron, the 
measurements of Griffiths” give g= 2.12 at 1.25 cm and 
2.03 at 3 cm, while for nickel the measurements give 
g=2.27 at 1.25 cm and 2.40 at 3 cm; here, however, the 
g-values are subject to considerable uncertainty 
because the resonance peaks are relatively wide. For 
Permalloy, Kip and Arnold" find g= 2. 080. 03 at 3cm 
and g=2.12+0.03 at 1.25 cm. 


* Kittel, Yager, and Merritt, Amsterdam Conference on the 
Physics of Metals, 1948; Physica 15, 256-257 (1949). 

0 W. H. Hewitt, Jr., Phys. Rev. 73, 1118-1119 (1948). 

1 W. A. Yager and R. M. Bozorth, Phys. Rev. 72, 80-81 (1947). 

2 W. A. Yager, Phys. Rev. 75, 316-317 (1949). 

3 J. H. E. Griffiths, Nature 158, 670 (1946). 

“A, F. Kip and R. D. Arnold, R. L. E. Progress Report, 
M.I.T., October 15, 1948, pp. 31-32. 





TaBLE II. Comparison of g-values of paramagnetic salts from 
susceptibility measurements and from microwave resonance ab- 
sorption measurements. 








& 
(Resonance 


F & 
Substance (Susceptibility) absorption) 











NiSiF5-6H;0 2.258 2.29-2.36 
NH,Cr(SO,)2: 12H20 1.98-2.00"4 1.998 f 
MnSO,-4H20 1.996 1.98 
K»Cu(SO,)2-6H:O 
|| axis 2.42 2.423 
1 axis 2.05: 2.093 








® J. Becquerel and W. Opechowski, Physica 6, 1039-1056 (1939). 
_ > Holden, Kittel, and Yager, Phys. Rev. 75, 1443 (1949). 

¢ A. Serres, Ann. de physique 17, 5 (1932). 

4 W. J. de Haas and C. J. Gorter, Proc. Amsterdam Acad. 33, 676 (1930). 
a —™ Weidner, Hsiang, and Weiss, Phys. Rev. 74, 1478-1484 

) 
f Yager, Merritt, Holden, and Kittel, Phy. Rev. 75, 1630 (1949). 
: Kamerlingh Onnes and Oosterhuis, Comm., Leiden 129b. 
b Cummerow, Halliday, and Moore, Phys. Rev. 72, 1233-1240 (1947). 
iD. Polder, Physica 9, 709 (1942). 
i R. D. Arnold and A. F. Kip, Phys. Rev. 75, 1199-1205 (1949). 


Temperature Dependence 


The data on the temperature dependence of g are 
scanty. We have unpublished results of Yager on 
Supermalloy in the temperature range between liquid 
nitrogen (—196°C) and 300°C. The Curie point is 
about 400°C. The data on one sample suggests a very 
gradual increase in g from about 2.1 at — 190°C to 2.17 
at 300°C, but this conclusion is rather uncertain 
because of possible errors in the values of the saturation 
magnetization. For Permalloy, Kip and Arnold find 
g=2.14+0.075 at room temperature, and g=2.07+0.08 
at liquid nitrogen temperature. 


Ill. ATOMIC MECHANISM RESULTING IN 
INEQUALITY OF g AND g’ 


We shall first give a calculation for a particular case 
in order to exhibit in as explicit a form as possible the 
mechanism by which one obtains g~g’. The calculation 
is given primarily with an educational motive: calcu- 
lations based on similar principles but in a rather formal 
setting occur in the theory of paramagnetism and appear 
to have been given first by Schlapp and Penney.'® In 
paramagnetic salts of the iron group it is quite often 
found that the observed susceptibilities lead to values 
of the Curie constant somewhat different from the 
Bose-Stoner “‘spin-only” values. The Curie constant is 
proportional to g*, so that one may obtain values of g 
from susceptibility measurements, as well as from 
resonance absorption measurements. Table II gives a 
comparison of g-values obtained by these two methods, 
and it is seen that harmonious agreement prevails. 
Schlapp and Penney were concerned with the explana- 
tion of the departure of the susceptibility from the 
values predicted by the spin-only theory. 

The mechanism by which one accounts for g¥g’ in 
paramagnetic salts is rather special and unusual, and 
perhaps this aspect is not generally appreciated. It is a 


18 R. Schlapp and W. G. Penney, Phys. Rev. 42, 666 (1932). 
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result of the combined effects of spin-orbit interaction 
and the crystalline electric field, but it does not occur 
in an important way for a crystalline field of purely 
cylindrical symmetry. Let us consider the behavior of 
an atom in a ?F state in an electric field of cubic sym- 
metry. It is supposed that the strength of the electric 
field is sufficient to destroy the coupling of the L vector 
to the S vector, but is not sufficient to destroy the 
Russell-Saunders coupling in which the individual | 
vectors form a resultant L. In a cubic field the seven 
orbital states split into groups of 1, 3, and 3; we suppose 
that the non-degenerate orbital state is lowest.** There 
is also the twofold spin degeneracy. We may take the 
zero-order ground state wave functions as 


¥=(1AD(:-v-0)( 4). (15) 


Here ¥2 has L=3; M,=2; a and £ are the spin func- 
tions for m,=+}. This combination may readily be 
seen to be satisfactory, since w2 depends on angle as 
2(x-+-iy)? and y_» as 2(x—iy)*; the combination Y2— y_» 
depends on angle as xyz, which is a one-dimensional 
representation of the cubic group and therefore meets 
our need for a non-degenerate orbital function with 
L=3. The combination, 


(1/v2)(y2+Y-2), 


belongs to one of the threefold degenerate orbital 
levels separated by an energy difference A from the 
ground state. The spin-orbit interaction operator 


AL-S=\LS:+4(ArBstBiAs)}, (16) 


where A and B are the usual raising and lowering 
operators, mixes various upper states in with the 
ground state. It turns out that for our purposes only 
the AL,S, part of the operator is important. This mixes 
states of the same spin and produces first order effects 
on g and g’; the remaining terms in Eq. (16) give only 
second order effects, which may usually be neglected. 
A simple perturbation calculation gives 


We=[(1/V2)(Y2—p_2)+ (€/V2) (Wot Y-2) Jo, (17) 
and 


WF=[(1/v2)(Y2—_2)— (€/V2)(Wot+-2) 8, (18) 


where e=—X/A, and A is the level separation in the 
crystal field. We have neglected terms which arise from 
the AzBs+BzAsg part of the spin-orbit operator, and 
also the é correction to the normalization factor. 

It may be noted that 


(Y2—y_2| L.| ¥2—y_») =0 (19) 
(Yoty_2| L.| pot+y_2)=0; (20) 


and 


** This assumption is made so that we may study the situation 
which occurs when the orbital momentum is quenched, in the 
zeroth-order approximation. Presumably in ferromagnetic ma- 
terials the orbital momentum is quenched by exchange interactions 
if it is not quenched by the ordinary crystalline field. 
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however, 

(W=|L,| v2) =4e, (24) 

(W4| L,| ¥*) = —4e. (22) 
It is seen that the spin-orbit interaction is effective in 
endowing the ground states with an orbital angular 
momentum component because of interference effects 
between the (y2—wW_2) and (¥2+y-_2) terms. An in- 
structive way to understand the behavior of the wave 
functions is to write the orbital part of Eq. (17) as 
2-4[ (1+€)~2—(1—«)~_2 ], which shows that the term y, 
with positive momentum outweighs the term ~_2 which 
has negative momentum. The expectation values of the 
energy in a magnetic field are 


(W2| L+2S,| ¥*)usH = (1+-4e)usH ; (23) 
(ws | Lit 2S.| W) u2H= - (1+-4)usH; (24) 
so that the energy difference is 


AE=hw=2(1+-4e)usH, (25) 
or 
g=2(1+4e). (26) 


The magnetomechanical factor is 
' (W*|L,+2S,|¥*) (1+46) 


= = (27) 
(W2|L.+S,|¥*) (3+4e) 





4 


or, for «<1, 

g’=2(1—4e). (28) 
Thus we have demonstrated for a particular case the 
mechanism by which g may be expected to be larger 
than two if g’ is less than two. The relationship stated 
here was first pointed out in a general way by Gorter 
and Kahn, who give a comparison with experiment for 
the paramagnetic salts on which gyromagnetic measure- 
ments were made by Sucksmith. 

The algebraic sign of e(=—2/A) is opposite to the 
algebraic sign of the spin-orbit constant A, since the 
splitting A is defined so as to be positive. Now A is 
positive!® for an electronic shell which is less than half 
full, and negative for a shell more than half-full. We 
then expect € to be positive for paramagnetic salts con- 
taining Fe+*+, Co**+, Ni*+, and Cu** ions; and: this 
conclusion is generally confirmed by experiment; ¢ also 
appears to be positive for the ferromagnetic metals Fe, 
Co and Ni, and their alloys. At Mn**+ the 3d shell is 
approximately half-filled so that € should be quite 
small, again in agreement with experiments on para- 
magnetic manganous salts. We have perhaps in this 
circumstance the explanation of the equality of g and g’ 
for Heusler alloy (CusAlMn), if we wish to consider 
manganous ions as the magnetic moment carriers in the 
alloy. It may be of interest to measure g-values in the 
Fe-Mn alloy system, and particularly in the ferro- 
magnetic compounds of Mn and Cr, such as MnBi, 
MnP, CrTe, etc. In the mixed ferrites one might expect 


16 FE. U. Condon and G. H. Shortley, Theory of Atomic Spectra 


(Cambridge University Press, New York, 1935), p. 210. 
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g to vary with composition, perhaps in a predictable 
way. 

The translation of the example worked out in this 
section to an actual ferromagnetic metal offers very 
considerable difficulties because of the inadequacy of 
present treatments of the wave functions of 3d shell 
electrons in metals. The quenching of the orbital 
angular momentum may occur largely through exchange 
effects, as Van Vleck has suggested, rather than through 
crystal field effects. Brooks’’ has carried out a calcula- 
tion of g on an itinerant electron model, according to 
which the quenching occurs by exchange effects, but his 
results are somewhat inconclusive. It does not appear 
to be practical to make more detailed calculations at 
present. It is well to emphasize that the g¥¢’ effect can 
be understood for paramagnetic salts, and in principle 
nothing fundamentally new appears to be added (apart 
from exchange quenching) on going to the metal; one 
adds only the grave computational difficulties asso- 
ciated with the breakdown of simple atomic coupling 
schemes.** There appears further to be a residual dis- 
crepancy, as for small departures from 2.00 one expects 
g to be as much larger than 2.00 as g’ is smaller than 
2.00. This relation is definitely not satisfied by the 
available data. Further theoretical consideration needs 
to be given to this discrepancy. 

The experimental values of g may be used in breaking 
down the number of effective Bohr magnetons per atom 
into the separate contributions from spin and orbit. 

It should be pointed out that there is no contradic- 
tion involved in having g>2 in a material for which the 
crystalline anisotropy energy may be zero, as in Super- 
malloy. This may be appreciated on the theory of 
anisotropy given by Brooks,!’ for example. 


IV. MACROSCOPIC CONSEQUENCES OF 
ATOMIC MECHANISM 


In the preceding section we have shown how an 
individual atomic system may have gg’ as a con- 
sequence of incomplete quenching of the orbital angular 
momentum. We shall now discuss the effect on the 
macroscopic equations of motion, with the idea of 
justifying the use of the effective field equations which 
were originally derived for the central field case. In a 
magnetic dipole transition the z component of the total 
angular momentum of the system changes by +4 in 
absorption : 

AJ*=-+h. (29) 


For wave functions of the form of Eqs. (17) and (18) 
which describe individual atomic systems, 


AJ spin? = +h 


17H. Brooks, Phys. Rev. 58, 909-918 (1940). In this reference 
g and g’ are somewhat confused; g is actually calculated, although 
it is spoken of as if it were g’. 

** It may be that the coupling schemes are simpler in the ferro- 
a ta oxides than in the metals; Néel has for example given an 
explanation of many properties of the ferrites on the basis of R-S 
coupling schemes. 


(30) 
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in absorption, and 


AJ orp? = 4h. (31) 


Now by definition 
AJ =AT spint+ AT oro + AS iat. 
so that we must have 
AT iat?= — (33) 


and, by symmetry, similar relations apply to the x and 
y components. That is, the model adopted for describing 
an individual atomic system leads to the conclusion 
that in a resonance absorption experiment the orbital 
angular momentum changes are neutralized by com- 
pensating changes in the lattice angular momentum. 
The latter could in principle be observed on a freely- 
suspended specimen, but is probably undetectable in 
practice. The accuracy of Eq. (33) is limited by only 
the neglect of terms in é as a consequency of the neglect 
of terms in 6 in the wave function WV. 

The macroscopic equation of motion 


(32) 


z 
orb » 


d 
yet Joro+ iat) = (Mspin+ Mow+ Mit) x H (34) 


reduces to 


d 
Pha = (Mspin+ Mar») x H (35) 


on application of Eq. (33) and neglecting Mist as before. 
Eq. (35) leads to the resonance condition hw=gusHer: 
if we set 
é M. spint M. orb 
Qtr, (36) 
2mc J, spin 


which is equivalent to the expression for g resulting from 
the microscopic calculation. The expression Eq. (4) for 
the effective field holds also for the present calculations. 
We have further 
/ 
J spin 

- oP . - (37) 
Z J, pint J, orb 


We thus see that different combinations of momenta 
are involved in the Einstein-de Haas experiment, for 
which AJ=0, and in the resonance absorption experi- 
ments, for which AJ=h. The discussion of this section 
justifies the use of g, instead of g’, in discussing reso- 
nance absorption on either classical or quantum equa- 
tions of motion. In the gyromagnetic experiments direct 
spin lattice relaxation effects are important; we neglect 
relaxation effects in the discussion of microwave reso- 
nance, to the present approximation. 


V. DISCUSSION OF OTHER EXPLANATIONS 


In this paper we have supposed that the g¥@’ effect 
is a real effect. Other authors have suggested that the 
effect is not real, but that the difference between g and 
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g’ is only apparent, being caused by experimental dis- 
turbances of various kinds. 

Birks!® has suggested that the resonance maximum is 
shifted by random anisotropy line shape distortion 
effects associated with the polycrystalline nature of the 
material. This hypothesis fails to account for the best- 
established high g-value in the field, that of Super- 
malloy, where the line width is very narrow. Birks sup- 
posed that rolling anisotropy was responsible for the 
high g-value of Supermalloy; unpublished measure- 
ments by Yager give too small a value of the rolling 
anisotropy for this supposition to be adequate. De- 
liberately cold-rolling Supermalloy broadened the 
resonance, but did not shift the position of the maxi- 
mum,! contrary to the behavior predicted by Birks. 

Rado” has suggested that a certain expression which 
occurs in the theory of the approach to magnetic 
saturation” in polycrystalline materials may be inter- 
preted as an effective field for the purpose of ferromag- 
netic resonance. This identification is not justified, and 
leads to incorrect results, as may be confirmed by 
examining the simple limiting case of zero anisotropy; 
and also in the case of large H, where Rado proposes 
that H=42M,/3 be used in place of H in the effective 
field equations. The Lorentz term (42/3)M, should not, 
however, be included in the effective field equation, as 
proved earlier. On experimental grounds the fact that 
g appears to be independent of frequency to a fair 
accuracy in the case of Supermalloy may be cited 
against the Rado hypothesis. Further, the behavior of 
Heusler alloy would be quite anomalous on this 

18 J. B. Birks, Phys. Rev. 74, 988 (1948). Birks’ interpretation 
of his own data is somewhat questionable because of the pre- 


sumably unknown shape effect of the individual particles in the 


wax compacts. 

19 G. T. Rado, Phys. Rev. 75, 893-894 (1949). 

20 T. Holstein and H. Primakoff, Phys. Rev. 59, 388-394 (1941); 
identical results were obtained independently by L. Néel, J. de 
Physique 9, 193-199 (1948). 
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hypothesis. W. F. Brown” has raised essentially the 
same objectives as we have here. 

Griffiths” has obtained results on thin ferromagnetic 
films which indicate that g decreases as the films become 
thinner and approaches 2.00 for films below a critical 
thickness of the order of 0.5 micron. These results have 
not yet been satisfactorily explained, and it may be 
that the explanation is to be found in differences 
between the physical properties of actual thin films and 
the mathematical model of a thin film. The results at 
first sight may suggest that exchange force effects 
caused by non-uniform magnetization accompanying 
eddy-currents may play a significant part in the 
resonance process. Theoretical calculations by Polder’? 
and by the author indicate that it is not to be expected 
that significant exchange effects enter for the eddy- 
current skin depths characteristic of existing measure- 
ments, although they may enter at very low tempera- 
tures in pure metals. Certainly the high g-values in the 
semiconducting ferrites cannot be ascribed to exchange- ' 
eddy current effects of this type. Further, the exchange 
effect would be accompanied by a line-broadening: the 
sharp line in Supermalloy thereforerules out a shift in the 
resonance maximum due to non-uniform magnetization. 
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The problem of the behavior of positrons and electrons in given 
external potentials, neglecting their mutual interaction, is analyzed 
by replacing the theory of holes by a reinterpretation of the solu- 
tions of the Dirac equation. It is possible to write down a complete 
solution of the problem in terms of boundary conditions on the 
wave function, and this solution contains automatically all the 
possibilities of virtual (and real) pair formation and annihilation 
together with the ordinary scattering processes, including the 
correct relative signs of the various terms. 

In this solution, the “negative energy states” appear in a form 
which may be pictured (as by Stiickelberg) in space-time as waves 
traveling away from the external potential backwards in time. 
Experimentally, such a wave corresponds to a positron approach- 
ing the potential and annihilating the electron. A particle moving 
forward in time (electron) in a potential may be scattered forward 
in time (ordinary scattering) or backward (pair annihilation). 
When moving backward (positron) it may be scattered backward 
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in time (positron scattering) or forward (pair production). For 
such a particle the amplitude for transition from an initial to a 
final state is analyzed to any order in the potential by considering 
it to undergo a sequence of such scatterings. 

The amplitude for a process involving many such particles is 
the product of the transition amplitudes for each particle. The 
exclusion principle requires that antisymmetric combinations of 
amplitudes be chosen for those complete processes which differ 
only by exchange of particles. It seems that a consistent interpre- 
tation is only possible if the exclusion principle is adopted. The 
exclusion principle need not be taken into account in intermediate 
states. Vacuum problems do not arise for charges which do not 
interact with one another, but these are analyzed nevertheless in 
anticipation of application to quantum electrodynamics. 

The results are also expressed in momentum-energy variables. 
Equivalence to the second quantization theory of holes is proved 
in an appendix. 








1. INTRODUCTION 


HIS is the first of a set of papers dealing with the 
solution of problems in quantum electrodynamics. 
The main principle is to deal directly with the solutions 
to the Hamiltonian differential equations rather than 
with these equations themselves. Here we treat simply 
the motion of electrons and positrons in given external 
potentials. In a second paper we consider the interactions 
of these particles, that is, quantum electrodynamics. 
The problem of charges in a fixed potential is usually 
treated by the method of second quantization of the 
electron field, using the ideas of the theory of holes. 
Instead we show that by a suitable choice and inter- 
pretation of the solutions of Dirac’s equation the prob- 
lem may be equally well treated in a manner which is 
fundamentally no more complicated than Schrédinger’s 
method of dealing with one or more particles. The vari- 
ous creation and annihilation operators in the conven- 
tional electron field view are required because the 
number of particles is not conserved, i.e., pairs may be 
created or destroyed. On the other hand charge is 
conserved which suggests that if we follow the charge, 
not the particle, the results can be simplified. 
In the approximation of classical relativistic theory 
the creation of an electron pair (electron A, positron B) 
might be represented by the start of two world lines 


- from the point of creation, 1. The world lines of the 


positron will then continue until it annihilates another 
electron, C, at a world point 2. Between the times 4; 
and ¢, there are. then three world lines, before and after 
only one. However, the world lines of C, B, and A 
together form one continuous line albeit the “positron 
part” B of this continuous line is directed backwards 
in time. Following the charge rather than the particles 
corresponds to considering this continuous world line 
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as*a whole rather than breaking it up into its pieces. 
It is as though a bombardier flying low over a road 
suddenly sees three roads and it is only when two of 
them come together and disappear again that he realizes 
that he has simply passed over a long switchback in a 
single road. 

This over-all space-time point of view leads to con- 
siderable simplification in many problems. One can take 
into account at the same time processes which ordi- 
narily would have to be considered separately. For 
example, when considering the scattering of an electron 
by a potential one automatically takes into account the 
effects of virtual pair productions. The same equation, 
Dirac’s, which describes the deflection of the world line 
of an electron in a field, can also describe the deflection 
(and in just as simple a manner) when it is large enough 
to reverse the time-sense of the world line, and thereby 
correspond to pair annihilation. Quantum mechanically 
the direction of the world lines is replaced by the 
direction of propagation of waves. 

This view is quite different from that of the Hamil- 
tonian method which considers the future as developing 
continuously from out of the past. Here we imagine the 
entire space-time history laid out, and that we just 
become aware of increasing portions of it successively. 
In a scattering problem this over-all view of the com- 
plete scattering process is similar to the S-matrix view- 
point of Heisenberg. The temporal order of events dur- 
ing the scattering, which is analyzed in such detail by 
the Hamiltonian differential equation, is irrelevant. The 
relation of these viewpoints will be discussed much more 
fully in the introduction to the second paper, in which 
the more complicated interactions are analyzed. 

The development stemmed from the idea that in non- 
relativistic quantum mechanics the amplitude for a 
given process can be considered as the sum of an ampli- 













750 


tude for each space-time path available.! In view of the 
fact that in classical physics positrons could be viewed 
as electrons proceeding along world lines toward the 
past (reference 7) the attempt was made to remove, in 
the relativistic case, the restriction that the paths must 
proceed always in one direction in time. It was dis- 
covered that the results could be even more easily 
understood from a more familiar physical viewpoint, 
that of scattered waves. This viewpoint is the one used 
in this paper. After the equations were worked out 
physically the proof of the equivalence to the second 
quantization theory was found.? 

First we discuss the relation of the Hamiltonian 
differential equation to its solution, using for an example 
the Schrédinger equation. Next we deal in an analogous 
way with the Dirac equation and show how the solu- 
tions may be interpreted to apply to positrons. The 
interpretation seems not to be consistent unless the 
electrons obey the exclusion principle. (Charges obeying 
the Klein-Gordon equations can be described in an 
analogous manner, but here consistency apparently 
requires Bose statistics.)* A representation in momen- 
tum and energy variables which is useful for the calcu- 
lation of matrix elements is described. A proof of the 
equivalence of the method to the theory of holes in 
second quantization is given in the Appendix. 

2. GREEN’S FUNCTION TREATMENT OF 
SCHRODINGER’S EQUATION 

We begin by a brief discussion of the relation of the 
non-relativistic wave equation to its solution. The ideas 
will then be extended to relativistic particles, satisfying 
Dirac’s equation, and finally in the succeeding paper to 
interacting relativistic particles, that is, quantum 
electrodynamics. 

The Schrédinger equation 


idy/dt= Hy, (1) 


describes the change in the wave function y in an 
infinitesimal time A‘ as due to the operation of an 
operator exp(—iHAt). One can ask also, if ¥(x:, 41) is 
the wave function at x; at time ¢,, what is the wave 
function at time ¢2>/,? It can always be written as 


¥(X2, t2) = f K (Xs, to; X1, ti) (1, t1) Px, (2) 


where K is a Green’s function for the linear Eq. (1). 
(We have limited ourselves to a single particle of co- 
ordinate x, but the equations are obviously of greater 
generality.) If H is a constant operator having eigen- 
values E,, eigenfunctions ¢, so that (x, ¢:) can be ex- 
panded as >>, Cadn(x), then (x, ¢2)=exp(—iEn(t2—41)) 
XCabn(x). Since Crh= Sf on*(X1)¥(X1, t1)d*x1, one finds 

1R. P. Feynman, Rev. Mod. Phys. 20, 367 (1948). 

2 The equivalence of the entire procedure (including photon 
interactions) with the work of Schwinger and Tomonaga has been 
demonstrated by F. J. Dyson, Phys. Rev. 75, 486 (1949). 


3 These are special examples of the general relation of spin and 
statistics deduced by W. Pauli, Phys. Rev. 58, 716 (1940). 
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(where we write 1 for x, ¢; and 2 for xe, é2) in this case 
K(2, 1)=D0 dn(X2)bn*(X1) exp(—tEn(t2—t1)), (3) 


for t2>¢,. We shall find it convenient for t2<¢, to define 
K(2, 1)=0 (Eq. (2) is then not valid for t2<¢,). It is 
then readily shown that in general K can be defined by 
that solution of 


(10/0t2—H2)K (2, 1)=16(2, 1), (4) 


which is zero for ta<t,, where 6(2, 1) = 6(t2—41)6(«2—2;) 
X6(ye—1)6(z2—21) and the subscript 2 on Hz means 
that the operator acts on the variables of 2 of K(2, 1). 
When Z is not constant, (2) and (4) are valid but K is 
less easy to evaluate than (3).4 

We can call K(2,1) the total amplitude for arrival 
at Xo, ¢2 starting from x, 4. (It results from adding an 
amplitude, expzS, for each space time path between these 
points, where S is the action along the path.') The 
transition amplitude for finding a particle in state 
x (Xe, ta) at time fo, if at 4 it was in Y(x, f1), is 


f x*(2)K(2, 1)y(1)dPxrd xe. (5) 


A quantum mechanical system is described equally well 
by specifying the function K, or by specifying the 
Hamiltonian H from which it results. For some purposes 
the specification in terms of K is easier to use and 
visualize. We desire eventually to discuss quantum 
electrodynamics from this. point of view. 

To gain a greater familiarity with the K function and 
the point of view it suggests, we consider a simple 
perturbation problem. Imagine we have a particle in 
a weak potential U(x, ¢), a function of position and 
time. We wish to calculate K(2,1) if U differs from 
zero only for ¢ between ¢; and ¢2. We shall expand K in 
increasing powers of U: 

K(2, 1)=Ko(2, 1I)+-K (2, 1)+K(2,1)+---. (6) 
To zero order in U, K is that for a free particle, Ko(2, 1).‘ 
To study the first order correction K (2, 1), first con- 
sider the casé that U differs from zero only for the 
infinitesimal time interval At; between some time /; 
and t3+ Ats(t:<t3<¢2). Then if ¥(1) is the wave function 
at X1, é1, the wave function at xs, ¢3 is 


v(3)= f Ko(3, (Lem, (7) 


since from /; to ¢3 the particle is free. For the short 
interval At; we solve (1) as 


¥(x, t+ Als) = exp(—iHAts) P(x, ts) 
= (1 — 1H Ai3— 1U Als) P(x, tz) ; 


‘For a non-relativistic free particle, where ¢,=exp(ip-x), 
E,=p’/2m, (3) gives, as is well known 
Ko(2, 1)= f expl—(ép-x:—ip-x:)—ip'(to—hh) /2m Jp(2x)* 
= (2rim—(t2—t1))—! exp(4im(x2— x1)*(t2—b1)~) 
for t2>t, and Ko=0 for t2<t. 








~ase 


(3) 








where we put H=Ho+U, Hp being the Hamiltonian 
of a free particle. Thus (x, ¢;+Afs) differs from 
what it would be if the potential were zero (namely 
(1—7HAts)(x, ts)) by the extra piece 


Ay = —iU (Xs, ts)-W(Xs, ts) Ads, (8) 


which we shall call the amplitude scattered by the 
potential. The wave function at 2 is given by 


¥(Xe, te) = f K0(Xe, to; X3, tst+-Ats)W(Xs, ts t+ Ats)d*xs, 


since after /;+ At; the particle is again free. Therefore 
the change in the wave function at 2 brought about by 
the potential is (substitute (7) into (8) and (8) into 
the equation for ¥(Xe, f2)): 


Ay(2)=—i f Ko(2, 3)U(3)Ko(3, 1)¥(1)d*xrd*xaAty. 


In the case that the potential exists for an extended 
time, it may be looked upon as a sum of effects from 
each interval Af; so that the total effect is obtained by 
integrating over /; as well as x3. From the definition (2) 
of K then, we find 


K®(2, 1)= -if Koa, 3)U(3)Ko(3, 1)dr3, (9) 


where the integral can now be extended over all space 
and time, dr3=4d*x3dt3. Automatically there will be no 
contribution if /3 is outside the range /, to ¢2 because of 
our definition, Ko(2, 1)=0 for t2<4,. 

We can understand the result (6), (9) this way. We 
can imagine that a particle travels as a free particle 
from point to point, but is scattered by the potential U. 
Thus the total amplitude for arrival at 2 from 1 can 
be considered as the sum of the amplitudes for various 
alternative routes. It may go directly from 1 to 2 
(amplitude Ko(2, 1), giving the zero order term in (6)). 
Or (see Fig. 1(a)) it may go from 1 to 3 (amplitude 
K,(3, 1)), get scattered there by the potential (scatter- 
ing amplitude —iU(3) per unit volume and time) and 
then go from 3 to 2 (amplitude Ko(2, 3)). This may 
occur for any point 3 so that summing over these 
alternatives gives (9). 

Again, it may be scattered twice by the potential 


' (Fig. 1(b)). It goes from 1 to 3 (Ko(3, 1)), gets scattered 


there (—iU(3)) then proceeds to some other point, 4, 
in space time (amplitude Ko(4, 3)) is scattered again 
(—iU(4)) and then proceeds to 2 (Ko(2, 4)). Summing 
over all possible places and times for 3, 4 find that the 
second order contribution to the total amplitude 
K®(2, 1) is 


of [.2, \U@K, 3) 
X U(3)Ko(3, 1)drsdrs. (10) 
This can be readily verified directly from (1) just as (9) 
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Fic. 1. The Schrédinger (and Dirac) equation can be visualized 
as describing the fact that plane waves are scattered successively 
by a potential. Figure 1 (a) illustrates the situation in first order. 
K (2, 3) is the amplitude for a free particle starting at point 3 
to arrive at 2. The shaded region indicates the presence of the 
potential A which scatters at 3 with amplitude —7A(3) per 
cm*sec. (Eq. (9)). In (b) is illustrated the second order process 
(Eq. (10)), the waves scattered at 3 are scattered again at 4. How- 
ever, in Dirac one-electron theory Ko(4, 3) would represent elec- 
trons both of positive and of negative energies proceeding from 
3 to 4. This is remedied by choosing a different scattering kernel 
K,(4, 3), Fig. 2. 


was. One can in this way obviously write down any of 
the terms of the expansion (6).5 


3. TREATMENT OF THE DIRAC EQUATION 


We shall now extend the method of the last section 
to apply to the Dirac equation. All that would seem 
to be necessary in the previous equations is to consider 
H as the Dirac Hamiltonian, ¥ as a symbol with four 
indices (for each particle). Then Ko can still be defined 
by (3) or (4) and is now a 44 matrix which operating 
on the initial wave function, gives the final wave func- 
tion. In (10), U(3) can be generalized to A4(3)—a-A(3) 
where A,, A are the scalar and vector potential (times e, 
the electron charge) and a@ are Dirac matrices. 

To discuss this we shall define a convenient rela- 
tivistic notation. We represent four-vectors like x, ¢ by 
a symbol x,, where n= 1, 2, 3, 4 and x4=¢ is real. Thus 
the vector and scalar potential (times e) A, A, is Ay. 
The four matrices Ba, 8 can be considered as transform- 
ing as a four vector y, (our +, differs from Pauli’s by a 
factor i for u=1, 2, 3). We use the summation conven- 
tion a@yb,= d4b4— ab; — a2b2—363=a-b. In particular if 
a, is any four vector (but not a matrix) we write 
a=4d,7, so that @ is a matrix associated with a vector 
(a will often be used in place of a, as a symbol for the 
vector). The y, satisfy yp¥s+ Y/Yu= 265y, where du4=+1, 
511= d22=533= —1, and the other 6,, are zero. As a 
consequence of our summation convention 6,,d,= 4d, 
and 5,,.=4. Note that ab-+ba=2a-b and that a’=a,a, 
=a-a is a pure number. The symbol 0/0, will mean 
0/dt for u=4, and —d/dx, —d/dy, —0/dz for n»=1, 
2, 3. Call V= y,0/0x,= 80/dt+ Ba- V. We shall imagine 

5 We are simply solving by successive approximations an integral 
—— _— directly from (1) with H=Ho+U and (4) 


V(2)=—i [ Kol2, 3)UBWVG)drat fKol2, IW()dms, 


where the first integral extends over all space and all times é; 
greater than the ¢; appearing in the second term, and f2>4:. 
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Fic. 2. The Dirac equation permits another solution K,(2, 1) 
if one considers that waves scattered by the potential can proceed 
backwards in time as in Fig. 2 (a). This is interpreted in the second 
order processes (b), (c), by noting that there is now the possi- 
bility (c) of virtual pair production at 4, the positron going to 3 
to be annihilated. This can be pictured as similar to ordinary 
scattering (b) except that the electron is scattered backwards in 
time from 3 to 4. The waves scattered from 3 to 2’ in (a) represent 
the possibility of a positron arriving at 3 from 2’ and annihilating 
the electron from 1. This view is proved equivalent to hole theory: 
electrons traveling backwards in time are recognized as positrons. 


hereafter, purely for relativistic convenience, that ¢,* 
in (3) is replaced by its adjoint $.= $n". 

Thus the Dirac equation for a particle, mass m, in an 
external field A= A, 7, is 


(iV—m)p= Ay, (11) 


and Eq. (4) determining the propagation of a free 
particle becomes 


(iVo—m)K,(2, 1) =16(2, 1), (12) 


the index 2 on Vz indicating differentiation with respect 
to the coordinates x2, which are represented as 2 in 
K,(2, 1) and 6(2, 1). 

The function K,(2, 1) is defined in the absence of a 
field. If a potential A is acting a similar function, say 
K,‘4)(2, 1) can be defined. It differs from K(2, 1) by a 
first order correction given by the analogue of (9) 
namely 


K,(2,1)=—i ip K (2, 3)A(3)K4(3, 1)d7s, (13) 
representing the amplitude to go from 1 to 3 as a free 
particle, get scattered there by the potential (now the 


matrix A(3) instead of U(3)) and continue to 2 as free. 
The second order correction, analogous to (10) is 


K,92,1)=- f [K.2,4)4@) 


X K,(4, 3)A(3)K+(3, 1)dradts, (14) 
and so on. In general K; satisfies 
(iV2— A(2)—m)K, (2, 1)=76(2, 1), (15) 


and the successive terms (13), (14) are the power series 
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expansion of the integral equation 


K, (2, 1)=K,(2, 1) 


- f K,(2, 3)A(3)K(3, 1)drs, (16) 


which it also satisfies. 

We would now expect to choose, for the special solu- 
tion of (12), Ki=Ko where Ko(2, 1) vanishes for te<é, 
and for é2>¢; is given by (3) where ¢, and £, are the 
eigenfunctions and energy values of a particle satis- 
fying Dirac’s equation, and ¢,* is replaced by ¢n. 

The formulas arising from this choice, however, suffer 
from the drawback that they apply to the one electron 
theory of Dirac rather than to the hole theory of the 
positron. For example, consider as in Fig. 1(a) an 
electron after being scattered by a potential in a small 
region 3 of space time. The one electron theory says 
(as does (3) with K,= Ko) that the scattered amplitude 
at another point 2 will proceed toward positive times 
with both positive and negative energies, that is with 
both positive and negative rates of change of phase. No 
wave is scattered to times previous to the time of 
scattering. These are just the properties of Ko(2, 3). 

On the other hand, according to the positron theory 
negative energy states are not available to the electron 
after the scattering. Therefore the choice K,=Ko is 
unsatisfactory. But there are other solutions of (12). 
We shall choose the solution defining K,(2, 1) so that 
K+(2, 1) for t2>t, is the sum of (3) over positive energy 
states only. Now this new solution must satisfy (12) for 
all times in order that the representation be complete. 
It must therefore differ from the old solution Ko by a 
solution of the homogeneous Dirac equation. It is clear 
from the definition that the difference Ko— Ky, is the 
sum of (3) over all negative energy states, as long as 
t2>t,. But this difference must be a solution of the 
homogeneous Dirac equation for all times and must 
therefore be represented by the same sum over negative 
energy states also for 42<¢,. Since Ko=O in this case, 
it follows that our new kernel, K,(2, 1), for ta<t; is the 
negative of the sum (3) over negative energy states. That is, 


K,(2,1)=Xpos 2, $n(2)$n(1) 
Xexp(—iE,(t2—41)) for te>ty 


= —DvEG Ep, On(2)$n(1) 
Xexp(—iEn(te—t:)) for te<t. 


(17) 


With this choice of K, our equations such as (13) and 
(14) will now give results equivalent to those of the 
positron hole theory. 

That (14), for example, is the correct second order 
expression for finding at 2 an electron originally at 1 
according to the positron theory may be seen as follows 
(Fig. 2). Assume as a special example that #2>¢, and 
that the potential vanishes except in interval t.—/, so 
that /, and ¢; both lie between #,; and 2. 

First suppose ¢4>/3 (Fig. 2(b)). Then (since ¢3> ¢;) 
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the electron assumed originally in a positive energy 
state propagates in that state (by K(3, 1)) to position 
3 where it gets scattered (A(3)). It then proceeds to 4, 
which it must do as a positive energy electron. This is 


correctly described by (14) for K+(4, 3) contains only © 


positive energy components in its expansion, as ¢4>/;. 
After being scattered at 4 it then proceeds on to 2, 
again necessarily in a positive energy state, as lo>t,. 

In positron theory there is an additional contribution 
due to the possibility of virtual pair production (Fig. 
2(c)). A pair could be created by the potential A(4) 
at 4, the electron of which is that found later at 2. The 
positron (or rather, the hole) proceeds to 3 where it 
annihilates the electron which has arrived there from 1. 

This alternative is already included in (14) as con- 
tributions for which t4<¢3, and its study will lead us to 
an interpretation of K,(4,3) for t4<¢3. The factor 
K,,(2, 4) describes the electron (after the pair produc- 
tion at 4) proceeding from 4 to 2. Likewise K(3, 1) 
represents the electron proceeding from 1 to 3. K,(4, 3) 
must therefore represent the propagation of the positron 
or hole from 4 to 3. That it does so is clear. The fact 
that in hole theory the hole proceeds in the manner of 
and electron of negative energy is reflected in the fact 
that K,(4,3) for ts<¢s is (minus) the sum of only 
negative energy components. In hole theory the real 
energy of these intermediate states is, of course, 
positive. This is true here too, since in the phases 
exp(—iEn(t4—t3)) defining K,(4, 3) in (17), E, is nega- 
tive but so is 44—/¢;. That is, the contributions vary with 
ts as exp(—i|E,| (ts—t4)) as they would if the energy 
of the intermediate state were |Z,|. The fact that the 
entire sum is taken as negative in computing K,(4, 3) 
is reflected in the fact that in hole theory the amplitude 
has its sign reversed in accordance with the Pauli 
principle and the fact that the electron arriving at 2 
has been exchanged with one in the sea.® To this, and 
to higher orders, all processes involving virtual pairs 
are correctly described in this way. 

The expressions such as (14) can still be described as 
a passage of the electron from 1 to 3 (K(3, 1)), scatter- 
ing at 3 by A(3), proceeding to 4 (K,(4, 3)), scattering 
again, A(4), arriving finally at 2. The scatterings may, 
however, be toward both future and past times, an 
electron propagating backwards in time being recog- 
nized as a positron. 

This therefore suggests that negative energy com- 
ponents created by scattering in a potential be con- 
sidered as waves propagating from the scattering point 
toward the past, and that such waves represent the 
propagation of a positron annihilating the electron in 
the potential.’ 


6 Tt has often been noted that the one-electron theory cupenpatiy 
gives the same matrix elements for this process as does hole theory 
The problem is one of interpretation, especially in a way that will 
also give correct results for other processes, e.g., self-energy. 

7 The idea that positrons can be represented as electrons with 
proper time reversed relative to true time has been discussed by 
the author and others, particularly by Stiickelberg. E. C. C. 
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With this interpretation real pair production is also 
described correctly (see Fig. 3). For example in (13) if 
ti<ts<t, the equation gives the amplitude that if at 
time /; one electron is present at 1, then at time /2 just 
one electron will be present (having been scattered at 3) 
and it will be at 2. On the other hand if /2 is less than é3, 
for example, if 42=:<¢3, the same expression gives the 
amplitude that a pair, electron at 1, positron at 2 will 
annihilate at 3, and subsequently no particles will be 
present. Likewise if ¢2 and ¢; exceed /; we have (minus) 
the amplitude for finding a single pair, electron at 2, 
positron at 1 created by A(3) from a vacuum. If 
t1:>t3>t2, (13) describes the scattering of a positron. 
All these amplitudes are relative to the amplitude that 
a vacuum will remain a vacuum, which is taken as 
unity. (This will be discussed more fully later.) 

The analogue of (2) can be easily worked out.® It i is, 


y(2) = f K,2, DNOW(DEV;, (18) 


where d’*V, is the volume element of the closed 3- 
dimensional surface of a region of space time containing 


@ @ 
o ® 


Fic. 3. Several different processes can be described by the same 
formula depending on the time relations of the variables #2, 4. 
Thus P,| K,‘4(2, 1) |? is the probability that: (a) An electron at 
1 will be scattered at 2 (and no other pairs form in vacuum). 
(b) Electron at 1 and positron at 2 annihilate leaving nothing. 
(c) A single pair at 1 and 2 is created from vacuum. (d) A positron 
at 2 is scattered to 1. (K,‘4)(2, 1) is the sum of the eliects of 


scattering in the potential to all orders. P, is a eae 
constant.) 


Stiickelberg, Helv. Phys. Acta 15, 23 (1942); R. P. Feynman, 
Phys. Rev. 74, 939 (1948). The fact that classically the action 
(proper time) increases continuously as one follows a trajectory 
is reflected in quantum mechanics in the fact that the phase, which 
is |En| |t2—4|, alwa - increases as the particle proceeds from one 
scattering point to the next. 

8 By multi tiplying (12) on the right by (—iVi—m) and noting 
that V16(2,1)=—V.6(2,1) show that K,(2,1) also satisfies 
K+(2, 1)(—i¥i—m) = 46(2, 1), where the V; operates on variable 
1 in K,(2, 1) but is written after that function to — the correct 
order of the y matrices. Multiply this equation by ¥(1) and Eq. 
(11) (with A=0, calling the variables 1) by xO, 1), subtract 
and integrate over a region of space-time. The integral on the left- 
hand side can be transformed to an integral over the surface of 
the region. The right-hand side is ¥(2) if the point 2 lies within 
the region, and is zero otherwise. (What happens when the 3- 
surface contains a light line and hence has no unique normal need 
not concern us as these points can be made to occur so far wy 
from 2 that their contribution vanishes.) 
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point 2, and N(1) is V,(1)y, where V,(1) is the inward 
drawn unit normal to the surface at the point 1. That 
is, the wave function (2) (in this case for a free par- 
ticle) is determined at any point inside a four-dimen- 
sional region if its values on the surface of that region 
are specified. 

To interpret this, consider the case that the 3-surface 
consists essentially of all space at some time say ‘=0 
previous to /2, and of all space at the time T>/.. The 
cylinder connecting these to complete the closure of the 
surface may be very distant from x2 so that it gives no 
appreciable contribution (as K,(2, 1) decreases expo- 
nentially in space-like directions). Hence, if y4= 8, since 
the inward drawn normals N will be 6 and —8, 


y(2)= f K,(2, 1)6V(1)@x; 
‘i f K,(2, 1) BY(1)@'xy, (19) 


where 1;=0, ¢),=T. Only positive energy (electron) 
components in ¥(1) contribute to the first integral and 
only negative energy (positron) components of ¥(1’) to 
the second. That is, the amplitude for finding a charge 
at 2 is determined both by the amplitude for finding 
an electron previous to the measurement and by the 
amplitude for finding a positron after the measurement. 
This might be interpreted as meaning that even in a 
problem involving but one charge the amplitude for 
finding the charge at 2 is not determined when the only 
thing known in the amplitude for finding an electron 
(or a positron) at an earlier time. There may have been 
no electron present initially but a pair was created in 
the measurement (or also by other external fields). The 
amplitude for this contingency is specified by the 
amplitude for finding a positron in the future. 

We can also obtain expressions for transition ampli- 
tudes, like (5). For example if at =0 we have an elec- 
tron present in a state with (positive energy) wave 
function f(x), what is the amplitude for finding it at 
t=T with the {positive energy) wave function g(x)? 
The amplitude for finding the electron anywhere after 
t=0 is given by (19) with ¥(1) replaced by f(x), the 
second integral vanishing. Hence, the transition ele- 
ment to find it in state g(x) is, in analogy to (5), just 
(tg= ra t4;=0) 


f (xs)BK,,(2, 1)8f(x:)d'xdms, (20) 


since g*= 9g. 

If a potential acts somewhere in the interval between 
0 and 7, K, is replaced by K,“. Thus the first order 
effect on the transition amplitude is, from (13), 


=i f 902)8K.(2, 9AG)K.G, DAfCu)Pnda (21) 


Expressions such as this can be simplified and the 
3-surface integrals, which are inconvenient for rela- 


tivistic calculations, can be removed as follows. Instead 
of defining a state by the wave function f(x), which it 
has at a given time ¢,=0, we define the state by the 
function f(1) of four variables x:, t: which is a solution 
of the free particle equation for all 4; and is f(x:) for 
t;=0. The final state is likewise defined by a function 
g(2) over-all space-time. Then our surface integrals can 
be performed since /K,(3, 1)8f(x:)d*xi= (3) and 
S 9(xX2)Bd*x2K ,(2, 3)=g(3). There results 


= f 9(3)A(3)/(3)drs, (22) 


the integral now being over-all space-time. The transi- 
tion amplitude to second order (from (14)) is 


- f f 9(2)A(2)K4(2, 1)A(1)f(1)dridrs, (23) 


for the particle arriving at 1 with amplitude f(1) is 
scattered (A(1)), progresses to 2, (K,(2,1)), and is 
scattered again (A(2)), and we then ask for the ampli- 
tude that it is in state g(2). If g(2) is a negative energy 
state we are solving a problem of annihilation of elec- 
tron in f(1), positron in g(2), etc. 

We have been emphasizing scattering problems, but 
obviously the motion in a fixed potential V, say in a 
hydrogen atom, can also be dealt with. If it is first 
viewed as a scattering problem we can ask for the 
amplitude, ¢,(1), that an electron with original free 
wave function was scattered k times in the potential V 
either forward or backward in time to arrive at 1. Then 
the amplitude after one more scattering is 


bruQ)=—i[ K.2,1)VU)o(tdn, (24 
An equation for the total amplitude 


WL)=¥ ox(1) 
k=0 


for arriving at 1 either directly or after any number of 
scatterings is obtained by summing (24) over all k from 
0 to ~; 


V2) = $0(2)—i f K,(2,1)V(\)W(1)dry. (25) 


Viewed as a steady state problem we may wish, for 
example, to find that initial condition ¢o (or better just 
the ¥) which leads to a periodic motion of y. This is 
most practically done, of course, by solving the Dirac 


equation, 
(iV—m)¥(1) = V(1)Y(1), (26) 


deduced from (25) by operating on both sides by iV2—m, 
thereby eliminating the ¢o, and using (12). This illus- 
trates the relation between the points of view. 

For many problems the total potential A+ V may be 
split conveniently into a fixed one, V, and another, A, 
consideréd as a perturbation. If K,‘” is defined as in 
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(16) with V for A, expressions such as (23) are valid 
and useful with K, replaced by K,‘” and the functions 
f(1), g(2) replaced by solutions for all space and time 
of the Dirac Eq. (26) in the potential V (rather than 
free particle wave functions). 


4. PROBLEMS INVOLVING SEVERAL CHARGES 


We wish next to consider the case that there are two 
(or more) distinct charges (in addition to pairs they may 
produce in virtual states). In a succeeding paper we 
discuss the interaction between such charges. Here we 
assume that they do not interact. In this case each 
particle behaves independently of the other. We can 
expect that if we have two particles a and b, the ampli- 
tude that particle a goes from x; at /;, to x3 at ¢; while 
b goes from Xz at fa to X4 at ¢4 is the product 


K(3, 4; 1, 2) = Kya(3, 1)K4(4, 2). 


The symbols a, 6 simply indicate that the matrices 
appearing in the K, apply to the Dirac four component 
spinors corresponding to particle a or d respectively (the 
wave function now having 16 indices). In a potential 
K,, and K,, become K,, and K,,‘“) where K,,‘” 
is defined and calculated as for a single particle. They 
commute. Hereafter the a, b can be omitted; the space 
time variable appearing in the kernels suffice to define 
on what they operate. 

The particles are identical however and satisfy the 
exclusion principle. The principle requires only that one 
calculate K(3,4;1,2)—K(4,3;1,2) to get the net 
amplitude for arrival of charges at 3, 4. (It is normalized 
assuming that when an integral is performed over points 
3 and 4, for example, since the electrons represented are 
identical, one divides by 2.) This expression is correct 
for positrons also (Fig. 4). For example the amplitude 
that an electron and a positron found initially at x; and 
x, (say 4:=¢4) are later found at x3; and x2 (with 
tz=t3>t,) is given by the same expression 


Ki (3, 1) Ki (4, 2)— KK, (4, 1)K,(3, 2). (27) 


The first term represents the amplitude that the electron 
proceeds from 1 to 3 and the positron from 4 to 2 (Fig. 
4(c)), while the second term represents the interfering 
amplitude that the pair at 1, 4 annihilate and what is 
found at 3, 2 is a pair newly created in the potential. 


The generalization to several particles is clear. There is: 


an additional factor K;™ for each particle, and anti- 
symmetric combinations are always taken. 

No account need be taken of the exclusion principle 
in intermediate states. As an example consider again 
expression (14) for 42>, and suppose 44<é; so that the 
situation represented (Fig. 2(c)) is that a pair is made 
at 4 with the electron proceeding to 2, and the positron 
to 3 where it annihilates the electron arriving from 1. 
It may be objected that if it happens that the electron 
created at 4 is in the same state as the one coming from 
1, then the process cannot occur because of the exclusion 
principle and we should not have included it in our 


3 


OR 


+ wm 4 


Fic. 4. Some problems involving two distinct charges (in addi- 
tion to virtual pairs they may produce): P,| K,4)(3, 1)K,((4, 2) 
— K,{4(4, 1)K,((3, 2) |? is the probability that: (a) Electrons 
at 1 and 2 are scattered to 3,4 (and no pairs are formed). (b) 
Starting with an electron at 1 a single pair is formed, positron at 2, 
electrons at 3, 4. (c) A pair at 1, 4 is found at 3, 2, etc. The exclu- 
sion principle requires that the amplitudes for processes involving 
exchange of two electrons be subtracted. 


term (14). We shall see, however, that considering the 
exclusion principle also requires another change which 
reinstates the quantity. 

For we are computing amplitudes relative to the 
amplitude that a vacuum at /; will still be a vacuum at 
to. We are interested in the alteration in this amplitude 
due to the presence of an electron at 1. Now one process 
that can be visualized as occurring in the vacuum is the 
creation of a pair at 4 followed by a re-annihilation of 
the same pair at 3 (a process which we shall call a closed 
loop path). But if a real electron is present in a certain 
state 1, those pairs for which the electron was created 
in state 1 in the vacuum must now be excluded. We 
must therefore subtract from our relative amplitude the 
term corresponding to this process. But this just rein- 
states the quantity which it was argued should not 
have been included in (14), the necessary minus sign 
coming automatically from the definition of K,. It is 
obviously simpler to disregard the exclusion principle 
completely in the intermediate states. 

All the amplitudes are relative and their squares give 
the relative probabilities of the various phenomena. 
Absolute probabilities result if one multiplies each of 
the probabilities by P,, the true probability that if ane 
has no particles present initially there will be none 
finally. This quantity P, can be calculated by normz]- 
izing the relative probabilities such that the sum of the 
probabilities of all mutually exclusive alternatives is 
unity. (For example if one starts with a vacuum one can 
calculate the relative probability that there remains a 
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vacuum (unity), or one pair is created, or two pairs, etc. 
The sum is P,~'.) Put in this form the theory is com- 
plete and there are no divergence problems. Real proc- 
esses are completely independent of what goes on in 
the vacuum. 

When we come, in the succeeding paper, to deal with 
interactions between charges, however, the situation is 
not so simple. There is the possibility that virtual elec- 
trons in the vacuum may interact electromagnetically 
with the real electrons. For that reason processes occur- 
ing in the vacuum are analyzed in the next section, in 
which an independent method of obtaining P, is 
discussed. 


5. VACUUM PROBLEMS 


An alternative way of obtaining absolute amplitudes 
is to multiply all amplitudes by C,, the vacuum to 
vacuum amplitude, that is, the absolute amplitude that 
there be no particles both initially and finally. We can 
assume C,=1 if no potential is present during the 
interval, and otherwise we compute it as follows. It 
differs from unity because, for example, a pair could be 
created which eventually annihilates itself again. Such 
a path would appear as a closed loop on a space-time 
diagram. The sum of the amplitudes resulting from all 
such single closed loops we call L. To a first approxima- 
tion L is 


1 
em. Jf fsotx-o, 1) A(1) 
< K,(1, 2)A(2) Jdridze. | (28) 


For a pair could be created say at 1, the electron and 
positron could both go on to 2 and there annihilate. 
The spur, Sp, is taken since one has to sum over all 
possible spins for the pair. The factor } arises from the 
fact that the same loop could be considered as starting 
at either potential, and the minus sign results since the 
interactors are each —7A. The next order term would be® 


Lo =+(/3) f f fsetx.@, naa) 
XK,(1, 3)A(3)K,(3, 2)A(2) dridredrs, 


etc. The sum of all such terms gives L.!° 


® This term actually vanishes as can be seen as follows. In any 
spur the sign of all ~ matrices may be reversed. Reversing the 
sign of y in K,(2, 1) changes it to the transpose of K,(1, 2) so 
that the order of all factors and variables is reversed. Since the 
integral is taken over all 71, r2, and 73 this has no effect and we are 
left with (—1)* from changing the sign of A. Thus the spur equals 
its negative. Loops with an odd number of potential interactors 
give zero. Physically this is because for each loop the electron can 
go around one way or in the opposite direction and we must add 
these amplitudes. But reversing the motion of an electron makes 
it behave like a positive charge thus changing the sign of each 

tential interaction, so that the sum is zero if the number of 
interactions is odd. This theorem is due to W. H. Furry, Phys. 
Rev. 51, 125 (1937). 

10 A closed expression for L in terms of K,“) is hard to obtain 
because of the factor (1/m) in the mth term. However, the per- 
turbation in ZL, AL due to a small change in potential AA, is easy 
to express. The (1/m) is canceled by the fact that AA can appear 
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In addition to these single loops we have the possi- 
bility that two independent pairs may be created and 
each pair may annihilate itself again. That is, there may 
be formed in the vacuum two closed loops, and the 
contribution in amplitude from this alternative is just 
the product of the contribution from each of the loops 
considered singly. The total contribution from all such 
pairs of loops (it is still consistent to disregard the 
exclusion principle for these virtual states) is Z?/2 for 
in LZ? we count every pair of loops twice. The total 
vacuum-vacuum amplitude is then 


C,=1—-L+ L?/2—L*/6+---=exp(—Z), (30) 


the successive terms representing the amplitude from 
zero, one, two, etc., loops. The fact that the ‘contribu- 
tion to C, of single loops is —Z is a consequence of the 
Pauli principle. For example, consider a situation in 
which two pairs of particles are created. Then these 
pairs later destroy themselves so that we have two 
loops. The electrons could, at a given time, be inter- 
changed forming a kind of figure eight which is a single 
loop. The fact that the interchange must change the 
sign of the contribution requires that the terms in C, 
appear with alternate signs. (The exclusion principle is 
also responsible in a similar way for the fact that the 
amplitude for a pair creation is — K; rather than + K,.) 
Symmetrical statistics would lead to 


C,=1+L+L?/2=exp(+ L). 

The quantity Z has an infinite imaginary part (from 
L®, higher orders are finite). We will discuss this in 
connection with vacuum polarization in the succeeding 
paper. This has no effect on the normalization constant 
for the probability that a vacuum remain, vacuum is 
given by 

P,=|C,|?=exp(—2-real part of L), 


from (30). This value agrees with the one calculated 


directly by renormalizing probabilities. The real part ~ 


of L appears to be positive as a consequence of the Dirac 
equation and properties of K; so that P, is less than 
one. Bose statistics gives C,=exp(+Z) and conse- 
quently a value of P, greater than unity which appears 
meaningless if the quantities are interpreted as we have 
done here. Our choice of K, apparently requires the 
‘exclusion principle. 

Charges obeying the Klein-Gordon equation can be 
equally well treated by the methods which are dis- 
cussed here for the Dirac electrons. How this is done is 
discussed in more detail in the succeeding paper. The 
real part of Z comes out negative for this equation so 
that in this case Bose statistics appear to be required 
for consistency.® 


in any of the » potentials. The result after summing over m by 
(13), (14) and using (16) is 


AL=—i f Sp[(K,(1, 1)—K,(1, ))AA(1) ar. (29) 
The term K,(i, 1) actually integrates to zero. 
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6. ENERGY-MOMENTUM REPRESENTATION 


The practical evaluation of the matrix elements in 
some problems is often simplified by working with 
momentum and energy variables rather than space and 
time. This is because the function K,(2,1) is fairly 
complicated but we shall find that its Fourier transform 
is very simple, namely (1/42”)(p—m)- that is 


K,(2, 1) =(é/4n2) f (p—m)- exp(—ip-xn)d4p, (31) 


where p:%o1= p:%2— P-X1= PyXou—PuXip, P= Puy, and 
d‘p means (27)~*dpidpodpsd pu, the integral over all p. 
That this is true can be seen immediately from (12), 
for the representation of the operator iV—™m in energy 
(ps) and momentum (;,2,3) space is )—m and the trans- 
form of 6(2,1) is a constant. The reciprocal matrix 
(p—m)- can be interpreted as (p+m)(p’—m’)— for 
p’—m?= (p—m)(p+m) is a pure number not involving 
y matrices. Hence if one wishes one can write 


K,(2, 1)=i(iV2+m)I,(2, 1), 
where 


14 (2, 1)= (2m)? f (pm?) exp(—ip-sn)d"p, (32) 


is not a matrix operator but a function satisfying 
L}."7,(2, 1)—m’*I,(2, 1) = 6(2, 1), 


where —(L): = (V2)?= (0/Ax2y) (0/Ox2,). 

The integrals (31) and (32) are not yet completely 
defined for there are poles in the integrand when 
p’—m?=0. We can define how these poles are to be 
evaluated by the rule that m is considered to have an 
infinitesimal negative imaginary part. That is m, is re- 
placed by m—7é6 and the limit taken as 6-0 from above. 
This can be seen by imagining that we calculate K, by 
integrating on f, first. If we call E=+(m’+p? 
+ p?+;*)! then the integrals involve p, essentially as 
S exp(—ipa(ta—ti))dps(p?—E*)“ which has poles at 
ps=+E and ps= —E. The replacement of m by m—i6 
means that E has a small negative imaginary part; the 
first pole is below, the second above the real axis. Now 
if tg—t,;>0 the contour can be completed around the 
semicircle below the real axis thus giving a residue from 
the pa=+ZE pole, or —(2E)— exp(—iE(t.—t,)). If 
tg—t;<0 the upper semicircle must be used, and 
ps= —E at the pole, so that the function varies in each 
case as required by the other definition (17). 

Other solutions of (12) result from other prescrip- 
tions. For example if p, in the factor (p?—m?)~ is con- 
sidered to have a positive imaginary part K, becomes 
replaced by Ko, the Dirac one-electron kernel, zero for 
te<t. Explicitly the function is! (x, ‘= %21,) 


I,.(x, t) = — (4)18(s?) + (m/8xs)H, (ms), (34) 
where s=+(f—x’)! for 2>x? and s=—i(x*—/)! for 


1 J ,(x, t) is (2¢)—(Di(x, #)—iD(x, t)) where D, and D are the 
functions defined by W. Pauli, Rev. Mod. Phys. 13, 203 (1941). 


(33) 
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P<2?, H,® is the Hankel function and 4(s?) is the 
Dirac delta function of s*. It behaves asymptotically 
as exp(—ims), decaying exponentially in space-like 
directions.” 

By means of such transforms the matrix elements 
like (22), (23) are easily worked out. A free particle 
wave function for an electron of momentum Pp; is 
u, exp(—ipi-x) where « is a constant spinor satisfying 
the Dirac equation pium:=mu, so that p,’=m’. The 
matrix element (22) for going from a state fi, to a 
state of momentum ps, spinor ue, is —42i(d2a(q)u) 
where we have imagined A expanded in a Fourier 
integral 


A(1)= f a(q) exp(—ig-1)d"g, 


and we select the component of momentum g= p2— pi. 
The second order term (23) is the matrix element 
between #; and 2 of 


— Ani f (a(p.—p.—@)) (b+ q—m)“a(g)d"q, (35) 


since the electron of momentum fp; may pick up g from 
the potential a(q), propagate with momentum ~;+gq 
(factor (p:+q—m)-") until it is scattered again by the 
potential, a(p2—f.1—g), picking up the remaining mo- 
mentum, f2.—~i1—q, to bring the total to fo. Since all 
values of g are possible, one integrates over q. 

These same matrices apply directly to positron prob- 
lems, for if the time component of, say, p; is negative 
the state represents a positron of four-momentum — py, 
and we are describing pair production if py» is an elec- 
tron, i.e., has positive time component, etc. 

The probability of an event whose matrix element is 
(%i2Mu) is proportional to the absolute square. This 
may also be written (%Muz)(ti2Mu), where M is M 
with the operators written in opposite order and explicit 
appearance of 7 changed to — Fir is 6 times the complex 
conjugate transpose of 8M). For many problems we are 
not concerned about the spin of the final state. Then we 
can sum the probability over the two “2 corresponding 
to the two spin directions. This is not a complete set be- 
cause f2 has another eigenvalue, —m. To permit sum- 
ming over all states we can insert the projection operator 
(2m)—(po-+m) and so obtain (2m)—'(ii,M (p.+m)M) 
for the probability of transition from ~1, “1, to p2 with 
arbitrary spin. If the incident state is unpolarized we 
can sum on its spins too, and obtain 


(2m)~Sp[ (p+ m)M (p2+m)M } (36) 


for (twice) the probability that an electron of arbitrary 
spin with momentum ;, will make transition to p2. The 
expressions are all valid for positrons when p’s with 


” If the —46 is kept with m here too the function J, approaches 
zero for infinite positive and negative times. This may be useful 
in general analyses in avoiding complications from infinitely 
remote surfaces. 
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negative energies are inserted, and the situation inter- 
preted in accordance with the timing relations discussed 
above. (We have used functions normalized to (tu) =1 
instead of the conventional (wu) =(u*u)=1. On our 
scale (%#8u)=energy/m so the probabilities must be 
corrected by the appropriate factors.) ‘ 

The author has many people to thank for fruitful 
conversations about this subject, particularly H. A. 
Bethe and F. J. Dyson. 


APPENDIX 
a. Deduction from Second Quantization 


In this section we shall show the equivalence of this theory with 
the hole theory of the positron.? According to the theory of second 
quantization of the electron field in a given potential,"* the state 
of this field at any time is represented by a wave function x 
satisfying 

10x/dt= Hx, 


where H= {'¥*(x)(a-(—iY—A)+As+mB)V(x)d*x and W(x) is 
an operator annihilating an electron at position x, while *(x) is 
the corresponding creation operator. We contemplate a situation 
in which at =0 we have present some electrons in states repre- 
sented by ordinary spinor functions fi(x), fo(x), --- assumed 
orthogonal, and some positrons. These are described as holes in 
the negative energy sea, the electrons which would normally fill the 
holes having wave functions f(x), po(x), ---. We ask, at time T 
what is the amplitude that we find electrons in states g,(x), 
go(x), --+ and holes at gi(x), g2(x), ---. If the initial and final state 
vectors representing this situation are x; and x, respectively, we 
wish to calculate the matrix element 


R= (x exp(—i f "udt)xs) = (xs*Sxi). (37) 


We assume that the potential A differs from zero only for times 
between 0 and T so that a vacuum can be defined at these times. 
If xo represents the vacuum state (that is, all negative energy 
states filled, all positive energies empty), the amplitude for having 
a vacuum at time 7, if we had one at ¢=0, is 


Co= (xo*S X0), (38) 


writing S for exp(—ijfo7Hdt). Our problem is to evaluate R and 

show that it is a simple factor times C,, and that the factor involves 

the K,‘“) functions in the way discussed in the previous sections. 
To do this we first express x; in terms of xo. The operator 


a= fv*(x)6(x)as, (39) 


creates an electron with wave function ¢(x). Likewise b= /¢*(x) 
X ¥(x)d*x annihilates one with wave function ¢(x). Hence state 
Xi is xi=F,*F,*- -+PiP2:- *Xo while the final state is G,*G;*- - 
XQ:Q2---xo where F;, G;, P;, Q; are operators defined like &, in 
(39), but with f;, g:, pi, ¢: replacing @; for the initial state would 
result from the vacuum if we created the electrons in fi, fe, --- 
and annihilated those in f:, p2, ---. Hence we must find 
R= (xo*- : -Q2*Q,*- » + G2G,SF\*F 2*+ ++ PP: * Xo). (40) 
To simplify this we shall have to use commutation relations be- 
tween a &* operator and S. To this end consider exp(—i,/o'Hdt’)®* 
Xexp(+i/o'Hdt’) and expand this quantity in terms of ¥*(x), 
giving /Y*(x)o(x, ¢)d*x, (which defines ¢(x, é)). Now multiply 
this equation by exp(+i/o‘Hdt’) - - -exp(—iJfo'Hdt’) and find 


J vw a= fv, Do(x, Nas, (41) 
where we have defined W(x, ¢) by (x, t)=exp(+i/o'Hdt’)¥(x) 
13 See, for example, G. Wentzel, Einfuhrung in die Quanten- 


soe der Wellenfelder (Franz Deuticke, Leipzig, 1943), Chap- 
ter V. 
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Xexp(—i/o'Hdt’). As is well known W(x, é) satisfies the Dirac 
equation, (differentiate ¥(x, ¢) with respect to ¢ and use commuta- 
tion relations of H and WV) 

10 (x, t)/dt=(a-(—iY—A)+AstmB) V(x, t). (42) 
Consequently ¢(x, #) must also satisfy the Dirac equation (differ- 
entiate (41) with respect to ¢, use (42) and integrate by parts). 

That is, if ¢(x, 7) is that solution of the Dirac equation at time 
T which is @(x) at =0, and if we define 6* = {'W*(x)@(x)d*x and 
o'* = f/¥*(x) d(x, T)d*x then 6’*=S6*S—, or 
S*=0'*S, (43) 


The principle on which the proof will be based can now be 
illustrated by a simple example. Suppose we have just one electron 
initially and finally and ask for 


r= (xo"GSF*x0). (44) 
We might try putting F* through the operator S using (43), 
SF*=F’*S, where f’ in F’*= {¥*(x)f'(x)d*x is the wave function 
at T arising from f(x) at 0. Then 


r= (xu"GF'"*Sxo)= ff g*(x)f'(x)d*x-C.—(xo"F*GSx0), (45) 


where the second expression has been obtained by use of the defi- 
nition (38) of C, and the general commutation relation 


GP+FG= f g*(xVf(x)a's, 


which is a consequence of the properties of ¥(x) (the others are 
FG=—GF and F*G*=—G*F*). Now xo*F” in the last term in 
(45) is the complex conjugate of F’xo. Thus if f’ contained only 
positive energy components, F’x9 would vanish and we would have 
reduced r to a factor times C,. But F’, as worked out here, does 
contain negative energy components created in the potential A 
and the method must be slightly modified. 

Before putting F* through the operator we shall add to it 
another operator F’’* arising from a function f’’(x) containing only 
negative energy components and so chosen that the resulting f’ 
has only positive ones. That is we want 

S (F pos +F, neg”) =F pos "5, (46) 
where the “pos” and “‘neg”’ serve as reminders of the sign of the 
energy components contained in the operators. This we can now 
use in the form 

SF pos* = F pos *S—SF neg’. (47) 
In our one electron problem this substitution replaces r by two 
terms 

[= (xo*GF pos *Sxo) = (xo*GSF neg’’*x0)- 


The first of these reduces to 


r= f g*(x)foos'(x)d*x-Ce, 


as above, for Fpos’xo is now zero, while the second is zero sirice the 
creation operator Fye,’’* gives zero when acting on the vacuum 
state as all negative energies are full. This is the central idea of 
the demonstration. 

The problem presented by (46) is this: Given a function fpos(x) 
at time 0, to find the amount, fneg”’, of negative energy component 
which must be added in order that the solution of Dirac’s equa- 
tion at time T will have only positive energy components, fos’. 
This is a boundary value problem for which the kernel K,) is 
designed. We know the positive energy components initially, fpos, 
and the negative ones finally (zero). The positive ones finally are 
therefore (using (19)) 


fron'(%2) =f K,‘4(2, 1)Bfpoo(x:)d*m, (48) 
where f2= 7, t,=0. Similarly, the negative ones initially are 
fren’ (2) = J K4'4)(2, 1)Bfyoo(:)d*x1—fooa(x:), (49) 


where #2 approaches zero from above, and #;=0. The fpos(xz) is 
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subtracted to keep in fneg’(x2) only those waves which return 
from the potential and not those arriving directly at ¢, from the 
K,(2, 1) part of K,‘)(2, 1), as te->0. We could also have written 


favs” (x)= f CK 442, 1)—K,(2, 1) 8fpoa(xs)d*m. (50) 


Therefore the one-electron problem, r = {g*(x) fpos’(x)d°x-Co, 
gives by (48) 


r=Cof g*(x2)Ky4(2, 1)Bf(x1)d xd, 


as expected in accordance with the reasoning of the previous sec- 
tions (i.e., (20) with K,™ replacing K,). 

The proof is readily extended to the more general expression R, 
(40), which can be analyzed by induction. First one replaces F;* 
by a relation such as (47) obtaining two terms 


R= (xo*- ° -02*Q;*- F *G2GiF ipos'*SF2*- + «PsP e*°- xo) 
7 (xo*- r -Q2*Qi*- : *G2G1SF neg’ *F 2*- --P,P2:: *x0)- 


In the first term the order of Fipos’* and G; is then interchanged, 
producing an additional term /g:*(x) fipos (x)d*x times an expres- 
sion with one less electron in initial and final state. Next it is 
exchanged with G2 producing an addition — {g2*(x) fipos (x)d*x 
times a similar term, etc. Finally on reaching the Q,* with which 
it anticommutes it can be simply moved over to juxtaposition 
with xo* where it gives zero. The second term is similarly handled 
by moving Fineg’”* through anti commuting F;*, etc., until it 
reaches P;. Then it is exchanged with P; to produce an addi- 
tional simpler term with a factor Jf p:*(x)fineg’(x)d*x or 
FS pi*(x2)K 4 (2, 1) Bfi(x1)d5x1d*x2 from (49), with #2=t,=0 (the 
extra fi(x2) in (49) gives zero as it is orthogonal to p:(x2)). This 
describes in the expected manner the annihilation of the pair, 
electron fi, positron ~;. The Fneg’’* is moved in this way succes- 
sively through the P’s until it gives zero when acting on xo. Thus 
R is reduced, with the expected factors (and with alternating signs 
as required by the exclusion principle), to simpler terms containing 
two less operators which may in turn be further reduced by using 
F,* in a similar manner, etc. After all the F* are used the Q*’s 
can be reduced in a similar manner. They are moved through the 
S in the opposite direction in such a manner as to produce a purely 
negative energy operator at time 0, using relations analogous to 
(46) to (49). After all this is done we are left simply with the ex- 
pected factor times Cy (assuming the net charge is the same in 
initial and final state.) 

In this way we have written the solution to the general problem 
of the motion of electrons in given potentials. The factor Cy is 
obtained by normalization. However for photon fields it is desir- 
able to have an explicit form for C, in terms of the potentials. 
This is given by (30) and (29) and it is readily demonstrated that 
this also is correct according to second quantization. 


b. Analysis of the Vacuum Problem 


We shall calculate C. from second quantization by induction 
considering a series of problems each containing a potential dis- 
tribution more nearly like the one we wish. Suppose we know C, 
for a problem like the one we want and having the same potentials 
for time ¢ between some ¢ and 7, but having potential zero for 
times from 0 to é. Call this Cy(to), the corresponding Hamiltonian 
Hto and the sum of contributions for all single. loops, L(t). Then 
for 4=T we have zero potential at all times, no pairs can be 
produced, L(T)=0 and C.(T)=1. For t=O we have the com- 
plete problem, so that C,(0) is what is defined as Cy in (38). 
Generally we have, 


Colt) =( xo" exp(—if'” Hait) xs) 


(oreo -if tt) 


since Ht is identical to the constant vacuum Hamiltonian H7 for 
t<to and xo is an eigenfunction of Hr with an eigenvalue (energy 
of vacuum) which we can take as zero. 
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The value of C.(to— Ato) arises from the Hamiltonian Htp— Ato 
which differs from Ht just by having an extra potential during 
the short interval Ato. Hence, to first order in Afp, we have 


Co(to— Ato) = (x" exp( -i f he. Hto ~ tet) x0) 


= (x exp( ~if : Hudt)| ~idto [ ¥*(x) 
x (—a-A(x,fo)-+AaCx, f))#(2)4°x | x0); 


we therefore obtain for the derivative of C, the expression 
— aCe) /dte= —i( xs" exp(—i f'? Heat) 
to 


x f'¥*)BACx, 1) Had xx0), (51) 


which will be reduced to a simple factor times C.(éo) by methods 
analogous to those used in reducing R. The operator W can be 
imagined to be split into two pieces Vpos and Wneg operating on 
positive and negative energy states respectively. The Ypos on x0 
gives zero so we are left with two terms in the current density, 
Vpos*BAVneg and Vneg*BAWVneg. The latter Wneg*BAWVneg is just 
the expectation value of 8A taken over all negative energy states 
(minus VnegSAWVneg* which gives zero acting on xo). This is the 
effect of the vacuum expectation current of the electrons in the 
sea which we should have subtracted from our original Hamil- 
tonian in the customary way. 

The remaining term Wpos*8AWV neg, or its equivalent Vpo.*8AYV 
can be considered as ¥*(x)fpos(x) where fp0s(x) is written for the 
positive energy component of the operator BAW(x). Now this 
operator, ¥*(x)fpos(x), or more precisely just the ¥*(x) part of it, 
can be pushed through the exp(—i/to7 Hd?) in a manner exactly 
analogous to (47) when f is a function. (An alternative derivation 
results from the consideration that the operator (x, ¢#) which 
satisfies the Dirac equation also satisfies the linear integral equa- 
tions which are equivalent to it.) That is, (51) can be written 
by (48), (50), : 


—dCo(to) /dtp= ~i(xs* f W*(x2)K,‘4)(2, 1) 


xexp(- ih " Hat) A(1)¥(x:)d°dx2x0) 
+i( xo" exp(— f, c Hit) ff vce, 1) 


~K,(2, 1)JA()¥(x)éndx2x0), 


where in the first term #2=T7, and in the second t+>tp=h. The 
(A) in K,™ refers to that part of the potential A after é. The 
first term vanishes for it involves (from the K,‘4)(2,1)) only 


. positive energy components of ¥*, which give zero operating into 


xo*. In the second term only negative components of ¥*(x2) 
appear. If, then Y*(x2) is interchanged in order with ¥(x;) it will 
give zero operating on xo, and only the term, 


—dC(ts) /dto= +i f SpL(K (A, 1) 
—K.(1, 1))A(1)]d*xi-Co(to), (52) 


will remain, from the usual commutation relation of ¥* and W. 

e factor of Cv(to) in (52) times —Afo is, according to (29) 
(reference 10), just L(to>—Ato)—L(to) since this difference arises 
from the extra potential AA=A during the short time interval 
Ato:.Hence —dC.(to)/dto= + (dL (to) /dto)C.(to) so that integration 
from t9=T to ts=0 establishes (30). 

Starting from the theory of the electromagnetic field in second 
quantization, a deduction of the equations for auantum electro- 
dynamics which appear in the succeeding paper may be worked 
out using very similar principles. The Pauli-Weisskopf theory of 
the Klein-Gordon equation can apparently be analyzed in essen- 
tially the same way as that used here for Dirac electrons. 
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Total absorption of overlapping lines of equal width but different distances and intensities is calculated. 
The possibility of deviations from the “root-law” of Ladenburg and Reiche is discussed. 





I. INTRODUCTION 


N a paper on selective absorption, Ladenburg and 
Reiche! discussed the total absorption of a limited 
frequency range in selectively absorbing matter. Their 
computations are based on Drude’s dispersion theory 
and on the assumption that absorption will take place 
only within an isolated absorption line the width of 
which shall be small in comparison with the frequency 
range considered. The restricting supposition of an iso- 
lated absorption line has been eliminated by Elsasser ;? 
he substitutes the concept of an infinite number of 
lines of equal intensity, equal width, and equal mutual 
distance. He gives an explicit result for the limiting 
cases in which the ratio of line width and line distance 
is very small or very large; in general, the computation 
leads to an integral the evaluation of which is possible 
only approximately. The present paper deals with a 
still more general case. The absorption lines may all 
be equally broad, their width shall be small relative to 
the considered frequency range as in the previous 
theories; number, intensities, and mutual distances, 
however, may be chosen arbitrarily with some slight 
restrictions developed in Section IIC. 


II. TOTAL ABSORPTION BY TWO OVERLAPPING LINES 
A. Fundamentals 


To find the total absorption A, as defined by Laden- 
burg and Reiche, within a frequency range from w:—6 
to wi+6 along a path of the length z, we have to solve 


the integral 
A=(1/26) 


w1t+d 


1 


this formula being based upon the Bouguer-Lambert 
absorption law for homogeneous radiation. 

Restricting ourselves at first to the overlapping of 
only two absorption lines within the range wi—d<w 
{w+ 4, the absorption coefficient Kw) can be written as 


Kw) = a:/[(@—«1)?+:? ]+-a2/[(@—w2)? +52") 
with 
a;j= 2xN ibie?/ Nomic. (2) 


* The original paper was prepared in- the winter of 1944-1945 
at the IInd Institute of Physics of the University of Graz, Austria; 
the circumstances having prevented the publication, the manu- 
script has been revised and completed. Short review in Naturwiss. 


33, 219 (1946). 


** University of Graz, Austria. 
1R. Ladenburg and F. Reiche, Ann. d. Physik 42, 181 (1913). 
2 W. M. Elsasser, Phys. Rev. 54, 126 (1938). 


[1—exp(—K(w)z) dw, (1). 
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Here, V; means the number of particles per unit 
volume responsible for the absorption line; e; and m; 
are charge and mass of these particles; w;=2mc/; is 
their eigenfrequency and mp, the refractive index of the 
absorbing material as it would be without the existence 
of absorption in the frequency range considered. In 
general, the half-widths 20; of the lines, being a measure 
of the damping of the vibrations, will be different from 
one another; it is, however, assumed that all widths 
are equal. b; may also be described as the damping 
factor in the equation of an oscillation 


0° /OP+w2t+b,0t/d1=0. 


If we introduce u=(w—w:)/b as a new integration 
variable, and v= (w—we)/b as an abbreviation, we have, 
instead of Eq. (1), 


265A = B, 


6/b a as 
=b| |1—exp( — - du. 
fl ™" ( (14-12) ee = 


The index at B indicates the number of overlapping 
lines. v is to be considered as a function of w. 
Putting further 





u= tang, v= tany, 71= 4012/6", re=a22/6’, 5’ =arctg(6/b), 
and taking into account that 


cos*y = cos*v/[1—2(we—w1) sing cosg/b 
+ (w2—w1)? cos*y/b? |= k cosy, 


we have 


8’ ‘ 
B.=b f [1—exp(—(ritkre) cos’) ](dy/cos*y). (4) 


—$’ 
With the abbreviations 
(we—w)/b=1, 1721 sing cose+P cos?g=1/hk,, 
Eq. (4) becomes 


i 
B.=b f h<eenl-~ithedeuinal lad 


, 
+5 f [1—exp(—(ri+h_r2) cosy) (dy/cos*e) 


== Bot+ Be. (4a) 
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B. Approximate Solution 


To obtain an approximate value for Bz, we look for 
a differential equation. Differentiating B, twice with 
respect to the variables 7;, r2, and / in any order, the 
denominator with cos*y, which would cause a strong 
increase of the integrand for p~7/2, disappears, and a 
factor cos’g is added to the exponential function. We 
have 


6’ 
(0°B2/dr1,0re)=b f k cos*y exp[ —(ri+hre) cos’ |dy 
0 


6’ 
=f kode; 
0 


3’ 
(d?B,/dr,dl) = ins f (dk/dl)ddy. 
0 


It is to be seen without difficulty that Be satisfies 
the differential equation 
oF OF dx 


6’ 
=n —/x with x= f kdg, (5) 
Oral 0or,0r 2 ol 0 





if @ is slowly variable in comparison with k and 0k/dl. 
Calculating (0¢/d¢)/(dk/d¢g) and (0¢/d¢)/(ak/d¢al), 
it can be shown that this condition will be satisfied 
only if / is not too small. For this trivial case /=0, 
however, we shall fit Bz to the exact value by boundary 
conditions. Therefore, the approximation will be suff- 
cient also in this case. The accuracy of the approxima- 
tion of Bz by F becomes worse also for small values of r, 


but the superposition of lines of practically disappearing ° 


intensity is not at all of interest. 
The general integral of (5) is 


F=f(rit+Cxre)+g(ri)+h(r2)+j(r2,)+m(2), (Sa) 


in which f, g, h, j, m are arbitrary functions of their 
arguments and C is a constant. 

As boundary conditions we assume the case of a 
single isolated absorption line, treated by Ladenburg 
and Reiche, by putting r2=0. With these authors 
supposing the frequency range to be much larger than 
the line width,’ we directly assume their result. There- 
fore, for r2=0, we obtain 


B*(n, 0, 1) = (1/2)be exp(—11/2) 

xX [To(tr1/2) a iI; (ir:/2)], (6) 
in which Jo and J; are the Bessel functions of the 
orders 0 and 1. From (6) and (5a), it follows at once that 

m(l)=0, 7(0,2)=0, h(0)=0. 
If the two lines are coinciding (/=0), the variables 
r, and re must necessarily appear as a sum, and we have 
Be*(11, 72, 0) = (1/2)be(ri+12) exp — (ri +72)/2] 
X [To(i(rit-r2)/2)—i1i(i(rit+12)/2)]. (6a) 
’Then the integration limits may be infinite, because the 


contribution to absorption from the range w>wit+é5 may be 
neglected. 
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This condition is compatible with the general solution 
only if 


g(ri)=0, j(r2,0)=0, h(r2)=0, C=1/x(0). 
Abbreviating 
x exp(—x/2)=Ri(x), Io—il=Rz, 
we can now write 


Bo= Bot + By = (1/2)beRi (11 +Cyx+12) 
XRoli(ri+-Crx472)/2)+7+(r2, 1) 
+ (1/2)brRi(r1+-C_x_12) 
X Ro(i(r1+C_x_12)/2)+j_(ra, 1) (7) 


with the condition 7(re, /)=0 for re=0 or /=0. 

In transforming the original integral (1), 7; has been 
distinguished, gy being chosen as an integration variable 
in (2). If we would have determined y as a function 
of y and integrated over y as an independent variable, 
we would have come to the form 


6’ 
B.=b f [1—exp(—(kritre) cos?) ](dy/cos*p) (8) 
nfl 


in which 
1/k=1+-21 siny cosy+F cos. 

This manner of writing Bz can be derived from the 
former one by interchanging k, and &_ in the terms 
B;* and By and putting them as factors of r; instead 
of re. Thus we have, on the one hand, 


Bot = (1/2)bRi(rit+Cyx472)Ro(i(ri+Csx412)/2) 
+j+'(r2, 1) (8a) 
and, on the other hand, 
Bt = (1/2)beRi(C_x-rit r2)Ro(i(C_x-rit 12)/2) 
+94"%(r1,1); (8b) 
7 is subject to the conditions 
7’, ) =0, J (ra; 0) =0, 70, b) =0, (nn, 0) =0. (9) 
Equaling (8a) and (8b) for 7:=0, we obtain 
jx! (12, 2) = (1/2)bLRi(r2)Ro(ire/2) 
— Ri(C+x412)Re(tC.x472/2) ] 
and a corresponding expression for j_’(ro, /). 
Finally, we obtain for Bz the formula 
2B2/br=Ri(tit+Csx472)Ro(i(rit+-Csx472)/2) 
+Ri(ri+C_x_r2)Ro(i(r1+C_x-12)/2) 
a 2Ri(r2)R2(ire/2) 
— Ri(Cyx4172)Ra(iC.x472/2) 
—Ri(C_x_12)R2(tC_x_-12/2), 


in which x4, x- are given by 
X4=arctan[(6/b)/(1-F16/b+P)]. (11) 


If 5/6 can be considered as being infinite, we can 
write 


(10) 


X4= Farctan1//. 
If /=1 and 6/b= 0, then x,=F2/4. 
The assumption 6/b= © or b/5=0 is not permitted 
if <1 is comparable with 6/5.: Then, i.e., in the case 
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of very closely neighboring lines, we can write 
x4=arctan1/(b/d+/). 
Expanding in series yields 
X4= Fa /2+ (b/5F1) + (6/6F1)3/32---, 
hence, 
X1mo= Fr /2+ (b/5)F (6/5)3/32---tw/2 (12) 
and, therefore, C_= —C,—~2/z. 


If 5/6 is finite and />1, expanding in series is possible 
too, if the absolute value of the denominator exceeds 1: 
x= 1/Lb(1+P)/dF1]—1/3[b(1+P)/5F1 P+ ---. 
This series converges well enough only if the arguments 

are not too close to 1. 

In the case 1<«/<<6/b, x is nearly zero. Values of 
l, which come near to 6/6 or which even exceed it, are 
to be excluded, for then the lines would not be entirely 
in the integration interval. Then, the assumption that 
the integration limits may be extended to infinity is 
not justified any longer. 

The expression (10) for Bz can be simplified for small 
or for large values of r. Expanding the function Re, we 
have for rK1: R2(ix)=1 (and. Ri(x)=x) and for 
r>10: Ro(ix) = (2/mx) te. 

With these approximate expressions for Re, we obtain 
B./br=rj+r. for r<1, 


Bo/bmt= (11:+-C4x4172)*+ (11+ C_x_12)#+ 29,3 (13) 
— (C4x4r2)'— (C_x_re)! for r>10. 


C. Restrictions and Discussion 


In (6) and (6a), we assumed as boundary values of 


B.(r;, 0,2) and Be(ri, r2,0) the results of Ladenburg 
and Reiche. The restrictions given by these authors, 
therefore, are valid also for our problem; they may be 
summed up briefly: 

1. The integration interval must be small with 
respect to the doubled absorption frequencies, <2w;. 

2. The limit of 6 against lower values is given by 
5>>br' and already 6>>b. These relations are equivalent 
to saying that the integration interval must be large 
with respect to the width of an absorption line. 

3. The absorption should be moderately strong, 
rK4nz/\;. Hence, for \=6u and z=1 cm, we must 
confine r to r&2X 10*. 

The influence of the overlapping of the lines is 
comprised within the terms with x. For large values 
of J, i.e., for lines being practically isolated from one 
another, x can be neglected according to (10a). In this 
case, we need only add the Ladenburg and Reiche 
expressions for total absorption. 

For large r values, Ladenburg and Reiche’s “‘root- 
law” is certainly valid also for overlapping lines as far 
as the dependence on the path-length z is concerned. 

Concerning, however, the dependence on pressure, 
which is given by the dependence of line-width on 
pressure (b~ >), the root-law is valid only as far as x 
is independent of . In any other case, we have, through 
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the influence of x, a deviation from the p}-law, at least 
in principle. Summerfield and Strong‘ found for ozone 
that overlapping may lead to proportionality with the 
fourth root of », and we ourselves obtained a similar 
dependence with water vapor.® But, according to the 
theoretical results, the dependence on pressure may 
obey this special law only within a limited pressure 
range. With regard to the statements in Section IIB, 
deviations from the p!-law might be possible mainly if 
5/b is not too large and if / does not assume extremely 
high or low values. 

Of course, there might be deviations from the root- 
law, if the proportionality of 6 with the pressure is not 
maintained. Indeed, there have been indications that 
the assumption of damping by impacts only (6~ ) 
does not always hold and that a “coupling effect” 
might be superimposed,® which would give )~ p}, and 
this would lead to A~ #? even if there is no overlapping. 
The discussion of the observations with water vapor 
and of a numerical evaluation of our formulas’ has 
shown that this possibility cannot be excluded. Nothing, 
however, is known about the superposition of the two 
damping effects, either theoretically or experimentally. 


III. OVERLAPPING OF n LINES 


The results obtained in the preceding sections have 
to be generalized for the overlapping of several lines. 
As the starting integral for the overlapping of x lines, 
we now have 


witd az 
B= f | 1-exp( -—~_ 
w1—6 (w—w )?-+ 5? 


< Og a 
ome al | 


With a,2/b’=r, and (w—w,)/b=tang,, we obtain 


, 


6 
B.=6f dy, 
saat 
| 1-exn( (-n-ZErte) costo.) | / cos*¢}. 
o=2 


At first, we deal with 3 lines. In analogy to (4a), we 
write 


6’ 
B=b f dg,[1—exp(— (rithoyre 
0 : 
+ bayrs) costs) V/coster 


8’ 
+5 f dyl1—exp(—(n-the-rs 
0 


+ks_r3) cos*g:) |/cos*gi=Bst+Bs-, (14) 


4M. Summerfield and J. Strong, Phys. Rev. 60, 162 (1941). 
Experimental curves, see J. Strong, J. Frank. Inst. 231, 121 (1941). 

5 F, Matossi and E. Rauscher, Zeits. f. Physik 125, 418 (1949). 

6 G. Becker, Zeits. f. Physik 34, 255 (1925); H. Becker, Zeits. 
f. Physik 59, 583 (1930); J. Holtsmark, Zeits. f. Physik 34, 722 
(1925). 
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ABSORPTION 
in which 


1/kii= 1 21; sing; cosgi+1;;? cos*¢y, 
Lig=(wi—w) /b,  tang;=u—(wi—w)/b. 


In Eq. (14), ge and gs are considered as functions of 
gi. Were, however, go or gs independent variables, 
we would obtain (14a) and (14b) with the same right 
as (14): 


6’ 
Bxb f dyf[ 1—exp(— (Ai4/71 +72 
0 
+ks,’rs) cos*ge) |/cos* ge 
6’ 
+f dy 1—exp(—(ki_/ri +72 
0 


+k3_’rs) cos*ge) |/cos*g2; (14a) 


6’ 
Bz = of de{1 —_ exp(— (Rig + hoy” re 
0 
+13) cos*gs) |/cos?¢3 
ru : 
+f dys 1 —exp(— (Riri t+ ke" re 
0 


+13) cos*g3) ]/cos*g3. - (14b) 


In k,/ and k;”’, the quantities /j2, g. and /;3, y3 are 
substituted for /;1, ¢1 in R;. 

Under similar conditions as in Section II, we obtain 
for B; the differential equations 


°F °F OXe1 
=T1g x0 (o=2, 3); 
or 10,1 071017. Ole1 


oF 4 o°F ; OXe2 
=f, |x (o=1, 3); 
Ore, OTe Dlae 


oF” o2F”’ OXe3 
=f, |x (o=1, 2). 
O730L,_3 Or30%e Olas 




















In a similar manner as above, we obtain from (14), 
(14a), and (14b) the expressions 


Bst=f(1itCxortre+Cxsitrs)+ K3* (re, 13, ler, 131), (15) 
Bst=f(ret+Cxastrit+Cxs2trs)+K3't (ni, 73, lis, 132), (15a) 
Bst = f(rst+Cxastrit-Cxostre) + K3’*(ni, 12, lis, Le3).(15b) 


K;+ must be determined under the condition 
K3''+(0, 0, lis, 423) =0. Because the result must be in- 
different to a change of the reference line, the three 
expressions (15) are equivalent. Equaling (15) and 
(15a) yields, for 7:=0: 


f(Cxerre) + (Cxsis) + Ka(r2, 13, Ler, 131) 
=f (r2+Cxs273)+ K;'(0, rs, lia, 132). 


In the same manner, by equaling (15a) and (15b) for 
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r1=1re=0: 
f(Cxsers)+ Ks'(0, rs, l12, 132) = f(r) + Ka’ (lis, les) = f(r). 
Hence 


K3(r2, 73, Ler, 131) = f(re+Cxsers) +f (rs) 
— f(Cxeir2t+Cxs17s) — f(Cxszrs) 
and, therefore, 


Bst=f(rit-Csxertreot+Cyxartrs) + f(ret+Cixsstrs) 
+f(r3)—f(Csxertre+Cxs1*rs)—f(Cxsetrs) (16) 


with a corresponding formula for B;-. 
In a similar way, we find for B,t or By: 


Ba=f(tit+Cxoir2t+Cxairst+Cxarrs) 
+f (r2+-Cxserst+Cxara)+f(rst+Cxasrs) 
+f (14) —f(Cxere+Cxsirst+ Cxair4) 
—f(Cxserst+Cxa2rs) —f(Cxasrs), 


in which the indices + and — are to be inserted, 
respectively. 

The overlapping of m lines thus leads to the general 
formula 


n n n—1 n 
Bn=Df t+ pe CaXer*? :) a b i f js Cnet) 


T=1 o=T+1 T=1 o=t+1 


+> f te+ z Cet) 
T=1 o=r+1 
n—1 n 
iy us pe C295%e), (17) 


o=T+1 


the total absorption being given by A,=B,/26. 
The meaning of the quantities in Eq. (17) may be 
stated here again, for the sake of convenience: 


Of (x) =baxe*"[ I o(ix/2)—ily(ix/2)] 
= br R,(x)[Ro(ix/2)]; 


Io and J; are the Bessel functions of the orders 0 and 1; 
if x is very large, f(x) becomes b(xx)?; if x is very small, 
f(x) =brx/2; 


Xer? =arctan[_(5/b)/(1Fl,.5/b+1,,") ]; 
C_=—C,=2/mn, |er=(we—we)/b, 
e=Qq2/b", Ag=2eNo€.7b/nemec ; 


N., €s, M-=number per unit volume, charge and mass 
of the particles to which the absorption line w,= 2mc/d, 
is due, n,= ‘‘normal”’ refractive index at w=w,; b=half 
half-width of every line, z=path-length of absorbing 
matter, 5=frequency range equivalent to half the 
spectrometer slit-width ; 6’=arctan(6/b). 

The general discussion and the restrictions in Section 
IIC are valid also for the case of m lines. In spectra 
with many lines, it may occur that some lines come 
near the edge of the slit. Then restriction II interferes 
and there must be “edge-disturbances” of, however, 
so much less importance as there are more lines within 
the interval. 
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Finally, we mention that formula (17) may be 
simplified by always calculating with integrals from 
— 6’ to. 6’ instead of dividing B into B+ and B-. Then 
only the first two terms of (17) with a factor 2 remain, 
in which now 


x= m-+arctan[2(5/b)/(1—(6/b)?+1..2)] and C=1/z; 


the indices + or — are of course superfluous now. 

Whether there is a considerable numerical difference 
between these two approximations, has not been 
investigated. We ourselves (reference 5) utilized Eq. 
(17), which, in principle, appears to be the better 
approximation: still further division of the integrals 
would give still better solutions which, however, could 
not be handled well. 


ANTONIO GIAO 


IV. SUMMARY 


The computation of “total absorption,” as defined 
by Ladenburg and Reiche, is extended to the case of 
overlapping lines which all are equally broad, but which 
have different distances and different, not too large, 
intensities. The method is elaborated in detail for the 
overlapping of two lines in Section II; the general case 
is dealt with briefly in Section III. Final results: 
Eqs. (10) and (13) for two lines, Eq. (17) for m lines; 
restricting assumptions, see Section IIC. The total 
absorption is proportional to the square root of the 
path-length also with overlapping lines, as long as this 
“root-law” is valid for a single line. But there might 
be deviations from the #}-law under certain circum- 
stances explained at the end of Section II. 
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The aim of this paper is to show that, quite independently of 
any physical theory, the general equations of Codazzi on dif- 
ferential geometry lead to fundamental relations between the 
electromagnetic and the gravitational fields as soon as the external 
metric tensor of space-time is interpreted as an electromagnetic 
tensor. When the important special case of quasi static fields is 
considered, we get for a rotating body with no permanent mag- 
netization: (1) The relation, previously studied by the author, 
between magnetic moment and angular momentum which 
explains the general features of stellar and terrestrial magnetism 
as well as the magnetic moment of the neutron; (2) a relation 
between gravitation and the electrostatic field, such that any 
massive body creates an electrostatic field by its own gravitation. 


1. EQUATIONS OF GAUSS AND CODAZZI 


NY space (/y) with an arbitrary number (J) of 
dimensions can be considered as a hypersurface 

of an enveloping space Jy; of N+1 dimensions. The 
space /y has then an external as well as an internal 
metric (to which the second and the first fundamental 
quadratic forms correspond respectively). These two 
metrics are well defined by the equation of /y in Jy 41 
and by the internal metric which can be imposed on 
ly41. When /y is a differentiable variety, the internal 
(gx) and the external (w,,) metric tensors (both sym- 
metric) must necessarily satisfy the fundamental com- 
patibility equations of Gauss and -Codazzi.!? Denot- 


1A. Gido, Comptes Rendus 224, 1813 (1947); 225, 924 (1947); 
226, 645, 1298, 2126 (1948). Gazeta de Mat. (Lisbon), 34 (1947) 
and 35 (1948). 

2A, Gido, Portugaliae Physica 2, 1-98 (1946). Portugaliae 
Mathematica 5, 145-192 (1946); 6, 67-114 (1947); 7, 1-43 (1948). 
Bull. Soc. Port. Math. (A), 29-40 (1947). 


The mean electrostatic fields of celestial bodies, including the earth, 
can be ascribed to this effect. When the gravitation produced by a 
given body is negligible (as in the laboratory) the equations of 
Codazzi show that the familiar Coulomb field is merely a con- 
sequence of the very rapid vibrations of the components g4 
(i=1, 2, 3) of the internal metric tensor. Finally, for an uncharged 
body with permanent magnetization it can be shown that the 
curl of the g4; and the magnetic field are related as cause and effect. 

We think that these results are a confirmation of a fundamental 
result of our unified field theory: That the geometrization of electro- 
magnetism must necessarily be achieved by the external metric of 
space-time. 


ing by 


Rix the Riemann-Christoffel tensor of ly ; 
Rap ys the Riemann-Christoffel tensor of ly: taken 
on ly ; 
n* the contravariant components of the unit 
normal to ly; 
x* general coordinates in ly (t=1, 2, ---, V); 
X* general coordinates in y+; (u=1, 2,---,N+1), 


and putting 
X, #=0X*/ dx, 


the equations of Gauss and Codazzi, for an ]y embedded 
in a ly4, take the form 


Rijer— (winwji— W510jx) = RapyX, 7X, PX .7X,1°, (1) 
Wik, j— 0:3, k= Rapysm®X, PX, ,7X, 5. (2) 


(The comma denotes a covariant differentiation.) When 
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ly is a space of class 1, that is to say a space which can 
be embedded in an Euclidean or pseudo-Euclidean 
Iv41, the right members of Eqs. (1) and (2) vanish 
identically. 

Here we are specially interested in Eq. (2) of Codazzi. 
Since 


Pp 0; l l 
: wus —— on |e , ; 
ox tk jk 


 —_ ee; 


a 


a 


y 
the | a being the Christoffel symbols of second kind 
4 


formed with the g;z, the equations of Codazzi can be 
written as follows 


OwWsk OW; l 
22m af) 
dx? = xk yy tk 


= Rap,sn*X, PX, RX, j. 


' Tr we SOF we 


Putting 


2A,'= (3) 


gw, 


<*) 
trace 
Ox* 
OLkA 


—) | Beonmex PX 4X, }, 
Ox* 


we can also write 


—__| u( ~ 
Oxi = Ox* Oxi 


08% 


Ox? 








Ogin Oi 
_ A} ( 


Ox dx? 


which reduces to 








Owizt OW; ( Ogin Oi; _ 
a ch h a 
, —— as <ik : ae : 
Oxi = Ox Oxi Ox Oxi J 
(98% ~~. OLkr 
—-—“+—), (4) 
Ox* ax dx 


for a space ly of class 1. 


2. FOUR-DIMENSIONAL SPACE OF CLASS 1 


Let us consider a four-dimensional space of class 1 
and calculate by the corresponding Codazzi equations 
(Eq. (4)) the quantities: 











Owai Ow; 
in (j, !=1, 2, 3) 
Ox? = Ax" 
and 
Ows, O43 
—————me | (fmf, 2, 3). 
ox* = 0x8 


i, 7, l denoting a cyclic permutation of 1, 2, 3, we obtain 
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on the one hand 








Ow4: Owa; £4l Of; 
—-— =m (A, Hain 
Oxi = Ax! Oxi = ax! 
+4i(- 245 wee 4A (=~ O84: 
Oxi §=axt Ox* = ax! 
Ofa4 O44  ORit 
+(4 if A; )+a4i-4— 
Oxi ae! Ox 
Og; 28s og gu 
+(4 46 SO) + (4a, Foo 
ox* ox* 
and on the other hand 
Owss wai i 988 Og4: +4e(= O84: 
Ox? Ox* =x Ox* = dx! 


Oin Ogs, Zan Ogss O84: 
+A4* fe 2 )+4e( EDIE | 

Ox* ds*® dat Ox* ax! 
In the very important special case of quasi static metric 
fields, that is to say when all the derivatives of gu. and 


wi, With respect to the “temporal” variable x* vanish, 
excepting the temporal derivatives of gy; and wa; 














(i=1, 2, 3), the preceding relations become: 
Ow4t Ow4; £41 og 
aan I 
Oxi = x! Oxi ax! 
Ogas Og Ogs O84i 
+4, (=-= As( a 
Oxi =x? dx! Ox! 
Osa Osa 
+ Ap—— Ap » 6) 
Ox! dx! 
and 
Ours, O04; ™ we (= <<) 
Ox* dx! Ox* Oxi ox* dx! 
3 Ogu Zan 
Nia, s(-2). 6) 
it 1 ox4 


The mean curvature x of the four-dimensional space 
is given by 4x=g**wyu and putting wx=xgut@x we 
get from (3): 


2A;'= xox '+ g Ox. (3a) 


For a space such that the 4% (ik) are small quantities 
against x (all spaces with slight variable mean curva- 
ture obey this condition), the components of the tensor 
A,‘ (for i#k) are, according to (3a), small quantities 
against A,‘. Equations (5) and (6) can then be simplified 




















as follows: 
ws wa; gar O84; 
oat an(—), a 
Oxi = Ax! Ox? =x! 
and 
Ows, Ow; O84: 
aire (Ay+A; PN i—. (8) 
ox* = =ax4 Oxi Ox4 


3. THE EXTERNAL METRIC TENSOR AND THE 
ELECTROMAGNETIC FIELD 


The preceding sections are quite independent of any 
physical theory. In order to give them an essential 
physical meaning, one needs only to interpret physically 
the external metric tensor w, since it is well known 
that gx is the gravitational tensor. According to our 
unified field theory,’ space-time is a four-dimensional 
hypersurface of class 1 and wx is the tensor of the 
electromagnetic (electromotive) field. Moreover,? be- 
tween the electric field intensity (£;), the magnetic 
field intensity (H;; i=1, 2, 3) and the components of 
the external metric tensor the following fundamental 


relations hold: 
1 (mo) ec? / Owai Ow; 
xo(—1)* e Oxi? =x! = Ax! 

1 (mo)? Ous4 Ow4; 
E;= ee ( ~~) ’ 

2x0 é Ox; ox! 
where xo is a positive constant (mean curvature of the 
isotropic and homogeneous space-time nearest to the 
real space-time), (mo). and e the rest mass and electric 
charge of the electron. It must be remarked that the 
field (9), (10) behaves as a tensor F;; only for pure 
spatial coordinate changes, and this tensor is anti- 
symmetric (as the tensor of the Maxwellian field) only 


when the metric is static. 
For a quasi static field the relations (9) and (10) 


reduce to: 
1 (mo) “( Ow41 ~~) 
xo(—1)? ee axi ax J’ 


1 (mo) eC? Ou, Ow; 
nn 1 yoo 
2x0 ox? ox* J 


04; 








an 
(10) 





J 








> (11) 











+ 


and Eqs. (7) and (8) give then: 








1 (mo)? gar Og 
- el PE (=), (12a) 
xo(—1)! e Ox? ax! 
1 (mo) <c’ 8844” 
E;= Bi aenchias 0 [aera 
2x0 e Oxi 
Ofa: Awa; 
~24_— | (12b) 
ox* = ax4 
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These equations will now be applied to the analysis of 
the relations between the electromagnetic and the 
gravitational fields. For this purpose, special cases will 
be considered which give a clear understanding of the 
main characteristics of these relations. 


4. SPHERICAL ROTATING BODY WITH NO 
PERMANENT MAGNETIZATION 


Let us consider a rotating sphere of mass M and 
constant angular momentum Myrot. There is no per- 
manent magnetization and the angular velocity Q of 
each particle is parallel to the axis of rotation, but | Q| 
as well the density u are arbitrarily distributed in the 
mass. Denoting by y a numerical coeffigient (<1), by K 
the gravitational constant, by 7 the spatial distance 
from the center (x!=2?=23=0) of the sphere and by wu 
the components of the unit vector of the axis of rota- 
tion, the well known Einstein equations for the internal 
metric field give! the following expression for the sta- 
tical part of the gs, (t=1, 2, 3) of the rotating sphere: 


gai 2———  M v0 —(uix'— xy’), 
a) 


[y=1 when | Q| and yu are spatially constant or have a 
spherical symmetry inside the sphere. It can be shown? 
that y>0.6 for the earth ]. Concerning the non-statical 
part g.;* of the gs; (t=1, 2, 3) we shall only assume that 


gait =h(r, x4) dr/dx*. (14) 
Equations (12a) and (12b) then become 


2 (mo)e ofl ; ; 
H;=— Ky ca ws) 
xo eC dx'L r3 








0 
wt uis »|ha J+A,'), (15) 
~ aailr 
and 
1 (mo) c? r) 
E;=-— . [ata 
2x0 e et 
dh Or dwar] 
—2A; ——-—| (16) 
Ox! dx? =dx4 


(a) The Magnetic Field of the Rotating Sphere 


In order to derive this static field from (15) we must 
take the large scale temporal mean of both sides of this 
equation. From (3a) we get A;'+A,'x when the 
@ are small quantities against x. Writting A;’+A1! 
=£+#’, where é’ corresponds to the rapid changing 
part ga:* of gsi, we see that the large scale temporal 
mean ({A;/+A7'])w of A;+A.! is simply 


(LAj*+Ar'])w=é 
3 Comptes Rendus 226, 1298 (1948). 
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EQUATIONS 


Formula (15) then gives 


& (m oe 


— 





— KM cur uxv(= -) (17) 


According to classical electromagnetism the magnetic 


moment Mimagn which corresponds to the field (17) is 





related to H by 
H= M magn Curl[uX V(1/r) ]. (18) 
Comparing (17) and (18) we get finally 
g (mo)e ‘ 
M woogn = 2— KyM rot. (19) 
Xo & 


This is the very important formula explaining the 
general features of the magnetic fields of the stars and 
the earth as a fundamental consequence of their rota- 
tion. It explains also‘ the magnetic moments of the 
proton and the neutron. The recently discovered stars 
with periodic magnetic fields’ can also be explained by 
(19), for it can be shown® that £=+)?xo, and that in 
general \ is a periodic function of time. Formula (19) 
has been previously derived by the author from his 
unified field theory, quite independently of the Codazzi 
equations, and its consequences have been thoroughly 
studied.! For this reason we will only point out here 
the important fact that (19) is a mere consequence of 
the Codazzi equations when the external metric tensor 
is interpreted (by Eqs. (9) and (10)) as an electro- 
magnetic tensor. 

This result brings new evidence to our unified theory 
and we regard it as a good proof of the fundamental 
character of the creation of magnetism by rotation, 
even without any electrical charge. 


(b) The Electrostatic Field 


The force of gravitation G; (per unity mass) is 
related to gas by the well-known formula of the rela- 
tivity theory: 


c Og4s 


2 dx 


t 


Introducing this in (16) we get 


1 (mo). 
E;=— | eta. YG; +0°A; ba 


Xo € 


Oh or 


Ox* dx* 


c Ow: 


2 ox4 








Since, according to (3a), Ad+A,‘x= (é+?’), and as 
wa; are bounded functions, we obtain for the large scale 


temporal mean value ((Est)i)w of Ei, ice., the electro- 


4 Portugaliae Mathematica 7, 1-43 (1948). 
5H. W. Babcock, Astronom. Soc. Pac. 3 260 (1947). 
6 Comptes Rendus 226, 2126 (1948). 
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static field: 
E (mo)e 


iE 


(20) 


le). 


The mean value of ¢’0h/dx* can be deduced from the 
equations of the metric fields. When, as in the present 
case, the 74; components of the energy-momentum 
tensor correspond to the static part of g4:, the non-static 
part gs* obeys the following linearized Einstein 


equation: 
C]gai*= — (8K /c?) Tga;*. 
Taking (14) into account and putting 
h(r, x4)=f(x4) o(7) 


the solution of (21) for a point outside the material 
sphere is: 


(1/(—1)*)ga*= 9(r)(0r/dx*) stabil 


with an appropriate time origin and o denoting a 
constant. The electrostatic field will then be given by 


E,, ae + (mo) e 


Xo 


(21) 





G+ Coe conteet) Ve (22) 
T 


The spatial variation of gé’ is determined by the 
equation divE,,=0 of the electrostatic field outside the 
charges. As divG=0 outside the material sphere, we 
get the condition div[(r/r) o(r)é’(r, t) ]=0, which leads 
to 


(8(yé’)/dr)+ (2/r) pt’ =0. 
The solution is 
gt’ =(a()/r), 


and (22) becomes: 


za! = (mo). 





| er (La(t) cos(cot) ] es 


The function a(#) is of course a periodic function with 
the same period as g4;*. Hence, by a Fourier expansion 
(a(t) cos(cot) =a with 


2arleo 
a=co f a(t) cos(cat)dt. 
0 


Putting c?ca=7n (constant) we get finally 
g (m Je nr 
Ex= -— : ce =| 
Xo ¢ Er’ 
Since G= — KMr/r’, (23) can still be written as follows: 


int Mf — 7 |e. 
te. 6 KM¢é 





(23) 





(24) 


This is the required relation between the electrostatic 
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field and gravitation. We are inclined to think that 
(24), which is a consequence of the Codazzi equations, 
reveals the real cause of the maintenance of the mean 
electrostatic field of the earth. This cause is merely the 
gravitation of the earth’s mass, and we conclude also 
from (24) that any massive body must have an electric 
charge. 

According to Blackett,” who compared the magnetic 
moment Miagn and the angular momentum of the 
earth, the sun and the star 78Vir: Mmagn/Mrot 
=6(K)*/2c, 8 denoting a numerical coefficient (@~1). 
This value of Mmagn/Mrot corresponds to 


£/x0=Bl/4(mo)-(K)}, 


and it is quite natural to suppose that the ratio E/G 
is also nearly constant for the different celestial bodies. 
Denoting by R the radius of the bodies and by the 
subscript zero the values of the different quantities for 
the earth, Eq. (24) then gives the following relation for 
the electrostatic field at the surface of the stars: 


E.= Eure —( =) e (Ba)o— = 


0 Ho 4Xo 


(25) 


the @ denoting the mean densities. Hence, for instance: 
(Est) sun = 28(Est)o. 

An alternative way of presenting (24) or (25) is to 
replace the electrostatic field intensity by the cor- 
responding charges Q or potentials V. We obtain from 
(24) 


1———_ } KM, 
KMé 


(26) 


=e 


2& (mo)e ( 0 


Xo @ 


and (25) gives: 


Q=Q.(M/M)), (27) 


V = V0(i/fo)(R/Ro)’. (28) 


As this relation can be applied to the stars, we see that 
many stars must exist with the very strong electric 
potential required to give rise to the expulsion of cosmic 
rays. 

When, as in the laboratory, the gravitation created 
by the body is quite negligible, Eq. (23) reduces to: 


and 


n (mo)e ¥ 
= (29) 


a a 


aoa 


This is the familiar Coulomb field of a sphere with the 
electric charge Q=(n/x0)(mo)-/e. Remembering the 
nature of the constant 7, we see that the Coulomb field 
is a direct consequence of the very rapid vibrations 
undergone by the g.; (:=1, 2, 3) components of the 
metric tensor corresponding to any charged body. 


™P. S, Blackett, Nature 159, 658-666 (1947). 
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5. STATIC FIELD OF A MAGNET 


As a last special case illustrating the fundamental 
links of electromagnetism and gravitation, we consider 
a constant magnet whose magnetization may be of the 
permanent and of the induced types. For pure spatial 
coordinate transformations the g4; (¢=1, 2, 3) and the 
T4; (t=1, 2, 3) components of the energy-momentum 
tensor are spatial vectors which will be denoted by g, 
and T,. Clearly, Eq. (12a) can be applied to the case 
under examination. Taking into account that A;’+A,! 
>é we get: 


_ é (mo) 

—xo(-1)) 

The equations of the internal metric field give 
Ag.= (8"K/c)(T.—47.)=[82K/e JT", 


and reduce to 





(30) 


curlg,. 


(31) 


(32) 


for a point outside the magnet. The solution of (32) 
must be compatible with the Maxwell equation 
curlH=0 for a magnetostatic field outside its sources. 
From (30) we then derive the conditions: 


curl curlg,=0; V(divg,)=0. 
The appropriate solution of (32) is therefore 
g.=ax V(1/r), 


a being a constant vector and r the distance from the 
“center of gravity” of the magnet. Equation (30) then 
gives: 


H=[E/xo(—1)*][ (mo) «c*/e] curllax V(1/r)]. 


Comparing this result with the classical formula of the 
magnetostatic field for points outside the magnet and 
sufficiently far from it, we see at once that a is related 
to the magnetic moment Magn of the magnet by: 


a=[xo(—1)!/€]Le/ (10) <c* Mmsgn- 


Taking (31) into account (34) can be written as follows : 


Ag.=0, 


(33) 


(34) 


8xK[(ma)e/€]é/x0 f Ti*do=Minugn, (35) 


v denoting the volume of the magnet. This relation 
gives the material momentum /,T,*dv produced by the 
magnetization, but it must be remarked that this 
momentum is by no means associated with a macro- 
scopic material current. It is the material counterpart 
of the well known electromagnetic momentum in the 
canonical equations of motion. 

It would be rather easy to generalize the preceding 
results for points inside the magnet, 
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In this paper two things are done. (1) It is shown that a con- 
siderable simplification can be attained in writing down matrix 
elements for complex processes in electrodynamics. Further, a 
physical point of view is available which permits them to be 
written down directly for any specific problem. Being simply a 
restatement of conventional electrodynamics, however, the matrix 
elements diverge for complex processes. (2) Electrodynamics is 
modified by altering the interaction of electrons at short distances, 
All matrix elements are now finite, with the exception of those 
relating to problems of vacuum polarization. The latter are 
evaluated in a manner suggested by Pauli and Bethe, which gives 


_ finite results for these matrices also. The only effects sensitive to 


the modification are changes in mass and charge of the electrons. 
Such changes could not be directly observed. Phenomena directly 
observable, are insensitive to the details of the modification used 
(except at extreme energies). For such phenomena, a limit can 
be taken as the range of the modification goes to zero. The results 
then agree with those of Schwinger. A complete, unambiguous, 





(Received May 9, 1949) 





and presumably consistent, method is therefore available for the 
calculation of all processes involving electrons and photons. 

The simplification in writing the expressions results from an 
emphasis on the over-all space-time view resulting from a study 
of the solution of the equations of electrodynamics. The relation 
of this to the more conventional Hamiltonian point of view is 
discussed. It would be very difficult to make the modification 
which is proposed if one insisted on having the equations in 
Hamiltonian form. 

The methods apply as well to charges obeying the Klein-Gordon 
equation, and to the various meson theories of nuclear forces. 
Illustrative examples are given. Although a modification like that 
used in electrodynamics can make all matrices finite for all of the 
meson theories, for some of the theories it is no longer true that 
all directly observable phenomena are insensitive to the details of 
the modification used. 

The actual evaluation of integrals appearing in the matrix 
elements may be facilitated, in the simpler cases, by methods 
described in the appendix. 





HIS paper should be considered as a direct con- 
tinuation of a preceding one! (I) in which the 
motion of electrons, neglecting interaction, was ana- 
lyzed, by dealing directly with the solution of the 
Hamiltonian differential equations. Here the same tech- 
nique is applied to include interactions and in that way 
to express in simple terms the solution of problems in 
quantum electrodynamics. 

For most practical calculations in quantum electro- 
dynamics the solution is ordinarily expressed in terms 
of a matrix element. The matrix is worked out as an 
expansion in powers of e?/fc, the successive terms cor- 
responding to the inclusion of an increasing number of 
virtual quanta. It appears that a considerable simplifi- 
cation can be achieved in writing down these matrix 
elements for complex processes. Furthermore, each term 
in the expansion can be written down and understood 
directly from a physical point of view, similar to the 
space-time view in I. It is the purpose of this paper to 
describe how this may be done. We shall also discuss 
methods of handling the divergent integrals which 
appear in these matrix elements. 

The simplification in the formulae results mainly from 
the fact that previous methods unnecessarily separated 
into individual terms processes that were closely related 
physically. For example, in the exchange of a quantum 
between: two electrons there were two terms depending 
on which electron emitted and which absorbed the 
quantum. Yet, in the virtual states considered, timing 
relations are not significant. Olny the order of operators 
in the matrix must be maintained. We have seen (I), 
that in addition, processes in which virtual pairs are 
produced can be combined with others in which only 


1R. P. Feynman, Phys. Rev. 76, 749 (1949), hereafter called I. 
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positive energy electrons are involved. Further, the 
effects of longitudinal and transverse waves can be 
combined together. The separations previously made 
were on an unrelativistic basis (reflected in the circum- 
stance that apparently momentum but not energy is 
conserved in intermediate states). When the terms are 
combined and simplified, the relativistic invariance of 
the result is self-evident. 

We begin by discussing the solution in space and time 
of the Schrédinger equation for particles interacting 
instantaneously. The results are immediately general- 
izable to delayed interactions of relativistic electrons 
and we represent in that way the laws of quantum 
electrodynamics. We can then see how the matrix ele- 
ment for any process can be written down directly. In 
particular, the self-energy expression is written down. 

So far, nothing has been done other than a restate- 
ment of conventional electrodynamics in other terms. 
Therefore, the self-energy diverges. A modification? in 
interaction between charges is next made, and it is 
shown that the self-energy is made convergent and 
corresponds to a correction to the electron mass. After 
the mass correction is made, other real processes are 
finite and insensitive to the “width” of the cut-off in 
the interaction.* 

Unfortunately, the modification proposed is not com- 
pletely satisfactory theoretically (it leads to some diffi- 
culties of conservation of energy). It does, however, 
seem consistent and satisfactory to define the matrix 


2 For a discussion of this modification in classica] physics see 
R. P. Feynman, Phys. Rev. 74 939 (1948), hereafter referred 
to as A. 

* A brief summary of the methods and results will be found in 
R. P. Feynman, Phys. Rev. 74, 1430 (1948), hereafter referred 
to as B. 
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element for all real processes as the limit of that com- 
puted here as the cut-off width goes to zero. A similar 
technique suggested by Pauli and by Bethe can be 
applied to problems of vacuum polarization (resulting 
in a renormalization of charge) but again a strict 
physical basis for the rules of convergence is not known. 

After mass and charge renormalization, the limit of 
zero cut-off width can be taken for all real processes. 
The results are then equivalent to those of Schwinger‘ 
who does not make explicit use of the convergence fac- 
tors. The method of Schwinger is to identify the terms 
corresponding to corrections in mass and charge and, 
previous to their evaluation, to remove them from the 
expressions for real processes. This has the advantage 
of showing that the results can be strictly independent 
of particular cut-off methods. On the other hand, many 
of the properties of the integrals are analyzed using 
formal properties of invariant propagation functions. 
But one of the properties is that the integrals are infinite 
and it is not clear to what extent this invalidates the 
demonstrations. A practical advantage of the present 
method is that ambiguities can be more easily resolved; 
simply by direct calculation of the otherwise divergent 
integrals. Nevertheless, it is not at all clear that the 
convergence factors do not upset the physical con- 
sistency of the theory. Although in the limit the two 
methods agree, neither method appears to be thoroughly 
satisfactory theoretically. Nevertheless, it does appear 
that we now have available a complete and definite 
method for the calculation of physical processes to any 
order in quantum electrodynamics. 

Since we can write down the solution to any physical 
problem, we have a complete theory which could stand 
by itself. It will be theoretically incomplete, however, 
in two respects. First, although each term of increasing 
order in e?/fic can be written down it would be desirable 
to see some way of expressing things in finite form to 
all orders in e*/c at once. Second, although it will be 
physically evident that the results obtained are equiva- 
lent to those obtained by conventional electrodynamics 
the mathematical proof of this is not included. Both of 
these limitations will be removed in a subsequent paper 
(see also Dyson‘). 

Briefly the genesis of this theory was this. The con- 
ventional electrodynamics was expressed in the La- 
grangian form of quantum mechanics described in the 
Reviews of Modern Physics.’ The motion of the field 
oscillators could be integrated out (as described in Sec- 
tion 13 of that paper), the result being an expression of 
the delayed interaction of the particles. Next the modi- 
fication of the delta-function interaction could be made 
directly from the analogy to the classical case.? This 


* J. Schwinger, Phys. Rev. 74, 1439 (1948), Phys. Rev. 75, 651 
(1949). A proof of this equivalence i is given by F. J. Dyson, Phys. 
Rev. 75, 486 (1949). 

5R.P. Feynman, Rev. Mod. Phys. 20, 367 (1948). The applica- 
tion to electrodynamics is described in detail by H. J. Groenewold, 
Koninklijke Nederlandsche Akademia van Weteschappen. Pro- 
ceedings Vol. LII, 3 (226) 1949. 
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was still not complete because the Lagrangian method 
had been worked out in detail only for particles obeying 
the non-relativistic Schrédinger equation. It was then 
modified in accordance with the requirements of the 
Dirac equation and the phenomenon of pair creation. 
This was made easier by the reinterpretation of the 
theory of holes (I). Finally for practical calculations the 
expressions were developed in a power series in e”/fc. It 
was apparent that each term in the series had a simple 
physical interpretation. Since the result was easier to 
understand than the derivation, it was thought best to 
publish the results first in this paper. Considerable time 
has been spent to make these first two papers as com- 
plete and as physically plausible as possible without 
relying on the Lagrangian method, because it is not 
generally familiar. It is realized that such a description 
cannot carry the conviction of truth which would ac- 
company the derivation. On the other hand, in the 
interest of keeping simple things simple the derivation 
will appear in a separate paper. 

The possible application of these methods to the 
various meson theories is discussed briefly. The formu- 
las corresponding to a charge particle of zero spin 
moving in accordance with the Klein Gordon equation 
are also given. In an Appendix a method is given for 
calculating the integrals appearing in the matrix ele- 
ments for the simpler processes. 

The point of view which is taken here of the inter- 


action of charges differs from the more usual point of 
view of field theory. Furthermore, the familiar Hamil- 
tonian form of quantum mechanics must be compared 
to the over-all space-time view used here. The first 
section is, therefore, devoted to a discussion of the 
relations of these viewpoints. 


1. COMPARISON WITH THE HAMILTONIAN 
METHOD 


Electrodynamics can be looked upon in two equiva- 
lent and complementary ways. One is as the description 
of the behavior of a field (Maxwell’s equations). The 
other is as a description of a direct interaction at a 
distance (albeit delayed in time) between charges (the 
solutions of Lienard and Wiechert). From the latter 
point of view light is considered as an interaction of the 
charges in the source with those in the absorber. This is 
an impractical point of view because many kinds of 
sources produce the same kind of effects. The field point 
of view separates these aspects into two simpler prob- 
lems, production of light, and absorption of light. On 
the other hand, the field point of view is less practical 
when dealing with close collisions of particles (or their 
action on themselves). For here the source and absorber 
are not readily distinguishable, there is an intimate 
exchange of quanta. The fields are so closely determined 
by the motions of the particles that it is just as well not 
to separate the question into two problems but to con- 
sider the process as a direct interaction. Roughly, the 
field point of view is most practical for problems involv- 
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ing real quanta, while the interaction view is best for 

the discussion of the virtual quanta involved. We shall 
emphasize the interaction viewpoint in this paper, first 
because it is less familiar and therefore requires more 
discussion, and second because the important aspect in 
the problems with which we shall deal is the effect of 
virtual quanta. 

The Hamiltonian method is not well adapted to 
represent the direct action at a distance between charges 
because that action is delayed. The Hamiltonian method 
represents the future as developing out of the present. 
If the values of a complete set of quantities are known 
now, their values can be computed at the next instant 
in time. If particles interact through a delayed inter- 
action, however, one cannot predict the future by 
simply knowing the present motion of the particles. 
One would also have to know what the motions of the 
particles were in the past in view of the interaction this 
may have on the future motions. This is done in the 
Hamiltonian electrodynamics, of course, by requiring 
that one specify besides the present motion of the 
particles, the values of a host of new variables (the 
coordinates of the field oscillators) to keep track of that 
aspect of the past motions of the particles which de- 
termines their future behavior. The use of the Hamil- 
tonian forces one to choose the field viewpoint rather 
than the interaction viewpoint. 

In many problems, for example, the close collisions 
of particles, we are not interested in the precise tem- 
poral sequence of events. It is not of interest to be able 
to say how the situation would look at each instant of 
time during a collision and how it progresses from in- 
stant to instant. Such ideas are only useful for events 
taking a long time and for which we can readily obtain 
information during the intervening period. For collisions 
it is much easier to treat the process as a whole.* The 
Mgller interaction matrix for the the collision of two elec- 
trons is not essentially more complicated than the non- 
relativistic Rutherford formula, yet the mathematical 
machinery used to obtain the former from quantum 
electrodynamics is vastly more complicated than 
Schrédinger’s equation with the ¢/ri2 interaction 
needed to obtain the latter. The difference is only that 
in the latter the action is instantaneous so that the 
Hamiltonian method requires no extra variables, while 
in the former relativistic case it is delayed and the 
Hamiltonian method is very cumbersome. 

We shall be discussing the solutions of equations 
rather than the time differential equations from which 
they come. We shall discover that the solutions, because 
of the over-all space-time view that they permit, are as 
easy to understand when interactions are delayed as 
when they are instantaneous. 

As a further point, relativistic invariance will be self- 
evident. The Hamiltonian form of the equations de- 
velops the future from the instantaneous present. But 





Ri This is the viewpoint of the theory of the S matrix of Heisen- 
rg. 
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for different observers in relative motion the instan- 
taneous present is different, and corresponds to a 
different 3-dimensional cut of space-time. Thus the 
temporal analyses of different observers is different and 
their Hamiltonian equations are developing the process 
in different ways. These differences are irrelevant, how- 
ever, for the solution is the same in any space time 
frame. By forsaking the Hamiltonian method, the 
wedding of relativity and quantum mechanics can be 
accomplished most naturally. 

We illustrate these points in the next section by 
studying the solution of Schrédinger’s equation for non- 
relativistic particles interacting by an instantaneous 
Coulomb potential (Eq. 2). When the solution is modi- 
fied to include the effects of delay in the interaction 
and the relativistic properties of the electrons we obtain 
an expression of the laws of quantum electrodynamics 


(Eq. 4). 
2. THE INTERACTION BETWEEN CHARGES 


We study by the same methods as in I, the interaction 
of two particles using the same notation as I. We start 
by considering the non-relativistic case described by the 
Schrédinger equation (I, Eq. 1). The wave function at 
a given time is a function (Xa, Xs, ¢) of the coordinates 
x, and x; of each particle. Thus call K (Xa, Xo, ¢; Xa , Xs’, t’) 
the amplitude that particle a at x,’ at time /’ will get 
to x, at ¢ while particle b at x,’ at /’ gets to x, at ¢. If the 
particles are free and do not interact this is 


K (Xa, Xb, t; Xa’, Xo’, t’) = Koa(Xa, t; Xa’, t’) Kou (Xo, t; Xe’, t’) 


where Koq is the Ko function for particle a considered 
as free. In this case we can obviously define a quantity 
like K, but for which the time ¢ need not be the same 
for particles a and 6 (likewise for /’); e.g., 


Ko(3, 4; 1, 2)= Koa(3, 1)Kos(4, 2) (1) 


can be thought of as the amplitude that particle a goes 
from x; at ¢; to x3 at ¢s and that particle b goes from Xz 
at fe to X4 at ty. 

When the particles do interact, one can only define 
the quantity K(3,4;1,2) precisely if the interaction 
vanishes between ¢; and ¢2 and- also between ¢; and ty. 
In a real physical system such is not the case. There is 
such an enormous advantage, however, to the concept 
that we shall continue to use it, imagining that we can 
neglect the effect of interactions between /; and #2. and 
between /; and ¢. For practical problems this means 
choosing such long time intervals ts—?, and t4—¢ that 
the extra interactions near the end points have small 
relative effects. As an example, in a scattering problem 
it may well be that the particles are so well separated 
initially and finally that the interaction at these times 
is negligible. Again energy values can be defined by the 
average rate of change of phase over such long time 
intervals that errors initially and finally can be neg- 
lected. Inasmuch as any physical problem can be defined 
in terms of scattering processes we do not lose much in 
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Fic. 1. The fundamental interaction Eq. (4). Exchange of one 
quantum between two electrons. 


a general theoretical sense by this approximation. If it 
is not made it is not easy to study interacting particles 
relativistically, for there is nothing significant in choos- 
ing t;=1/3 if x1#x;3, as absolute simultaneity of events 
at a distance cannot be defined invariantly. It is essen- 
~ tially to avoid this approximation that the complicated 
structure of the older quantum electrodynamics has 
been built up. We wish to describe electrodynamics as 
a delayed interaction between particles. If we can make 
the approximation of assuming a meaning to K(3, 4; 1, 2) 
the results of this interaction can be expressed very 
simply. 

To see how this may be done, imagine first that the 
interaction is simply that given by a Coulomb potential 
e’/r where r is the distance between the particles. If this 
be turned on only for a very short time Afp at time to, 
the first order correction to K(3, 4; 1, 2) can be worked 
out exactly as was Eq. (9) of I by an obvious general- 
ization to two particles: 


K®(3, 4;1,2)= ~iet ff Kaas, 5) Koo(4, 6)rse7 


x Koa(5, 1)Kos(6, 2)d®x5d°xeAto, 


where 4;=/s=¢. If now the potential were on at all 
times (so that strictly K is not defined unless ¢4=¢3 and 
t;=¢t2), the first-order effect is obtained by integrating 
on éo, which we can write as an integral over both /; 
and ¢, if we include a delta-function 6(/;—¢s) to insure 
contribution only when /;=¢s. Hence, the first-order 
effect of interaction is (calling ts—te=ts6): 


K (3, 4; # 2)= ~ie ff xu, 5)Kov(4, 6)rse 


X 5(ts6) Koa(5, 1)Kos(6, 2)drsdr6, (2) 


where dr=d'*xd. 

We know, however, in classical electrodynamics, that 
the Coulomb potential does not act instantaneously, 
but is delayed by a time 756, taking the speed of light 
as unity. This suggests simply replacing r5¢~'5(ts6) in 
(2) by something like r5¢'6(¢ss—7s6) to represent the 
delay in the effect of 6 on a. 


This turns out to be not quite right,’ for when this 
interaction is represented by photons they must be of 
only positive energy, while the Fourier transform of 
5(tss—7s6) contains frequencies of both signs. It should 
instead be replaced by 6,(¢ss—7s6) where 


mi)—} 


=46(x)+(mix). (3) 


? ( 
Bleies f e-ietqyy/x=lim 
0 «0 x— i€ 
This is to be averaged with r56~'6,(—tse—1s6) which 
arises when ¢;<¢s and corresponds to a emitting the 
quantum which 6 receives. Since 


(2r)(6,(t—r) + 6,(—i—1)) =6,(F—P’), 


this means 75¢~'d(és6) is replaced by 6,(sse2) where 
S56°=ts6’—1s6 Is the square of the relativistically in- 
variant interval between points 5 and 6. Since in 
classical electrodynamics there is also an interaction 
through the vector potential, the complete interaction 
(see A, Eq. (1)) should be (1—(v5-V6)54.(sse”), or in the 
relativistic case, 


(1—a,: ay) 54.(S56”) = BaBoY auVou5+ (Sse”). 


Hence we have for electrons obeying the Dirac equation, 
K(3,451,2)=—i8 ff Ksa(3,5)Ky0(4, Ore01m 


X 64(s567)K+a(5, 1)K40(6, 2)drsdr6, (4) 


where Ya, and ,, are the Dirac matrices applying to 
the spinor corresponding to particles a and }, respec- 
tively (the factor 8,8, being absorbed in the definition, 
I Eq. (17), of K4). 

This is our fundamental equation for electrodynamics. 
It describes the effect of exchange of one quantum 
(therefore first order in e?) between two electrons. It 
will serve as a prototype enabling us to write down the 
corresponding quantities involving the exchange of two 
or more quanta between two electrons or the interaction 
of an electron with itself. It is a consequence of con- 
ventional electrodynamics. Relativistic invariance is 
clear. Since one sums over uy it contains the effects of 
both longitudinal and transverse waves in a relati- 
vistically symmetrical way. 

We shall now interpret Eq. (4) in a manner which 
will permit us to write down the higher order terms. It 
can be understood (see Fig. 1) as saying that the ampli- 
tude for “‘a” to go from 1 to 3 and “‘b” to go from 2 to 4 
is altered to first order because they can exchange a 
quantum. Thus, “a” can go to 5 (amplitude K,(5, 1)) 


7It, and a like term for the effect of a on b, leads to a theory 
which, in the classical limit, exhibits interaction through half- 
advanced and half-retarded potentials. Classically, this is equi- 
valent to purely retarded effects within a closed box from which 
no light escapes (e.g., see A, or J. A. Wheeler and R. P. Feynman, 
Rev. Mod. Phys. 17, 157 (1945)). Analogous theorems exist in § 
quantum mechanics but it would lead us too far astray to discuss 
them now. 
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emit a quantum (longitudinal, transverse, or scalar 
Yau) and then proceed to 3 (K,(3, 5)). Meantime “b” 
goes to 6 (K,(6, 2)), absorbs the quantum (7,) and 
proceeds to 4 (K,(4, 6)). The quantum meanwhile pro- 
ceeds from 5 to 6, which it does with amplitude 6, (ss¢). 
We must sum over all the possible quantum polariza- 
tions » and positions and times of emission 5, and of 
absorption 6. Actually if 4;>¢s it would be better to 
say that “a” absorbs and “b” emits but no attention 
need be paid to these matters, as all such alternatives 
are automatically contained in (4). 

The correct terms of higher order in é or involving 
larger-numbers of electrons (interacting with themselves 
or in pairs) can be written down by the same kind of 
reasoning. They will be illustrated by examples as we 
proceed. In a succeeding paper they will all be deduced 
from conventional quantum electrodynamics. 

Calculation, from (4), of the transition element be- 
tween positive energy free electron states gives the 
Moller scattering of two electrons, when account is 
taken of the Pauli principle. 

The exclusion principle for interacting charges is 
handled in exactly the same way as for non-interacting 
charges (I). For example, for two charges it requires 
only that one calculate K(3, 4; 1, 2)—K(4, 3; 1, 2) to 
get the net amplitude for arrival of charges at 3 and 4. 
It is disregarded in intermediate states. The inter- 
ference effects for scattering of electrons by positrons 
discussed by Bhabha will be seen to result directly in 
this formulation. The formulas are interpreted to apply 
to positrons in the manner discussed in I. 

As our primary concern will be for processes in which 
the quanta are virtual we shall not include here the 
detailed analysis of processes involving real quanta in 
initial or final state, and shall content ourselves by only 
stating the rules applying to them.’ The result of the 
analysis is, as expected, that they can be included by 
the same line of reasoning as is used in discussing the 

virtual processes, provided the quantities are normalized 
in the usual manner to represent single quanta. For 
example, the amplitude that an electron in going from 1 
to 2 absorbs a quantum whose vector potential, suitably 
normalized, is c, exp(—ik-x)=C,(«) is just the expres- 
sion (I, Eq. (13)) for scattering in a potential with 
A (3) replaced by C (3). Each quantum interacts only 


8 Although in the expressions stemming from (4) the quanta are 
virtual, this is not actually a theoretical limitation. One way to 
deduce the correct rules for real quanta from (4) is to note that 
in a closed system all quanta can be considered as virtual (i.e., 
they have a known source and are eventually absorbed) so that 
in such a system the present description is complete and equiva- 
lent to the conventional one. In particular, the relation of the 
Einstein A and B coefficients can be deduced. A more practical 
direct deduction of the expressions for real quanta will be given 
in the subsequent paper. It might be noted that (4) can be re- 
written as describing the action on a, K(3, 1)=i/K,(3, 5) 
X A(5)K4+(5, 1)drs of the potential A,(5)=e/K,(4, 6)54(sse) vu 
XK,(6, 2)dr¢ arising from Maxwell’s equations —0?A,=4zj, 


from a “current” j,(6)=eK,(4, 6)v,K (6, 2) | peey by par- 
pa in going from 2 to 4. This is virtue o 
satisfies 


the fact that 6, 
— 076,(S21?) = 475(2, 1). (5) 
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once (either in emission or in absorption), terms like 
(I, Eq. (14)) occur only when there is more than one 
quantum involved. The Bose statistics of the quanta 
can, in all cases, be disregarded in intermediate states. 
The only effect of the statistics is to change the weight 
of initial or final states. If there are among quanta, in 
the initial state, some n which are identical then the 
weight of the state is (1/n!) of what it would be if these 
quanta were considered as different (similarly for the 
final state). 


3. THE SELF-ENERGY PROBLEM 


Having a term representing the mutual interaction 
of a pair of charges, we must include similar terms to 
represent the interaction of a charge with itself. For 
under some circumstances what appears to be two dis- 
tinct electrons may, according to I, be viewed also as 
a single electron (namely in case one electron was 
created in a pair with a positron destined to annihilate 
the other electron). Thus to the interaction between 
such electrons must correspond the possibility of the 
action of an electron on itself. 

This interaction is the heart of the self energy prob- 
lem. Consider to first order in e? the action of an electron 
on itself in an otherwise force free region. The amplitude 
K(2, 1) for a single particle to get from 1 to 2 differs 
from K,(2, 1) to first order in e by a term 


K(2, 1)=—ie f f K,(2, 4) 14K (4, 3), 


X K(3, 1)drsd746, (sas). (6) 


It arises because the electron instead of going from 1 
directly to 2, may go (Fig. 2) first to 3, (K+(3, 1)), emit 
a quantum (y,), proceed to 4, (K,(4,3)), absorb it 
(y,), and finally arrive at 2 (K,(2,4)). The quantum 
must go from 3 to 4 (6;(s43”)). 

This is related to the self-energy of a free electron in 
the following manner. Suppose initially, time ¢;, we have 
an electron in state f(1) which we imagine to be a posi- 
tive energy solution of Dirac’s equation for a free par- 
ticle. After a long time f2—/; the perturbation will alter 


Fic. 2. Interaction of an elec- 
tron with itself, Eq. (6). 





® These considerations make it appear unlikely that the con- 
tention of J. A. Wheeler and R. P. Feynman, Rev. Mod. Phys. 
17, 157 (1945), that electrons do not act on themselves, will be a 
successful concept in quantum electrodynamics. 
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the wave function, which can then be looked upon as 
a superposition of free particle solutions (actually it 
only contains f). The amplitude that g(2) is contained 
is calculated as in (I, Eq. (21)). The diagonal element 
(g=f) is therefore 


f f f(2)BK™ (2, 1)Bf(1)d*xid*xe. (7) 


The time interval T=/,.—1¢, (and the spatial volume V 
over which one integrates) must be taken very large, 
for the expressions are only approximate (analogous to 
the situation for two interacting charges). This is 
because, for example, we are dealing incorrectly with 
quanta emitted just before f2 which would normally be 
reabsorbed at times after fo. 

If K(2, 1) from (6) is actually substituted into (7) 
the surface integrals can be performed as was done in 
obtaining I, Eq. (22) resulting in 


~i¢ f f J) 14K (4, 3)ref(3)84(se2)dradre. (8) 


Putting for f(1) the plane wave u exp(—ip-x:) where 
py is the energy (f4) and momentum of the electron 
(p?=m?), and u is a constant 4-index symbol, (8) 
becomes 


~ie ff (wrk 44, 31) 


Xexp(ip: (%4— %3))54.(sas”)dradr4, 


the integrals extending over the volume V and time 
interval 7. Since K,(4, 3) depends only‘on the difference 
of the coordinates of 4 and 3, x43,, the integral on 4 
gives a result (except near the surfaces of the region) 
independent of 3. When integrated on 3, therefore, the 
result is of order VT. The effect is proportional to V, 
for the wave functions have been normalized to unit 


MOMENTUM k, 


MOMENTUM p-k, 
k-m)~ FACTOR k72 


p an 
FACTOR (p- 


INTERACTION Yu 


MOMENTUM p 


Fic. 3. Interaction of an electron with itself. 
Momentum space, Eq. (11). 


inted out that 


10 This is discussed in reference 5 in which it is 
ere are delayed 


the concept of a wave function loses accuracy if 
self-actions. 
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volume. If normalized to volume V, the result would 
simply be proportional to T. This is expected, for if the 
effect were equivalent to a change in energy AE, the 
amplitude for arrival in f at f2 is altered by a factor 
exp(—iAE(t.—t:)), or to first order by the difference 
—i(AE)T. Hence, we have 


AE=é f (ay .K+(4, 3)yyu) exp(ip-43)54(Sa3*)d74, (9) 


integrated over all space-time d74. This expression will 
be simplified presently. In interpreting (9) we have 
tacitly assumed that the wave functions are normalized 
so that (u*u) = (iay.u)=1. The equation may therefore 
be made independent of the normalization by writing 
the left side as (AE) (ay.u), or since (tysu) = (E/m) (ain) 
and mAm= EAE, as Am(du) where Am is an equivalent 
change in mass of the electron. In this form invariance 
is obvious. 

One can likewise obtain an expression for the energy 
shift for an electron in a hydrogen atom. Simply replace 
K, in (8), by K,™, the exact kernel for an electron in 
the potential, V=e?/r, of the atom, and f by a wave 
function (of space and time) for an atomic state. In 
general the AE which results is not real. The imaginary 
part is negative and in exp(—iAET) produces an ex- 
ponentially decreasing amplitude with time. This is 
bécause we are asking for the amplitude that an atom 
initially with no photon in the field, will still appear 
after time T with no photon. If the atom is in a state 
which can radiate, this amplitude must decay with 
time. The imaginary part of AE when calculated does 
indeed give the correct rate of radiation from atomic 
states. It is zero for the ground state and for a free 
electron. .; 

In the non-relativistic region the expression for AE 
can be worked out as has been done by Bethe." In the 
relativistic region (points 4 and 3 as close together as a 
Compton wave-length) the K,“ which should appear 
in (8) can be replaced to first-order in V by Ky plus 
K,(2, 1) given in I, Eq. (13). The problem is then 
very similar to the radiationless scattering problem 
discussed below. 


‘4, EXPRESSION IN MOMENTUM AND 
ENERGY SPACE 


The evaluation of (9), as well as all the other more 
complicated expressions arising in these problems, is 
very much simplified by working in the momentum and 
energy variables, rather than space and time. For this 
we shall need the Fourier Transform of 6;(s2:”) which is 


~ 84 (sa) = 9! f exp(—ik-xn)k-%d'k, (10) 


which can be obtained from (3) and (5) or from I, 


Eq. (32) noting that J,(2, 1) for m?=0 is 6,(s2:2) from 


H. A. Bethe, Phys. Rev. 72, 339 (1947). 
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Fic. 4. Radiative correction to scattering, momentum space. 


I, Eq. (34): The Rk means (k-k)~ or more precisely 
the limit as 6-0 of (&-k+75)—'. Further d*k means 
(24)-*dkidkodk3dk,. If we imagine that quanta are par- 
ticles of zero mass, then we can make the general rule 
that all poles are to be resolved by considering the 
masses of the particles and quanta to have infinitesimal 
negative imaginary parts. 

Using these results we see that the self-energy (9) is 
the matrix element between w and u of the matrix 


(2/xi) f v(b—k—m)y,k-, (11) 


where we have used the expression (I, Eq. (31)) for the 
Fourier transform of K,. This form for the self-energy 
is easier to work with than is (9). 

The equation can be understood by imagining (Fig. 3) 
that the electron of momentum p emits (y,) a quantum 
of momentum k, and makes its way now with mo- 
mentum p— to the next event (factor (p—k—m)“) 
which is to absorb the quantum (another y,). The 
amplitude of propagation of quanta is k~*. (There is a 
factor e?/mi for each virtual quantum). One integrates 
over all quanta. The reason an electron of momentum p 
propagates as 1/(p—m) is that this operator is the re- 
ciprocal of the Dirac equation operator, and we are 
simply solving this equation. Likewise light goes as 
1/k’, for this is the reciprocal D’Alembertian operator 
of the wave equation of light. The first , represents 
the current which generates the vector potential, while 
the second is the velocity operator by which this poten- 
tial is multiplied in the Dirac equation when an external 
field acts on an electron. 

Using the same line of reasoning, other pottibiens may 
be set up directly in momentum space. For example, 
consider the scattering in a potential A= A,¥, varying 
in space and time as @ exp(—iq-x). An electron initially 
in state of momentum pi=/fi,y, will be deflected to 
state Po where po=fitg. The zero-order answer is 
simply the matrix element of a between states 1 and 2. 
We next ask for the first order (in e”) radiative correc- 
tion due to virtual radiation of one quantum. There are 
several ways this can happen. First for the case illus- 


— 
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Fic. 5. Compton scattering, Eq. (15). 





trated in Fig. 4(a), find the matrix: 


(2/ni) f y.(be k— wi)“ py— hm) 1 Ia. (12) 


For in this case, first’ a quantum of momentum & is 
emitted (y,), the electron then having momentum 
pi—k and hence propagating with factor (f:1—-k—m)-". 
Next it is scattered by the potential (matrix a) receiving 
additional momentum gq, propagating on then (factor 
(p2— k—m)~) with the new momentum until the quan- 
tum is reabsorbed (y,). The quantum propagates from 
emission to absorption (k~*) and we integrate over all 
quanta (d‘k), and sum on polarization yu. When this is 
integrated on 4, the result can be shown to be exactly 
equal to the expressions (16) and (17) given in B for 


the same process, the various terms coming from resi- 


dues of the poles of the integrand (12). 
Or again if the quantum is both emitted and re- 
absorbed before the scattering takes place one finds 


(Fig. 4(b)) 
(e/ni) f a(pr—m)"y,(fr—hk—m)-1y, FAB, (13) 


or if both emission and absorption occur after the 
scattering, (Fig. 4(c)) 


(¢/ni) f a Some eae 


These terms are discussed in detail below. 

We have now achieved our simplification of the form 
of writing matrix elements arising from virtual proc- 
esses. Processes in which a number of real quanta is 


given initially and finally offer no problem (assuming 


correct normalization).. For example, consider the 
Compton effect (Fig. 5(a)) in which an electron in state 
fp: absorbs a quantum of momentum qi, polarization 
vector ¢1, so that its interaction is ¢:,7,=@1, and emits 
a second quantum of momentum —q:, polarization e, 
to arrive in final state of momentum f2. The matrix for 


2 First, next, etc., here refer not to the order in true time but to 
the succession of events along the trajectory of the electron. That 
is, more precisely, to the order of appearance of the matrices in 
the expressions. 
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this process is @2(f:+gi—m)~"e,. The total matrix for 
the Compton effect is, then, 


€2(fi1+qi—m)e:+-e1(pitgo—m)e2, 


the second term arising because the emission of @2 may 
also precede the absorption of e; (Fig. 5(b)). One takes 
matrix elements of this between initial and final electron 
states (f:1+9:1=)f2—Q2), to obtain the Klein Nishina 


(15) 


formula. Pair annihilation with emission of two quanta, 


etc., are given by the same matrix, positron states being 
those with negative time component of p. Whether 
quanta are absorbed or emitted depends on whether the 
time component of q is positive or negative. 


5. THE CONVERGENCE OF PROCESSES WITH 
VIRTUAL QUANTA 


These expressions are, as has been indicated, no more 
than a re-expression of conventional quantum electro- 
dynamics. As a consequence, many of them are mean- 
ingless. For example, the self-energy expression (9) or 
(11) gives an infinite result when evaluated. The infinity 
arises, apparently, from the coincidence of the 6-function 
singularities in K,(4, 3) and 6,(s43”). Only at this point 
is it necessary to make a real departure from conven- 
tional electrodynamics, a departure other than simply 
rewriting expressions in a simpler form. 

We desire to make a modification of quantum electro- 
dynamics analogous to the modification of classical 
electrodynamics described in a previous article, A. 
There the 6(si.”) appearing in the action of interaction 
was replaced by f(si2”) where f(x) is a function of small 
width and great height. 

The obvious corresponding modification in the quan- 
tum theory is to replace the 6,(s?) appearing the 
quantum mechanical interaction by a new function 
f+(s?). We can postulate that if the Fourier trans- 
form of the classical /(s1:") is the integral over all R of 
F(R’) exp(—ik-x12)d‘k, then the Fourier transform of 
f+(s*) is the same integral taken over only positive fre- 
quencies k, for t2>¢, and over only negative ones for 
tg<t, in analogy to the relation of 5,(s?) to 6(s?). The 
function f(s?)= f(x-x) can be written* as 


( . )s ( ) i 4|%4 
f(x x 2a ff since | x |) 
<cos(K-x)dkid*Kg(k-k), 


where g(k-k) is ky! times the density of oscillators and . 


may be expressed for positive ky as (A, Eq. (16)) 
g(he)= J (6(R#)—a08—2))GO)Md, 
0 . 


where fo%G(A)dA=1 and G involves values of A large 
compared to m. This simply means that the amplitude 


* This relation is given incorrectly in A, equation just pre- 
ceding 16. 
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for propagation of quanta of momentum & is 
_F,(B)=1 7 ” et (kB—M)G(A)dd, 
0 
rather than k~. That is, writing F(R’) = —a"k°C(k’), 
— fx (Si?) = a0 f exp(—ik-%12)k°C(R’)d*k. (16) 


Every integral over an intermediate quantum which 
previously involved a factor d*k/k? is now supplied with 
a convergence factor C(k®) where 


C(k) = J ” AG (A)dd. (17) 


The poles are defined by replacing k® by k?+76 in the 
limit 6-0. That is \? may be assumed to have an infini- 
tesimal negative imaginary part. 

The function /,(si.”) may still have a discontinuity 
in value on the light cone. This is of no influence for the 
Dirac electron. For a particle satisfying the Klein 
Gordon equation, however, the interaction involves 
gradients of the potential which reinstates the 6 func- 
tion if f has discontinuities. The condition that f is to 
have no discontinuity in value on the light cone implies 
#°C(k*) approaches zero as k® approaches infinity. In 
terms of G(A) the condition is 


a NG(A)dA=0. (18) 


This condition will also be used in discussing the con- 
vergence of vacuum polarization integrals. 
The expression for the self-energy matrix is now 


(2/xi) f u(b—k—m)y,FRC(R), (19) 


which, since C(k?) falls off at least as rapidly as 1/R’, 
converges. For practical purposes we shall suppose 
hereafter that C(k’) is simply —)?/(k’—)?) implying 
that some average (with weight G(A)dd) over values of 
\ maybe taken afterwards. Since in all processes the 
quantum momentum will be contained in at least one 
extra factor of the form (p/—k—m)~ representing 
propagation of an electron while that quantum is in 
the field, we can expect all such integrals with their 
convergence factors to converge and that the result of 
all such processes will now be finite and definite (ex- 
cepting the processes with closed loops, discussed below, 
in which the diverging integrals are over the momenta 
of the electrons rather than the quanta). 

The integral of (19) with C(k?) = —)?(k?— A?) noting 
that ~?=m?, \>m and dropping terms of order m/), 
is (see Appendix A) 


(e/2m)[4m(In(A/m)+3)—p(In(d/m)+5/4)]. (20) 
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When applied to a state of an electron of momentum p 
satisfying pu=mu, it gives for the change in mass (as 
in B, Eq. (9)) 








Am= m(e?/22)(3 In(A/m)-+- 4). (21) 
6. RADIATIVE CORRECTIONS TO SCATTERING 


We can now complete the discussion of the radiative 
corrections to scattering. In the integrals we include the 
convergence factor C(R’), so that they converge for 
large k. Integral (12) is also not convergent because of 
the well-known infra-red catastrophy. For this reason 
we calculate (as discussed in B) the value of the integral 
assuming the photons to have a small mass Aminm<X. 
The integral (12) becomes 


(ri) f 1s b—m) tap =m) 


X.(R— Amin —dhkC(R— Ranta”), 


which when integrated (see Appendix B) gives (e?/27) 
times 


m 20 
[a(n -1)(1- )+6 tané 
4 r) 
+ f a tanada a 
tan26 0 


1 
+—(ga— aq) 
4m 











20 





+ra, 


sin26 


where (q?)!= 2m sin@ and we have assumed the matrix to 
operate between states of momentum ; and p2=fi+q 
and have neglected terms of order Amin/m, m/d, and 
q’/X. Here the only dependence on the convergence 
factor is in the term ra, where 


r=In(A/m)+9/4—2 In(m/dmin)- (23) 
As we shall see in a moment, the other terms (13), 
(14) give contributions which just cancel the ra term. 
The remaining terms give for small q, 
4q’ 


1 m 3 
(¢/4n) (—(qa—a9) + al i --)), (24) 
2m 3m? Ante 8 





which shows the change in magnetic moment and the 
Lamb shift as interpreted in more detail in B.¥ 


3 That the result given in B in Eq. (19) was in error was re- 
peatedly pointed out to the author, in private communication, 
by V. F. Weisskopf and J. B. French, as their calculation, com- 
pleted simultaneously with the author’s early in 1948, gave a 
different result. French has finally shown that although the ex- 
pression for the radiationless scattering B, Eq. (18) or (24) above 
Is correct, it was incorrectly joined onto Bethe’s non-relativistic 
result. He shows that the relation In2kmax— 1=InAmin used by the 
author should have been In2kmax—5/6=InAmin. This results in 
adding a term — (1/6) to the logarithm in B, Eq. (19) so that the 
result now agrees with that of J. B. French and V. F. Weisskopf, 
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(22) . 
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We must now study the remaining terms (13) and 
(14). The integral on & in (13) can be performed (after 
multiplication by C(k’)) since it involves nothing but 
the integral (19) for the self-energy and the result is. 
allowed to operate on the initial state ,, (so that 
pui1=mu;). Hence the factor following a(p:—m) will 
be just Am. But, if one now tries to expand 1/(p,—m) 
=(f:+m)/(p—m?*) one obtains an infinite result, 
since ~;’=m?*. This is, however, just what is expected 
physically. For the quantum can be emitted and ab- 
sorbed at any time previous to the scattering. Such a 
process has the effect of a change in mass of the electron 
in the state 1. It therefore changes the energy by AE 
and the amplitude to first order in AE by —iAE-¢ where 
t is the time it is acting, which is infinite. That is, the 
major effect of this term would be canceled by the effect 
of change of mass Am. 

The situation can be analyzed in the following 
manner. We suppose that the electron approaching the 
scattering potential @ has not been free for an infinite 
time, but at some time far past suffered a scattering by 
a potential b. If we limit our discussion to the effects 
of Am and of the virtual radiation of one quantum be- 
tween two such scatterings each of the effects will be 
finite, though large, and their difference is determinate. 
The propagation from b to a is represented by a matrix 


a(p’—m)b, (25) 


in which one is to integrate possibly over p’ (depending 
on details of the situation). (If the time is long between 
b and a, the energy is very. nearly determined so that 
p” is very nearly m?.) 

We shall compare the effect on the matrix (25) of the 
virtual quanta and of the change of mass Am. The effect 
of a virtual quantum is 


(¢2/ni) f a(p’—m)y,(p’—k—m)> 


Xvu(p’—m)"bkd*kC(R?), (26) 
while that of a change of mass can be written 
a(p’—m)—'Am(p’—m)~b, (27) 


and we are interested in the difference (26)-(27). A 
simple and direct method of making this comparison is 
just to evaluate the integral on R in (26) and subtract 
from the result the expression (27) where Am is given 
in (21). The remainder can be expressed as a multiple 
—r(p’”) of the unperturbed amplitude (25); 


—r(p”)a(p’—m)—. (28) 


This has the same result (to this order) as replacing 
the potentials a and b in (25) by (1—$r(p”))a@ and 


Phys. Rev. 75, 1240 (1949) and N. H. Kroll and W. E. Lamb, 
Phys. Rev. 75, 388 (1949). The author feels unhappily responsible 
for the very considerable delay in the publication of French’s 
result occasioned by this error. This footnote is appropriately 
numbered. 















(1—4r(p”))b. In the limit, then, as p’—m? the net 
effect on the scattering is —3ra where r, the limit of 
r(p’?) as p’—»m? (assuming the integrals have an infra- 
red cut-off), turns out to be just equal to that given in 
(23). An equal term —}ra arises from virtual transitions 
after the scattering (14) so that the entire ra term in 
(22) is canceled. 

The reason that r is just the value of (12) when g?=0 
can also be seen without a direct calculation as follows: 
Let us call p the vector of length m in the direction of 
P’ so that if p”=m/(1+«)? we have p’=(1+)p and we 
take € as very small, being of order J—! where T is the 
time between the scatterings b and a. Since (p’—m)= 
= (p’-+m)/(p?—m?) = (p+ m)/2m’e, the quantity (25) 
is of order e~ or T. We shall compute corrections to it 
only to its own order (e~) in the limit e-0. The term 
(27) can be written approximately" as 


(2/xi) f a(p’—m),(p—k—m) 
X yu(p’ —m)—bk-d*kC (R’), 


using the expression (19) for Am. The net of the two 
effects is therefore approximately® 


—(¢/ri) f a(p’—m)-"y,(p—k—m)“ep(p—k—m) 
X yu(p’—m)—bk-d*kC (R?), 


a term now of order 1/e (since (p’—m)—!=(p+m) 
XX (2m?e)—) and therefore the one desired in the limit. 
Comparison to (28) gives for r the expression 


(bat-m/2m) f y6(b — k—m)—(pym") (pi— R—m) 
X yuk dtkC (2). (29) 


The integral can be immediately evaluated, since it 
is the same as the integral (12), but with g=0, for a 
replaced by p:/m. The result is therefore r-(p;/m) 
which when acting on the state 1 is just 7, as Pim = m1. 
For the same reason the term (f:-+m)/2m in (29) is 
effectively 1 and we are left with —r of (23). 

In more complex problems starting with a free elec- 


14 The expression is not exact because the substitution of Am 
by the integral in (19) is valid only if p operates on a state such 
that p can be replaced by m. The error, however, is of order 
a(p'—m)-"(p—m)(p’—m)"b_ which is a((1+e)p+m)(p—m) 
X ((i+6)p+m) p(2e+e)?*m—. But since ~?= m?, we have p(p—m) 
=—m(p—m)=(p—m)p so the net result is approximately 
a(p—m)b/4m? and is not of order 1/e but smaller, so that its effect 
drops out in the limit. 

1° We have used, to first order, the general expansion (valid for 
any operators A, B) 

(A+B)7=A1—A“BA+A4BA1BA1—... 


with A=p—k—m and B=p'’—p=ep to expand the difference of 
(p’— k—m)™ and (p—k—m)=. 

16 The renormalization terms appearing B, Eqs. (14), (15) when 
translated directly into the present notation do not give twice 
(29) but give this expression with the central p:m=! factor replaced 
by my./E, where E:= p,, for «=4. When integrated it therefore 
gives ra((pit-m)/2m)(my./E:) or ra—ra(my./E:)(pi—m)/2m. 
(Since piys+ spi= 2£;) which gives just ra, since pimi= muy. 
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tron the same type of term arises from the effects of a 
virtual emission and absorption both previous to the 
other processes. They, therefore, simply lead to the 
same factor r so that the expression (23) may be used 
directly and these renormalization integrals need not 
be computed afresh for each problem. 

In this problem of the radiative corrections to scatter- 
ing the net result is insensitive to the cut-off. This 
means, of course, that by a simple rearrangement of 
terms previous to the integration we could have avoided 
the use of the convergence factors completely (see for 
example Lewis!’). The problem was solved in the 
manner here in order to illustrate how the use of such 
convergence factors, even when they are actually un- 
necessary, may facilitate analysis somewhat by remov- 
ing the effort and ambiguities that may be involved in 
trying to rearrange the otherwise divergent terms. 

The replacement of 4; by f; given in (16), (17) is 
not determined by the analogy with the classical prob- 
lem. In the classical limit only the real part of 6, (i.e., 
just 6) is easy to interpret. But by what should the 
imaginary part, 1/(zis?), of 5, be replaced? The choice 
we have made here (in defining, as we have, the location 
of the poles of (17)) is arbitrary and almost certainly 
incorrect. If the radiation resistance is calculated for 
an atom, as the imaginary part of (8), the result de- 
pends slightly on the function f,. On the other hand the 
light radiated at very large distances from a source is 
independent of f,. The total energy absorbed by distant 
absorbers will not check with the energy loss of the 
source. We are in a situation analogous to that in the 
classical theory if the entire f function is made to 
contain only retarded contributions (see A, Appendix). 
One desires instead the analogue of (F);et of A. This 
problem is being studied. 

One can say therefore, that this attempt to find a 
consistent modification of quantum electrodynamics is 
incomplete (see also the question of closed loops, below). 
For it could turn out that any correct form of f, which 
will guarantee energy conservation may at the same 
time not be able to make the self-energy integral finite. 
The desire to make the methods of simplifying the 
calculation of quantum electrodynamic processes more 
widely available has prompted this publication before 
an analysis of the correct form for f; is complete. One 
might try to take the position that, since the energy 
discrepancies discussed vanish in the limit A, the 
correct physics might be considered to be that obtained 
by letting A—>°0 after mass renormalization. I have no 
proof of the mathematical consistency of this procedure, 
but the presumption is very strong that it is satisfac- 
tory. (It is also strong that a satisfactory form for f, 
can be found.) 


7. THE PROBLEM OF VACUUM POLARIZATION 
In the analysis of the radiative corrections to scatter- 


ing one type of term was not considered. The potential 


17H. W. Lewis, Phys. Rev. 73, 173 (1948). 
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which we can assume to vary as a, exp(—ig-x) creates 
a pair of electrons (see Fig. 6), momenta pa, — fp». This 
pair then reannihilates, emitting a quantum g= p,— pa, 
which quantum scatters the original electron from state 
1 to state 2. The matrix element for this process (and 
the others which can be obtained by rearranging the 
order in time of the various events) is 


—(2/xi) (dey) f SoC (bet q—m) 


XYo(ba—m)*yy Jd pag *C(G)ar. (30) 


This is because the potential produces the pair with 
amplitude proportional to a,y,, the electrons of mo- 
menta fp, and —(f.+q) proceed from there to annihi- 
late, producing a quantum (factor y,) which propagates 
(factor g~*C(g’)) over to the other electron, by which 
it is absorbed (matrix element of y, between states 1 
and 2 of the original electron (w27,#1)). All momenta p, 
and spin states of the virtual electron are admitted, 
which means the spur and the integral on d‘p, are 
calculated. 

One can imagine that the closed loop path of the 
positron-electron produces a current 


Anju=J pdr, (31) 


which is the source of the quanta which act on the 
second electron. The quantity 


ele f spl(pt+q—m) 


Xy(p—m)-y,]d*p, (32) 


is then characteristic for this problem of polarization 
of the vacuum. 

One sees at once that J,, diverges badly. The modifi- 
cation of 6 to f alters the amplitude with which the 
current 7, will affect the scattered electron, but it can 
do nothing to prevent the divergence of the integral (32) 
and of its effects. 

One way to avoid such difficulties is apparent. From 
one point of view we are considering all routes by which 
a given electron can get from one region of space-time 
to another, i.e., from the source of electrons to the 
apparatus which measures them. From this point of 
view the closed loop path leading to (32) is unnatural. 
It might be assumed that the only paths of meaning are 
those which start from the source and work their way 
in a continuous path (possibly containing many time 
reversals) to the detector. Closed loops would be ex- 
cluded. We have already found that this may be done 
for electrons moving in a fixed potential. 

Such a suggestion must meet several questions, how- 
ever. The closed loops are a consequence of the usual 
hole theory in electrodynamics. Among other things, 
they are required to keep probability conserved. The 
probability that no pair is produced by a potential is 





Fic. 6. Vacuum polarization ef- 
fect on scattering, Eq. (30). 





not unity and its deviation from unity arises from the 
imaginary part of J,,. Again, with closed loops ex- 
cluded, a pair of electrons once created cannot annihi- 
late one another again, the scattering of light by light 
would be zero, etc. Although we are not experimentally 
sure of these phenomena, this does seem to indicate 
that the closed loops are necessary. To be sure, it is 
always possible that these matters of probability con- 
servation, etc., will work themselves out as simply in 
the case of interacting particles as for those in a fixed 
potential. Lacking such a demonstration the presump- 
tion is that the difficulties of vacuum polarization are 
not so easily circumvented.® 

An alternative procedure discussed in B is to assume 
that the function K,(2, 1) used above is incorrect and 
is to be replaced by a modified function K,’ having no 
singularity on the light cone. The effect of this is to 
provide a convergence factor C(p’—m?*) for every inte- 
gral over electron momenta.” This will multiply the 
integrand of (32) by C(~?—m)C((p+-q)*—m’), since the 
integral was originally 5(pa—fo+q)d*pad‘p, and both 
pa and p, get convergence factors. The integral now 
converges but the result is unsatisfactory.” 

One expects the current (31) to be conserved, that ‘iis 
Quju=O0 or guJy»=0. Also one expects no current if a, 
is a gradient, or a,=q, times a constant. This leads to 
the condition J,,g,=0 which is equivalent to ¢,J,,=0 
since J,, is symmetrical. But when the expression (32) 
is integrated with such convergence factors it does not 
satisfy this condition. By altering the kernel from K to 
another, K’, which does not satisfy the Dirac equation 
we have lost the gauge invariance, its consequent cur- 
rent conservation and the general consistency of the 
theory. 

One can see this best by calculating J,,q, directly 
from (32). The expression within the spur becomes 
(p+q—m)-'q(p—m)-y, which can be written as the 
difference of two terms: (P—m)—y,—(p+q—m)—4,. 
Each of these terms would give the same result if the 
integration d‘p were without a convergence factor, for 


1% It would be very interesting to calculate the Lamb shift 
accurately enough to be sure that the 20 megacycles expected 
from vacuum polarization are actually present. 

19 This technique also makes self-energy and radiationless scat- 
tering integrals finite even without the modification of 5, to f, for 
the radiation (and the consequent convergence factor. C(k*) for 
the quanta). See B. 

20 Added to the terms given below (33) there is a term 
1(\3— 2y?+-4¢q")5y» for C(R*) = —d?(K’—*)“1, which is not gauge 
invariant. (In addition the charge renormalization has — 7/6 added 
to the logarithm.) 
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the first can be converted into the second by a shift of 
the origin of p, namely p’= p+. This does not result 
in cancelation in (32) however, for the convergence 
factor is altered by the substitution. 

A method of making (32) convergent without spoiling 
the gauge invariance has been found by Bethe and by 
Pauli. The convergence factor for light can be looked 
upon as the result of superposition of the effects of 
quanta of various masses (some contributing nega- 
tively). Likewise if we take the factor C(p’—m?) 
=—)(p?—m’—)?)" so that (p—m?)'C(p’—m?) 
= (p’—m’)—— (p’—m’?—)?)— we are taking the differ- 
ence of the result for electrons of mass m and mass 
(\?-+m?)?. But we have taken this difference for each 
propagation between interactions with photons. They 
suggest instead that once created with a certain mass 
the electron should continue to propagate with this 
mass through all the potential interactions until it 
closes its loop. That is if the quantity (32), integrated 
over some finite range of p, is called J,,(m?) and the 
corresponding quantity over the same range of p, but 
with m replaced by (m?+-)’*)! is J,,(m?+?) we should 
calculate 


iipe f [Fur(m®)—JSyo(mP+-r2)1G(r)dr, (32’) 
0 


the function G(A) satisfying fo*G(A)d\=1 and 
JSo”G(A)\’dA=0. Then in the expression for J,,” the 
range of p integration can be extended to infinity as the 
integral now converges. The result of the integration 
using this method is the integral on dd over G(A) of 
(see Appendix C) 

e 


i 
J wv? = ——(Quqv— 5 rq’) ( pit get 
7 3 mm 


4m?+-2q° 6 1 
{54(-24) « 
3q° tand/ 9 


with g?= 4m? sin’6. 

The gauge invariance is clear, since gu(qugo— @’5y») =0. 
Operating (as it always will) on a potential of zero 
divergence the (9,9,—6,,.g")a, is simply —q’a,, the 
D’Alembertian of the potential, that is, the current pro- 
ducing the potential. The term —43(In(A?/m?))(q,q, 
—q’é,,) therefore gives a current proportional to the 
current producing the potential. This would have the 
same effect as a change in charge, so that we would have 
a difference A(e*) between e? and the experimen- 
tally observed charge, e’+A(e?), analogous to the dif- 
ference between m and the observed mass. This charge 
depends logarithmically on the cut-off, A(é)/e= 
— (2e?/32) In(A/m). After this renormalization of charge 
is made, no effects will be sensitive to the cut-off. 

After this is done the final term remaining in (33), 
contains the usual effects”! of polarization of the vacuum. 


#1. A. Uehling, Phys. Rev. 48, 55 (1935), R. Serber, Phys. 
Rev. 48, 49 (1935). 
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It is zero for a free light quantum (q?=0). For small gq? 
it behaves as (2/15)g? (adding — to the logarithm in 
the Lamb effect). For g?>(2m)? it is complex, the 
imaginary part representing the loss in amplitude re- 
quired by the fact that the probability that no quanta 
are produced by a potential able to produce pairs 
((g?)*> 2m) decreases with time. (To make the neces- 
sary analytic continuation, imagine m to have a small 
negative imaginary part, so that (1—g’/4m?)! becomes 
—i(g?/4m?—1)} as gq’ goes from below to above 4m?. 
Then 0=2/2+iu where sinhu=+(q?/4m?—1)}, and 
—1/tané=i tanhu=+i(g?—4m?)}(q?)-}.) 

Closed loops containing a number of quanta or poten- 
tial interactions larger than two produce no trouble. 
Any loop with an odd number of interactions gives zero 
(I, reference 9). Four or more potential interactions give 
integrals which are convergent even without a con- 
vergence factor as is well known. The situation is 
analogous to that for self-energy. Once the simple 
problem of a single closed loop is solved there are 
no further divergence difficulties for more complex 
processes.” 


8. LONGITUDINAL WAVES 


In the usual form of quantum electrodynamics the 
longitudinal and transverse waves are given separate 
treatment. Alternately the condition (0A,/dx,)V¥=0 is 
carried along as a supplementary condition. In the 
present form no such special considerations are neces- 
sary for we are dealing with the solutions of the equation 
—({_PA,=47j, with a current 7, which is conserved 
0j,/0x,=0. That means at least [_}*(0A,/dx,)=0 and 
in fact our solution also satisfies 0A,/dx,=0. 

To show that this is the case we consider the ampli- 
tude for emission (real or virtual) of a photon and show 
that the divergence of this amplitude vanishes. The 
amplitude for emission for photons polarized in the u 
direction involves matrix elements of y,. Therefore 
what we have to show is that the corresponding matrix 
elements of g,7y,=q vanish. For example, for a first 
order effect we would require the matrix element of ¢ 
between two states ~, and po=fitg. But since 
q=p2—pi and (tepiu1) = m(ti2tt;) = (to pPots) the, matrix 
element vanishes, which proves the contention in this 
case. It also vanishes in more complex situations (essen- 
tially because of relation (34), below) (for example, try 
putting @.=q@2 in the matrix (15) for the Compton 
Effect). 

To prove this in general, suppose a;, i=1 to NV are a 
set of plane wave disturbing potentials carrying mo- 
menta q; (e.g., some may be emissions or absorptions of 
the same or different quanta) and consider a matrix for 
the transition from a state of momentum fp to py such 


2 There are loops completely without external interactions. For 
example, a pair is created virtually along with a photon. Next they 
annihilate, absorbing this photon. Such loops are disregarded on 
the grounds that they do not interact with anything and are 
thereby completely unobservable. Any indirect effects they may 
have via the exclusion principle have already been included. 
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as @y [].-1"—! (pi—m) a; where p;= p_1+ q; (and in the 
product, terms with larger i are written to the left). 
The most general matrix element is simply a linear 
combination of these. Next consider the matrix be- 
tween states pp and py+q in a situation in which not 
only are the a; acting but also another potential 
a exp(—iq-x) where a= q. This may act previoustoalla;, 
in which case it gives avy] (fp: +q—m)—a:(po+q—m)—q 
which is equivalent to +ay]][(f:+q—m)-"a; since 
+(potq—m)"q is equivalent to (fotq—m)" 
X(po+q—m) as Po is equivalent to m acting on the 
initial state. Likewise if it acts after all the potentials 
it gives g(py—m)—an] [(p:—m)—a; which is equivalent 
to —an|[(pi—m)—"a; since py-+q—m gives zero on the 
final state. Or again it may act between the potential 
a, and @;41 for each k. This gives 


N-1 N-1 
> av II (it+q—m)"a(pr+q—m) 
k=1 t=k+1 
k—1 
Xq(p.—m)—ax TT (p;—m)-1a;. 
7=1 
However, 


(pi tq—m)"q(pr.—m) 
=(p.—m)*—(pitq—m), (34) 


so that the sum breaks into the difference of two sums, 
the first of which may be converted to the other by the 
replacement of k by k—1. There remain only the terms 
from the ends of the range of summation, 


N-1 N-1 
+ay IJ (p:—m)—a;—ay [I ($i: +q—m)""a;. 
i=1 i=1 


These cancel the two terms originally discussed so that 
the entire effect is zero. Hence any wave emitted will 
satisfy 0A,/0x,=0. Likewise longitudinal waves (that 
is, waves for which A,=0¢/dx, or a=q) cannot be 
absorbed and will have no effect, for the matrix ele- 
ments for emission and absorption are similar. (We 
have said little more than that a potential A,=09/0x, 
has no effect on a Dirac electron since a transformation 
y’=exp(—i¢)y removes it. It is also easy to see in 
coordinate representation using integrations by parts.) 

This has a useful practical consequence in that in 
computing probabilities for transition for unpolarized 
light one can sum the squared matrix over all four 
directions rather than just the two special polarization 
vectors. Thus suppose the matrix element for some 
process for light polarized in direction e, is e,M,. If the 
light has wave vector g, we know from the argument 
above that g,M,=0. For unpolarized light progress- 
ing in the z direction we would ordinarily calculate 
M?+M,,?. But wecanas well sum M?7+M,2+M?7-—M? 
for q,M, implies M;=M, since g:=q, for free quanta. 
This shows that unpolarized light is a relativistically 
invariant concept, and permits some simplification in 
computing cross sections for such light. 
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Incidentally, the virtual quanta interact through 
terms like y,---y,k-*d*k. Real processes correspond to 
poles in the formulae for virtual processes. The pole 
occurs when k’=0, but it looks at first as though in the 
sum on all four values of yu, of y,---y, we would have 
four kinds of polarization instead of two. Now it is clear 
that only two perpendicular to & are effective. 

The usual elimination of longitudinal and scalar vir- 
tual photons (leading to an instantaneous Coulomb 
potential) can of course be performed here too (although 
it is not particularly useful). A typical term in a virtual 
transition is y,---y,kd*k where the --- represent 
some intervening matrices. Let us choose for the values 
of yu, the time /, the direction of vector part K, of k, 
and two perpendicular directions 1, 2. We shall not 
change the expression for these two 1, 2 for these are 
represented by transverse quanta. But we must find 
(ye---¥)—(¥K"**YK). Now k=kiy:—Kvyg, where 
K=(K-K)!, and we have shown above that k replacing 
the y, gives zero. Hence Kx is equivalent to kay; and 


(yer + ve) — (¥K° + YK) = ((K?—k?)/K*) (ve + +2), 


so that on multiplying by k-*d'k=d'k(k2— K*)— the net 
effect is —(y:°--z)d*k/K?. The +: means just scalar 
waves, that is, potentials produced by charge density. 
The fact that 1/K? does not contain k, means that kg 
can be integrated first, resulting in an instantaneous 
interaction, and the d*K/K? is just the momentum 
representation of the Coulomb potential, 1/r. 


9. KLEIN GORDON EQUATION 


The methods may be readily extended to particles of | 
spin zero satisfying the Klein Gordon equation,” 


L Py—m*y=id(A uv)/ Oxy +1A ,0y/dx,—A A pW. 


%3 A little more care is required when both y,’s act on the same 
particle. Define x=kyy:+Kvx, and consider (R---x)+(x---R). 
Exactly this term would arise if a system, acted on by potential x 
carrying momentum — k, is disturbed by an added potential R of 
momentum + (the reversed sign of the momenta in the inter- 
mediate factors in the second term x--- has no effect since we 
will later integrate over all k). Hence as shown above the result is 
zero, but since (R---x)+(x---k)=h2(ve- > +11) —K*(vK- + - YK) 
we can still conclude (yg: +: vK) =Rk?@K(v:°--v2)- 

* The equations discussed in this section were deduced from the 
formulation of the Klein Gordon equation given in reference 5, 
Section 14. The function y in this section has only one component 
and is not a spinor. An alternative formal method of making the 
equations valid for spin zero and also for spin 1 is (presumably) 
by use of the Kemmer-Duffin matrices 8,, satisfying the commu- 


tation relation 
BuByBot+ BoB By on SyvBo+ SoyBu- 


If we interpret @ to mean a,,, rather than ¢y7,, for any dy, all 
of the equations in momentum space will remain formally identical 
to those for the spin 1/2; with the exception of those in which a 
denominator (p—m)=! has been rationalized to (p-++m)(p?—m?*)™ 
since p? is no longer equal to a number, p-p. But p* does equal 
(p-p)p so that (p—m)-! may now be interpreted as (mp+-m* 
+p’—p-p)(p-p—m*)"'m. This implies that equations in co- 
ordinate space will be valid of the function K,(2, 1) is given as 
K,(2, 1)=[(é¥2-+-m) —m-(V2+ 02) iT ,(2, 1) with Ve=By0/ O22. 
This is all in virtue of the fact that the many component wave 
function y (5 components for spin 0, 10 for spin 1) satisfies 
(iV—m)y= Ay which is formally identical to the Dirac Equation. 
See W. Pauli, Rev. Mod. Phys. 13, 203 (1940). 


(35) 
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The important kernel is now J,(2, 1) defined in (I, Eq. 
(32)). For a free particle, the wave function y/(2) satisfies 
+L Py—m*y=0. At a point, 2, inside a space time region 
it is given by 


H2= f [v)ar.@, D/an, 
— (Oy /dx1,)I4(2, 1)JNV,(1)@Vi, 


(as is readily shown by the usual method of demon- 
strating Green’s theorem) the integral being over an 
entire 3-surface boundary of the region (with normal 
vector V,). Only the positive frequency components of 
y contribute from the surface preceding the time corre- 
sponding to 2, and only negative frequencies from the 
surface future to 2. These can be interpreted as electrons 
and positrons in direct analogy to the Dirac case. 

The right-hand side of (35) can be considered as a 
source of new waves and a series of terms written down 
to represent matrix elements for processes of increasing 
order. There is only one new point here, the term in 
A,A, by which two quanta can act at the same time. 
As an example, suppose three quanta or potentials, 
ay exp(—iga:x), b, exp(—igy-x), and c, exp(—ig--x) are 
to act in that order on a particle of original momentum 
Pou so that pa=potga. and po=patqs; the final mo- 
mentum being p.=~s+q-. The matrix element is the 
sum of three terms (f’=,,) (illustrated in Fig. 7) 


(pe C+ po-c)(pr’—m’)“"(po- b+ pa-b) 

xX (pa’—m?)"(pa- a+ po: a) (36) 
— (pe-c+ po-c)(po’—m*)“"(b- a) | 
— (c-b)(p.?—m?) "(pa a+ po- a). 


The first comes when each potential acts through the 
perturbation i10(A,)/dx,+iA,0~/dx,. These gradient 
operators in momentum space mean respectively the 
momentum after and before the potential A, operates. 
The second term comes from 8, and a, acting at the 
same instant and arises from the A,A, term in (a). 
Together 5, and a, carry momentum gsy+day so that 
after b-a operates the momentum is po+@atQ> or pp». 
The final term comes from c, and b, operating together 
in a similar manner. The term A,A, thus permits a new 
type of process in which two quanta can be emitted (or 
absorbed, or one absorbed, one emitted) at the same 
time. There is no a-c term for the order a, b, c we have 
assumed. In an actual problem there would be other 
terms like (36) but with alterations in the order in 
which the quanta a, b, c act. In these terms a-c would 
appear. 

As a further example the self-energy of a particle of 
momentum , is 


(2/2xim) f [(2p—2),((p— k)*—m?) 
x (2p—k)u— Sup ld*kk-C(k’), 


where the 6,,=4 comes from the A,A, term and repre- 
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sents the possibility of the simultaneous emission and 
absorption of the same virtual quantum. This integral 
without the C(k’) diverges quadratically and would not 
converge if C(k?)= —)?/(k’—A?). Since the interaction 
occurs through the gradients of the potential, we must 
use a stronger convergence factor, for example C(R?) 
=)\4(k?—)?)-2, or in general (17) with /o°\°G(A)dA=0. 
In this case the self-energy converges but depends 
quadratically on the cut-off \ and is not necessarily 
small compared to m. The radiative corrections to 
scattering after mass renormalization are insensitive to 
the cut-off just as for the Dirac equation. 

When there are several particles one can obtain Bose 
statistics by the rule that if two processes lead to the 
same state but with two electrons exchanged, their 
amplitudes are to be added (rather than subtracted as 
for Fermi statistics). In this case equivalence to the 
second quantization treatment of Pauli and Weisskopf 
should be demonstrable in a way very much like that 
given in J (appendix) for Dirac electrons. The Bose 
statistics mean that the sign of contribution of a closed 
loop to the vacuum polarization is the opposite of what 
it is for the Fermi case (see I). It is (fp>=f.+q) 


e 


2rim 





J w= Jf Ceo Pan) (port Pav) (pa? — m*)— 


X (ps2— mM?) — 8 yo Pa2— m?)-} 
—byo(b—mt)-"]d'p, 
giving, 


“a o ‘ fo ? a (i 6 ) 
y =—\9udr— Our )} — in amc 
ge hh a ee ae tané 





the notation as in (33). The imaginary part for (g”)!> 2m 
is again positive representing the loss in the probability 
of finding the final state to be a vacuum, associated with 
the possibilities of pair production. Fermi statistics 
would give a gain in probability (and also a charge 
renormalization of opposite sign to that expected). 


Fic. 7. Klein-Gordon particle in three potentials, Eq. (36). 
The coupling to the electromagnetic field is now, for example, 
po'4+ pa-a, and a new possibility arises, (b), of simultaneous inter- 
action with two quanta a-b. The propagation factor is now 
(p-p—m?)— for a particle of momentum ,. 
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10. APPLICATION TO MESON THEORIES 


The theories which have been developed to describe 
mesons and the interaction of nucleons can be easily 
expressed in the language used here. Calculations, to 
lowest order in the interactions can be made very easily 
for the various theories, but agreement with experi- 
mental results is not obtained. Most likely all of our 
present formulations are quantitatively unsatisfactory. 
We shall content ourselves therefore with a brief sum- 
mary of the methods which can be used. 

The nucleons are usually assumed to satisfy Dirac’s 
equation so that the factor for propagation of a nucleon 
of momentum p is (p— _M)— where M is the mass of the 
nucleon (which implies that nucleons can be created in 
pairs). The nucleon is then assumed to interact with 
mesons, the various theories differing in the form as- 
sumed for this interaction. 

First, we consider the case of neutral mesons. The 
theory closest to electrodynamics is the theory of vector 
mesons with vector coupling. Here the factor for emis- 
sion or absorption of a meson is gy, when this meson is 
“polarized” in the yw direction. The factor g, the 
“mesonic charge,” replaces the electric charge e. The 
amplitude for propagation of a meson of momentum gq 
in intermediate states is (q?— y?)—! (rather than g~ as it 
is for light) where u is the mass of the meson. The neces- 
sary integrals are made finite by convergence factors 
C(q’— 1’) as in electrodynamics. For scalar mesons with 
scalar coupling the only change is that one replaces the 
7, by 1 in emission and absorption. There is no longer 
a direction of polarization, u, to sum upon. For pseudo- 
scalar mesons, pseudoscalar coupling replace y, by 
Ys=1YzYy¥zyt- For example, the self-energy matrix of 
a nucleon of momentum in this theory is 


(¢/i) [ lb R— Mya RCE nC 1. 


Other types of meson theory result from the replace- 
ment of y, by other expressions (for example by 
3(YuY»— YY) With a subsequent sum over all u and » 
for virtual mesons). Scalar mesons with vector coupling 
result from the replacement of y, by u~'g where gq is the 
final momentum of the nucleon minus its initial mo- 
mentum, that is, it is the momentum of the meson if 
absorbed, or the negative of the momentum of a meson 
emitted. As is well known, this theory with neutral 
mesons gives zero for all processes, as is proved by our 
discussion on longitudinal waves in electrodynamics. 
Pseudoscalar mesons with pseudo-vector coupling corre- 
sponds to y, being replaced by uysq while vector 
mesons with tensor coupling correspond to using 
(2u)—“"(vud—Qvu). These extra gradients involve the 
danger of producing higher divergencies for real proc- 
esses. For example, sq gives a logarithmically divergent 
interaction of neutron and electron.** Although these 


divergencies can be held by strong enough convergence 


*6 M. Slotnick and W. Heitler, Phys. Rev. 75, 1645 (1949). 
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factors, the results then are sensitive to the method used 
for convergence and the size of the cut-off values of X. 
For low order processes u~'y3q is equivalent to the 
pseudoscalar interaction 2Mu-y; because if taken be- 
tween free particle wave functions of the nucleon of 
momenta p; and f2=f1+q, we have 


(GaysqQus) = (Ueys(p2— pr)ur) = — (Topoystr) 
— (ey spi) = — 2M (tiayst1) 


since ys; anticommutes with p2 and 2 operating on the 
state 2 equivalent to M as is p; on the state 1. This. 
shows that the y; interaction is unusually weak in the 
non-relativistic limit (for example the expected value 
of +s for a free nucleon is zero), but since y;?=1 is not 
small, pseudoscalar theory gives a more important inter- 
action in second order than it does in first. Thus the 
pseudoscalar coupling constant should be chosen to fit 
nuclear forces including these important second order 
processes.” The equivalence of pseudoscalar and pseudo- 
vector coupling which holds for low order processes 
therefore does not hold when the pseudoscalar theory 
is giving its most important effects. These theories will 
therefore give quite different results in the majority of 
practical problems. 

In calculating the corrections to scattering of a nu- 
cleon by a neutral vector meson field (y,) due to the 
effects of virtual mesons, the situation is just as in 
electrodynamics, in that the result converges without 
need for a cut-off and depends only on gradients of the 
meson potential. With scalar (1) or pseudoscalar (7s) 
neutral mesons the result diverges logarithmically and 
so must be cut off. The part sensitive to the cut-off, 
however, is directly proportional to the meson poten- 
tial. It may thereby be removed by a renormalization 
of mesonic charge g. After this renormalization the re- 
sults depend only on gradients of the meson potential 
and are essentially independent of cut-off. This is in 
addition to the mesonic charge renormalization coming 
from the production of virtual nucleon pairs by a meson, 
analogous to the vacuum polarization in electro- 
dynamics. But here there is a further difference from 
electrodynamics for scalar or pseudoscalar mesons in 
that the polarization also gives a term in the induced 
current proportional to the meson potential representing 
therefore an additional renormalization of the mass of 
the meson which usually depends quadratically on the 
cut-off. 

Next consider charged mesons in the absence of an 
electromagnetic field. One can introduce isotopic spin 
operators in an obvious way. (Specifically replace the 
neutral y5, say, by rvys and sum over i=1, 2 where 
™m1=14+1_, T2=i(7,—7_) and 7, changes neutron to 
proton (7; on proton=0) and: 7r_ changes proton to 
neutron.) It is just as easy for practical problems simply 
to keep track of whether the particle is a proton or a 
neutron on a diagram drawn to help write down the 


% H. A. Bethe, Bull. Am. Phys. Soc. 24, 3, Z3 (Washington, 
1949). 








784 


matrix element. This excludes certain processes. For 
example in the scattering of a negative meson from qi 
to g2 by a neutron, the meson g2 must be emitted first 
(in order of operators, not time) for the neutron cannot 
absorb the negative meson q; until it becomes a proton. 
That is,in comparison to the Klein Nishina formula (15), 
only the analogue of second term (see Fig. 5(b)) would 
appear in the scattering of negative mesons by neu- 
trons, and only the first term (Fig. 5(a)) in the neutron 
scattering of positive mesons. 

The source of mesons of a given charge is not con- 
served, for a neutron capable of emitting negative me- 
sons may (on emitting one, say) become a proton no 
longer able to do so. The proof that a perturbation q 
gives zero, discussed for longitudinal electromagnetic 
waves, fails. This has the consequence that vector me- 
sons, if represented by the interaction , would not 
satisfy the condition that the divergence of the poten- 
tial is zero. The interaction is to be taken” as y,—uq,uq 
in emission and as y, in absorption if the real emission 
of mesons with a non-zero divergence of potential is to 
be avoided. (The correction term u~*g,q gives zero in 
the neutral case.) The asymmetry in emission and ab- 
sorption is only apparent, as this is clearly the same 
thing as subtracting from the original y,---7,, a term 
u?q---+q. That is, if the term —y-*g,g is omitted the 
resulting theory describes a combination of mesons of 
spin one and spin zero. The spin zero mesons, coupled 
by vector coupling g, are removed by subtracting the 
term ug: --q. 

The two extra gradients g---q make the problem of 
diverging integrals still more serious (for example the 
interaction between two protons corresponding to the 
exchange of two charged vector mesons depends quad- 
ratically on the cut-off if calculated in a straightforward 
way). One is tempted in this formulation to choose 
simply y,y:-:7y, and accept the admixture of spin zero 
mesons. But it appears that this leads in the conven- 
tional formalism to negative energies for the spin zero 
component. This shows one of the advantages of the 


*7 The vector meson field potentials y, satisfy 
at 0/dx,(d¢,/dx,— d¢y,/ Oxy) —2 y= —Arnsy, 


where s,, the source for such mesons, is the matrix element of 
Yu between states of neutron and proton. By taking the divergence 
0/dx, of both sides, conclude that d¢,/dx,=4ryds,/dx, so that 
the original equation can be rewritten as 


Og — vw oy= —4x(syt+u?d/dx,y(ds,/dx,)). 


The right hand side gives in momentum representation y, 
—«*Qugy7> the left yields the (g?— y?)~ and finally the interaction 
Su¢u in the Lagrangian gives the 7, on absorption. 

Proceeding in this way find generally that particles of spin one 
can be represented by a four-vector uy (which, for a free particle 
of momentum g satisfies g-w=0). The propagation of virtual 
particles of momentum g from state*» to yw is represented by 
multiplication by the 4~4 matrix (or tensor) Pyuy=(8y»—“*qugv) 
X (g’—u*)~1. The first-order interaction (from the Proca equation) 
with an electromagnetic potential @ exp(—ik-x) corresponds to 
multiplication by the matrix Ey,=(g2-a¢+491°@)5y»—Q2v8p— Qipdy 
where g; and g2=q:+k are the momenta before and after the 
interaction. Finally, two potentials a, b may act simultaneously, 
with matrix E’y»=—(a-b)5y,+byay. 
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method of second quantization of meson fields over the 
present formulation. There such errors of sign are obvi- 
ous while here we seem to be able to write seemingly 
innocent expressions which can give absurd results. 
Pseudovector mesons with pseudovector coupling corre- 
spond to using ys(y,.—°quq) for absorption and sy, 
for emission for both charged and neutral mesons. 

In the presence of an electromagnetic field, whenever 
the nucleon is a proton it interacts with the field in the 
way described for electrons. The meson interacts in the 
scalar or pseudoscalar case as a particle obeying the 
Klein-Gordon equation. It is important here to use the 
method of calculation of Bethe and Pauli, that is, a 
virtual meson is assumed to have the same “‘mass” dur- 
ing all its interactions with the electromagnetic field. 
The result for mass » and for (u?+?) are subtracted 
and the difference integrated over the function G(A)dd. 
A separate convergence factor is not provided for each 
meson propagation between electromagnetic interac- 
tions, otherwise gauge invariance is not insured. When 
the coupling involves a gradient, such as sq where q is 
the final minus the initial momentum of the nucleon, 
the vector potential A must be subtracted from the 
momentum of the proton. That is, there is an additional 
coupling +~75A (plus when going from proton to neu- 
tron, minus for the reverse) representing the new possi- 
bility of a simultaneous emission (or absorption) of 
meson and photon. 

Emission of positive or absorption of negative virtual 
mesons are represented in the same term, the sign of the 
charge being determined by temporal relations as for 
electrons and positrons. 

Calculations are very easily carried out in this way 
to lowest order in g’ for the various theories for nucleon 
interaction, scattering of mesons by nucleons, meson 
production by nuclear collisions and by gamma-rays, 
nuclear magnetic moments, neutron electron scattering, 
etc., However, no good agreement with experiment re- 
sults, when these are available, is obtained. Probably 
all of the formulations are incorrect. An uncertainty 
arises since the calculations are only to first order in g’, 
and are not valid if g’?/hc is large. 

The author is particularly indebted to Professor H. 
A. Bethe for his explanation of a method of obtaining 
finite and gauge invariant results for the problem of 
vacuum polarization. He is also grateful for Professor 
Bethe’s criticisms of the manuscript, and for‘ innumer- 
able discussions during the development of this work. 
He wishes to thank Professor J. Ashkin for his careful 
reading of the manuscript. 


APPENDIX 


In this appendix a method will be illustrated by which the 
simpler integrals appearing in problems in electrodynamics can 
be directly evaluated. The integrals arising in more complex 
processes lead to rather complicated functions, but the study of 
the relations of one integral to another and their expression in 
terms of simpler integrals may be facilitated by the methods 
given here. 
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As a typical problem consider the integral (12) appearing in 
the first order radiationless scattering problem: 


f Y¥u(b2—k—m)“1a(pi—k—m)“"y, kd *kC(R2), (1a) 


where we shall take C(k*) to be typically —)?(R®?—)*)“ and 
d‘k means (27) dkidkodk3dky. We first rationalize the factors 
(p—k—m)"=(p—k+m)((p—k)*?—m?)* obtaining, 


f 1y(P2—k-+-m)a(p:—k-+-m) y,k-2d*kC(R?) 
X ((p1— 2)? —m?)“"((p2—k)?—m?). (2a) 


The matrix expression may be simplified. It appears to be best to 
do so after the integrations are performed. Since AB=2A-B—BA 
where A-B=A,B, is a number commuting with all matrices, find, 
if R is any expression, and A a vector, since yyA= —Ayy+2Ay, 


Expressions between two y,’s can be thereby reduced by induc- 
tion. Particularly useful are 


YuYn= 4 
wAYy= —2A4 . (4a) 
y,ABy,,=2(AB+BA)=4A-B 
y,ABCy, = —2CBA 


where A, B, C are any three vector-matrices (i.e., linear com- 
binations of the four y’s). 

In order to calculate the integral in (2a) the integral may be 
written as the sum of three terms (since R=keyza), 


u(Pot+m)a(pitm) ypJi—Lrpvod(pitm) Vp 
typ(Potm) avery Vet yuve@VrVpJs, (Sa) 


where 


Joss) =f (0; ko; hok,) k-*d*kC(R?) 
X ((p2—k)?—m?)""((pi1— k)?—m*). (6a) 


That is for J; the (1; ko; kek) is replaced by 1, for Jz by ke, and 
for J; by Roky. 

More complex processes of the first order involve more factors 
like ((fs—k)?—m?)— and a corresponding increase in the number 
of k’s which may appear in the numerator, as kgk;k,---. Higher 
order processes involving two or more virtual quanta involve 
similar integrals but with factors possibly involving k+k’ instead 
of just k, and the integral extending on k-*d*kC(k®) k’*d*k’C(k”). 
They can be simplified by methods analogous to those used on 
the first order integrals. 

The factors (p—k)?-—-m? may be written 


(p—k)?—m?=k?—2p-k—A, (7a) 


where A= m?— pf’, A: =m,*— p,’, etc., and we can consider dealing 
with cases of greater generality in that the different denominators 
need not have the same value of the mass m. In our specific prob- 
lem (6a), £12=m? so that A;=0, but we desire to work with greater 
generality. 

Now for the factor C(k®)/k? we shall use —A?(R?—)?) 1k. 
This can be written as 


2 
—)?/(K2—2) = k?2C(k2) = — f dL(k®—L)-*. (8a) 


Thus we can replace k*C(k*) by (k®—L)~ and at the end inte- 
grate the result with respect to Z from zero to \*. We can for 
many practical purposes consider ? very large relative to m? or p*. 
When the original integral converges even without the con- 
vergence factor, it will be obvious since the L integration will then 
be convergent to infinity. If an infra-red catastrophe exists in the 
integral one can simply assume quanta have a small mass Amin 
and extend the integral on L from \’min to A?, rather than from 
zero to 2. 2 


We then have to do integrals of the form 


f (15 he; Boke) d(H L)-*(—2p,-k— As) 
X(—2p2-k—As), (9a) 

where by (1; ko; kaky) we mean that in the place of this symbol 
either 1, or kg, or kek, may stand in different cases. In more 
complicated problems there may be more factors (K?—2;-k—A;)™ 
or other powers of these factors (the (k?— L)~* may be considered 
as a special case of such a factor with p;=0, A;=Z) and further 
factors like kgk,k,- + in the numerator. The poles in all the factors 
are made definite by the assumption that L, and the A’s have 
infinitesimal negative imaginary parts. 

We shall do the integrals of successive complexity by induction. 
We start with the simplest convergent one, and show 


f d‘k(k?— L)-3= (8iL)". (10a) 


For this integral is {(2x)~*dk.d®K(k2—K-K—L)-* where the 
vector K, of magnitude K=(K-K)! is 1, ke, ks. The integral on 
k, shows third order poles at ks= +(K?+L)! and ky= —(K?+L)}. 
Imagining, in accordance with our definitions, that L has a small 
negative imaginary part only the first is below the real axis. The 
contour can be closed by an infinite semi-circle below this axis, 
without change of the value of the integral since the contribution 
from the semi-circle vanishes in the limit. Thus the contour can 
be shrunk about the pole ks= +(K?+L)! and the resulting &, inte- 
gral is — 277 times the residue at this pole. Writing k4= (K?+L)!+e« 
and expanding (k—K?—L)-*=e-9(e+-2(K?+L)})- in powers of 
e, the residue, being the coefficient of the term ¢€~, is seen to be 
6(2(K?+ L)4)~ so our integral is 


— (3i/32m) f 4nK*dK (K?+L)-52= (3/8i)(1/3L) 


establishing (10a). 
We also have {k,d‘k(k?—L)-*=0 from the symmetry in the 
k space. We write these results as 


(81) (1; ke)d*e(R8—L)-*= (1; 0)L7, (11a) 


where in the brackets (1; &¢) and (1; 0) corresponding entries are 


to be used. 
Substituting k= k’—p in (11a), and calling L—p?= A shows that 


(81) ['(1; ke)d*h(Kt—2p-k—A)-*= (1; po)(P+4). (12a) 


By differentiating both sides of (12a) with respect to A, or with 
respect to p, there follows directly 


(24i) f (1; ke; Roky)d4k(R8—2p-k—A)-* 

=—(1; po; Pobr—4ier(P?+A))(P?+A)*. (13a) 
Further differentiations give directly successive integrals in- 
cluding more & factors in the numerator and higher powers of 
(k?—2p-k—A) in the denominator. 


The integrals so far only contain one factor in the denominator. 
To obtain results for two factors we make use of the identity 


ab= f * dx(ax+b(1—x))~, (14a) 


(suggested by some work of Schwinger’s involving Gaussian inte- 
grals). This represents the product of two reciprocals as a para- 
metric integral over one and will therefore permit integrals with 
two factors to be expressed in terms of one. For other powers of 
a, b, we make use of all of the identities, such as 


a= f 2xdx(ax+b(1—x))-3, (15a) 


deducible from (14a) by successive differentiations with respect 


to a or b. 
To perform an integral, such as 


(8i) f (1; ha) d*h( 2 —2p,-k— Ai) *(R?—2p2-k—Az), (16a) 
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write, using (15a), 
(K8—2p,-k—Ay)-*(#—2p2-k—Ay) = i) ” Qxdu(k?—2ps-k—Az)-, 


where 

pz=xpit(1—x)p2 and A,=xA;+(1—x)A2, (17a) 
(note that A; is mot equal to m?—p,*) so that the expression (16a) 
is (8i) fo'2xdxf (1; ka)d*k(k®—2p,-k—Az)~* which may now be 
evaluated by (12a) and is 


(16a)= [ (1; peo)2nde(p.t+As), 


where pz, Az are given in (17a). The integral in (18a) is elementary, 
being the integral of ratio of polynomials, the denominator of 
second degree in x. The general expression although readily ob- 
tained is a rather complicated combination of roots and logarithms. 

Other integrals can be obtained again by parametric differentia- 
tion. For example differentiation of (16a), (18a) with respect to 
Ae or por gives 


(87) f (1; ko; Roky)d4k(k®—2p,-k—A1)-*(K2—2p2-k—Az)* 


id -f (1; pzo; ProPer—45er(Pz?-+Az)) 
X2x(1—x)dx(p.?+Az), (19a) 
again leading to elementary integrals. 
As an example, consider the case that the second factor is just 
(#—L)* and in the first put pi=p, Ay=A. Then p,=xp, 
A,=xA+(1—x)L. There results 


(Bi) f (1; be; hoke)d*e(K—L)-*(K8—2p-k—A)* 
= — J (15 xbe5 bebe —Bar(24p-+-Ae)) 
X 2x(1—x)dx(x2p?+A,z)*. (20a) 
Integrals with three factors can be reduced to those involving 
two by using (14a) again. They, therefore, lead to integrals with 


two parameters (e.g., see application to radiative correction to 
scattering below). 

The methods of calculation given in this paper are deceptively 
simple when applied to the lower order processes. For processes 
of increasingly higher orders the complexity and difficulty in- 
creases rapidly, and these methods soon become impractical in 
their present form. 


(18a) 


A. Self-Energy 
The self-energy integral (19) is 
(e/xi) f 1u(b—k—m)-"y,k*d*kC(R), 


so that it requires that we find (using the principle of (8a)) the 
integral on L from 0 to 2? of 


f Yu(b—k-+-m) yyd*k( ke — L)-*(k8— 2p -k)-, 


since (p—k)?—m?= k®—2p-k, as p?=m*. This is of the form (16a) 
with A;=L, ~i=0, 4:=0, p2=p so that (18a) gives, since 
p:= (1 —x)p, A:=xL, 


(Bi) f (15 he)dSe(A8—L)-*(@—29-k) 
= f° (15 (1-2) pe) 2udz((1—2)*m?+ 21), 


(19) 


or performing the integral on L, as in (8), 
(81) (15 be)deb-*C(H2)(K8—2p-k) 
an xr2+ (1—x)2m?. 
f (1; (1 a = 
Assuming now that \*>m? we neglect (1—x)*m? relative to 


xd in the argument of the logarithm, which then becomes 
(A*/m?)(x/(1—x)*). Then since Jfoldx In(x(i1—x))=1 and 
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JSo'(1—x)dx In(x(1—x)~*) = — (1/4) find 
(8i) if (1; ke) k-®C(k)d*k(k8—2p-k) 
2 7 1 
= (210%5+2; po(imr—3)), 
so that substitution into (19) (after the ()b—k—m)™ in (19) is 
replaced by (p—k-+-m)(k?—2p-k)~) gives 


(19) = (€/8x) yu[(+m) (2 In(A*/m*) +2) 
—p(In(\*/m?) — 3) ru 


= (2/8m)[8m(In(d?/m?) + 1) —p(2 In(Qa*/m*) +5) ], 


using (4a) to remove the ,’s. This agrees with Eq. (20) of the text, 
and gives the self-energy (21) when p is replaced by m. 


(20) 


B. Corrections to Scattering 


The term (12) in the radiationless scattering, after rationalizing 
the matrix denominators and using ~,?=).?=m? requires the 
integrals (9a), as we have discussed. This is an integral with 
three denominators which we do in two stages. First the factors 
(k?—2p1-k) and (k?—22-k) are combined by a parameter y; 


(i —2p-b) (HE 2pa-h) t= I" dy FO —2py-B)*, 


from (14a) where 


by=ypit(1—y) po. (21a) 


We therefore need the integrals 
(Bi) (15 bo; hakr)d*k(kE—L)*(k8—2py-k), 


which we will then integrate with respect to y from 0 to 1. Next 
we do the integrals (22a) immediately from (20a) with p= p,, A=0: 


(22a)=— [" [* (15 xbve5 2*Pvebr 
— Hor (a*p,'-+ (1x) L))2x(1—a)de(atp,? + L(1—2)) Ady. 


We now turn to the integrals on LZ as required in (8a). The first 
term, (1), in (1; 4; Rokr) gives no trouble for large L, but if LZ 
is put equal to zero there results x~*p,~? which leads to a diverging 
integral on x as x0. This infra-red catastrophe is analyzed by 
using Amin? for the lower limit of the L integral. For the last term 
the upper limit of Z must be kept as A*. Assuming Amin?*&p,?K)? 
the x integrals which remain are trivial, as in the self-energy case. 
One finds 


— (81) f (e— min*)~1d4&C(R®— Amin®) (R?— 2p1-k)1(R2— 2p2-k) 
=f PyAdy In(P,2/rmis!) (23a) 


(22a) 


— (Bi) fake 2d4hC (RE) (Kt 2pr-k) MRE — 2 pak) 
=2f" pyebs*dy, - (24a) 


—(8i) eles R*d%C(H8) (Ft 2p1-k)-(K2—2pa-k) 
= J buebvrbs*dy—Bor J. 4 100%) + Her. (25a) 
The integrals on y give, 
Sf 25-49 10(,Pha*) = AC? sin26)->[ 9 (rats) 
— fe tanadal, (26a) 


Sy. bucbs-*dy=0(m? sin26)\ Pret Pre), (27a) 


J, PvePvebs*dy=0(2m? sin26)\ pret pis) (bret Par) 
+9°*goqr(1—6 ctnd), 


F i dy In(d*p,-*) = In(A?/m?)+2(1—6@ ctnd). 


(28a) 
(29a) 
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These integrals on y were performed as follows. Since p2=f1+q 
where g is the momentum carried by the potential, it follows from 
pr=pr=m* that 2p.-qg=—¢* so that since py=pitg(1—y), 
p= m*—q’y(1—y). The substitution 2y—1=tana/tan@ where 6 
is defined by 4m? sin?@= g? is useful for it means p,?= m? sec?a/sec?0 
and p,*dy=(m? sin2@)~'da where a goes.from —@ to +8. 

These results are substituted into the original scattering formula 
(2a), giving (22). It has been simplified by frequent use of the 
fact that pi: operating on the initial state is m, and likewise po 
when it appears at the left is replacable by m. (Thus, to simplify: 

Yub2@p1y.= — 2piape by (4a), 
= —2(p2—g)a(pit-g) = —2(m—g)a(m+q). 
A term like gaqg= —q’a+2(a-q)q is equivalent to just —q’a since 
q=p2—pi=m—m has zero matrix element.) The renormalization 
term requires the corresponding integrals for the special case 
q=0. . 


C. Vacuum Polarization 


The expressions (32) and (32’) for J,» in the vacuum polariza- 
tion problem require the calculation of the integral 


Jpn?) = f Spl Sa-+m)vlb+40+ m)letp 


X ((6—39)?— m*)""((p+3qg)?—m?), (32) 
where we have replaced p by p—}3q to simplify the calculation 
somewhat. We shall indicate the method of calculation by studying 
the integral, 


1(m?) = { pepsd*p((b—49)*— mp 4q)*— mt). 


The factors in the denominator, p?— p-qg—m?+4q? and p?+p-q 
—m?+4q? are combined as usual by (8a) but for symmetry we 
substitute «=3(1+7), (1—x)=}(1—7n) and integrate » from 
-1 to +1: 
+1 

I(m?) = [- bebrd'p(6*—np-q—m+ig?)*dn/2. (30a) 
But the integral on p will not be found in our list for it is badly 
divergent. However, as discussed in Section 7, Eq. (32’) we do not 
wish I(m?) but rather /¢°[J(m?)—I(m?+ *)]G(A)dA. We can 
calculate the difference J(m*)—I(m?+-»*) by first calculating the 
derivative I’(m?+-L) of I with respect to m? at m?+L and later 
integrating. L from zero to *. By differentiating (30a), with 
respect to m? find, 


+1 
U(m+L)= J pebed'p(!—np-g—m—L+ta)-*dn, 
This still diverges, but we can differentiate again to get 


I"(m+L)=3,[. pobed'p(P'—np-q—m?—L-+3g*)-'dn 


=— (81) n?aegsD*—48erD)dn 


(where D=4(n?— 1)q?+-m?+ L), which now converges and has been 
evaluated by (13a) with p=4$nq and A=m?+ L—jq’. Now to get 
I' we may integrate I’ with respect to L as an indefinite integral 
and we may choose any convenient arbitrary constant. This is because 
a constant C in J’ will mean a term —C)? in [(m?)—I(m?+ 2?) 
which vanishes since we will integrate the results times G(A)dA 
and fo”\2G(A)dA=0. This means that the logarithm appearing on 
integrating Z in (31a) presents no problem. We may take 


I'(m*+L) = (81) * [40"90qreD*+ or nD dn + Cor, 


a subsequent integral on ZL and finally on 7 presents no new 
problems. There results v 


— (81) f pobed*p((p—44)*—m*)\((p-+- 4q)*— mt) 


1 a 6 ) d 
* ae se OR 
(Gogr— Ser?) [5 3q? 4 tané +e “a 


+SerL(X+m?)In(m?+1)—C’A*], (32a) 


(31a) 


where we assume \*>>m? and have put some terms into the arbi- 
trary constant C’ which is independent of \? (but in principle could 
depend on g*) and which drops out in the integral on G(A)dA. We 
have set g?= 4m? sin’0. 

In a very similar way the integral with m? in the numerator can 
be worked out. It is, of course, necessary to differentiate this m? 
also when calculating J’ and J’. There results 


— (8i),f m*d*p((p—44)*—m?)\((p+-4q)*— mt) 
=4m?(1—6 ctnd)— g?/3+-2(d?+-m?*)In(\2m2+1)—C"2), (33a) 


with another unimportant constant C”’. The complete problem re- 
quires the further integral, 


— (81) f (1; pe)d*p((b—44)*—m?)“\((p-+-4q)*— mt) 
= (1, 0)(4(1—6 ctn@)+2 In(A2m=)). (34a) 


The value of the integral (34a) times m? differs from (33a), of 
course, because the results on the right are not actually the inte- 
grals on the left, but rather equal their actual value minus their 
value for m?=m?-+ 22, 

Combining these quantities, as required by (32), dropping the 
constants C’, C’”’ and evaluating the spur gives (33). The spurs are 
evaluated in the usual way, noting that the spur of any odd 
number of y matrices vanishes and Sp(AB)=Sp(BA) for arbi- 
trary A, B. The Sp(1)=4 and we also have 


4S p[ (pit) (p2— me) |= pi- p2— mime, (35a) 
4 SPL (pi+-m1) (p2— m2) (Ps+ms) (pa— ma) ] 


= (pi: p2— mime) (ps° pa— mym,) 
— (pi: ps— mms) (po Pa— mam) 
+ (pi: pa— mim) (po: ps— mms), (36a) 


where p;, m; are arbitrary four-vectors and constants. 

It is interesting that the terms of order \? Ind? go out, so that 
the charge renormalization depends only logarithmically on 2. 
This is not true for some of the meson theories. Electrodynamics 
is suspiciously unique in the mildness of its divergence. 


D. More Complex Problems 


Matrix elements for complex problems can be set up in a 
manner analogous to that used for the simpler cases. We give 
three illustrations; higher order corrections to the Mller scatter- 





YX yk 


Fic. 8. The interaction between two electrons to order (€/hc)?. 
One adds the contribution of every figure involving two virtual 
quanta, Appendix D. 
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ing, to the Compton scattering, and the interaction of a neutron 
with an electromagnetic field. 

For the Mller scattering, consider two electrons, one in state 
u, of momentum fp; and the other in state u2 of momentum fp». 
Later they are found in states “3, fp; and u4, ps. This may happen 
(first order in e*/Ac) because they exchange a quantum of momen- 
tum g=)1—f3=p.s—f2 in the manner of Eq. (4) and Fig. 1. The 
matrix element for this process is proportional to (translating (4) 
to momentum space) 


(tay ptte) (eyymi)g. (37a) 


We shall discuss corrections to (37a) to the next order in e*/hc. 
(There is also the possibility that it is the electron at 2 which 
finally arrives at 3, the electron at 1 going to 4 through the ex- 
change of quantum of momentum ~;— 2. The amplitude for this 
process, (t#47ytMi)(%svy%e)(ps—p2)~*, must be subtracted from 
(37a) in accordance with the exclusion principle. A similar situa- 
tion exists to each order so that we need consider in detail only 
the corrections to (37a), reserving to the last the subtraction of 
the same terms with 3, 4 exchanged.) 

One reason that (37a) is modified is that two quanta may be 
exchanged, in the manner of Fig. 8a. The total matrix element 
for all exchanges of this type is 


(e/zt) f (tisyo(bi— R— m)*y pr) (thayr(P2 + R—m)y U2) 
Wg—k)-*d'k, (38a) 


as is clear from the figure and the general rule that electrons of 
momentum p contribute in amplitude (¢—m)- between inter- 
actions y,, and that quanta of momentum & contribute k™. In 
integrating on d‘k and summing over yp and », we add all alterna- 
tives of the type of Fig. 8a. If the time of absorption, y,, of the 
quantum & by electron 2 is later than the absorption, y,, of gq—k, 
this corresponds to the virtual state ~2+k being a positron (so 
that (38a) contains over thirty terms of the conventional method 
of analysis). 

In integrating over all these alternatives we have considered all 
possible distortions of Fig. 8a which preserve the order of events 
along the trajectories. We have not included the possibilities 
corresponding to Fig. 8b, however. Their contribution is 


(2/xi) f (axve(b1— k—m)“*y 440) 
X (eru(ba+g—k—m)*yyus)k(q—k)7d'k, (39a) 


as is readily verified by labeling the diagram. The contributions of 
all possible ways that an event can occur are to be added. This 


ff 


g. h. 


Fic. 9. Radiative correction to the Compton scattering term 
(a) of Fig. 5. Appendix D. 
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means that one adds with equal weight the integrals corresponding 
to each topologically distinct figure. 

To this same order there are also the possibilities of Fig. 8d 
which give 


(2/xi) { (yre(ba— R— m)*yy(.— km) yt) 
».4 (dey pte) k*q-*dk, 


This integral on k will be seen to be precisely the integral (12) for 
the radiative corrections to scattering, which we have worked out. 
The term may be combined with the renormalization terms result- 
ing from the difference of the effects of mass change and the terms, 
Figs. 8f and 8g. Figures 8e, 8h, and 8i are similarly analyzed. 

Finally the term Fig. 8c is clearly related to our vacuum 
polarization problem, and when integrated gives a term propor- 
tional to (tsyyt2) (tay) J vq‘. If the charge is renormalized the 
term In(A/m) in Jy» in (33) is omitted so there is no remaining 
dependence on the cut-off. 

The only new integrals we require are the convergent integrals 
(38a) and (39a). They can be simplified by rationalizing the de- 
nominators and combining them by (14a). For example (38a) in- 
volves the factors (R?—2p1-k)~!(R?+2p2-k) 1k *(g?+ R?—2q-k)-?. 
The first two may be combined by (14a) with a parameter x, and 
the second pair by an expression obtained by differentiation (15a) 
with respect to b and calling the parameter y. There results a 
factor (k’—2p,-k)*(k°+yq?—2yq-k)~* so that the integrals on 
d‘k now involve two factors and can be performed by the methods 
given earlier in the appendix. The subsequent integrals on the 
parameters x and y are complicated and have not been worked out 
in detail. 

Working with charged mesons there is often a considerable re- 
duction of the number of terms. For example, for the interaction 
between protons resulting from the exchange of two mesons only 
the term corresponding to Fig. 8b remains. Term 8a, for example, 
is impossible, for if the first proton emits a positive meson the 
second cannot absorb it directly for only neutrons can absorb 
positive mesons. 

As a second example, consider the radiative correction to the 
Compton scattering. As seen from Eq. (15) and Fig. 5 this scatter- 
ing is represented by two terms, so that we can consider the cor- 
rections to each one separately. Figure 9 shows the types of terms 
arising from corrections to the term of Fig. 5a. Calling k the 
momentum of the virtual quantum, Fig. 9a gives an integral 


J ube km) en drt qi— k= m) es (bi— k— m) yk, 


convergent without cut-off and reducible by the methods outlined 
in this appendix. 

The other terms are relatively easy to evaluate. Terms 6 and ¢ 
of Fig. 9 are closely related to radiative corrections (although 
somewhat more difficult to evaluate, for one of the states is not 
that of a free electron, (f:+¢)?#m?). Terms e, f are renormaliza- 
tion terms. From term d must be subtracted explicitly the effect 
of mass Am, as analyzed in Eqs. (26) and (27) leading to (28) 
with p’=f:+9, a=€2, b=e,. Terms g, h give zero since the 
vacuum polarization has zero effect on free light quanta, g:?=0, 
q2?=0. The total is insensitive to the cut-off X. 

The result shows an infra-red catastrophe, the largest part 
of the effect. When cut-off at Amin, the effect proportional to 
In(m/Xmin) goes as 


(e/a) In(m/dmin)(1—20 ctn26), (40a) 


times the uncorrected amplitude, where (p2—1)?=4m? sin*#. This 
is the same as for the radiative correction to scattering for a 
deflection ~2—f:. This is physically clear since the long wave 
quanta are not effected by short-lived intermediate states. The 
infra-red effects arise from a final adjustment of the field from 
the asymptotic coulomb field characteristic of the electron of 


% F, Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 
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momentum f; before the collision to that characteristic of an 
electron moving in a new direction p2 after the collision. 

The complete expression for the correction is a very complicated 
expression involving transcendental integrals. 

As a final example we consider the interaction of a neutron with 
an electromagnetic field in virtue of the fact that the neutron may 
emit a virtual negative meson. We choose the example of pseudo- 
scalar mesons with pseudovector coupling. The change in ampli- 
tude due to an electromagnetic field A=a exp(—ig-x) determines 
the scattering of a neutron by such a field. In the limit of small ¢g 
it will vary as ga—aq which represents the interaction of a par- 
ticle possessing a magnetic moment. The first-order interaction 
between an electron and a neutron is given by the same calculation 
by considering the exchange of a quantum between the electron 
and the nucleon. In this case a, is g~ times the matrix element of 
yy between the initial and final states of the electron, the states 
differing in momentum by gq. 

The interaction may occur because the neutron of momentum 
pi emits a negative meson becoming a proton which proton inter- 
acts with the field and then reabsorbs the meson (Fig. 10a). The 
matrix for this process is (f2=1+), 


J rsh) (b2— k— My8a(f:— R= MCs) (= ude. (Aa) 


Alternatively it may be the meson which interacts with the field. 
We assume that it does this in the manner of a scalar potential 
satisfying the Klein Gordon Eq. (35), (Fig. 10b) 


— f (rss) (Di— Ri — M)*(yoke) (ee? wt) 
X (ke-a+hi-a)(R2—w?)“1d*k:, (42a) 


where we have put k2=k,+ Q. The change in sign arises because 
the virtual meson is negative. Finally there are two terms arising 
from the ys@ part of the pseudovector coupling (Figs. 10c, 10d) 


J Crs) (fr= k- M50) (8nd, (43) 
and 


J rsa) (i—R— Ms) (2-10. (Aa) 


Using convergence factors in the manner discussed in the section 
on meson theories each integral can be evaluated and the results 
combined. Expanded in powers of gq the first term gives the mag- 
netic moment of the neutron and is insensitive to the cut-off, the 
next gives the scattering amplitude of slow electrons on neutrons, 
and depends logarithmically on the cut-off. 

The expressions may be simplified and combined somewhat 
before integration. This makes the integrals a little easier and also 
shows the relation to the case of pseudoscalar coupling. For 
example in (41a) the final ysk can be written as y;(k—f:+M) 
since fi=M when operating on the initial neutron state. This is 


NEUTRON , 
p / 

Lg k 
MESON 
xo k 


j~%k 

NEUTRON 

g 

i «4 
F 
/Pe 

Po“K=t\ 
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Fic. 10. According to the meson theory a neutron interacts with 
an electromagnetic potential a by first emitting a virtual charged 
meson. The figure illustrates the case for a pseudoscalar meson 
with pseudovector coupling. Appendix D. 


(p:—kR—M)7s+2M 7s since y; anticommutes with p: and k. The 
first term cancels the (6:1— R—M)~ and gives a term which just 
cancels (43a). In a like manner the leading factor yk in (41a) is 
written as —2M75;—ys(f2—k— WM), the second term leading to a 
simpler term containing no (f#2.—k—M)~ factor and combining 
with a similar one from (44a). One simplifies the yski and yske 
in (42a) in an analogous way. There finally results terms like 
(41a), (42a) but with pseudoscalar coupling 2M; instead of 
sk, no terms like (43a) or (44a) and a remainder, representing 
the difference in effects of pseudovector and pseudoscalar coupling. 
The pseudoscalar terms do not depend sensitively on the cut-off, 
but the difference term depends on it logarithmically. The differ- 
ence term affects the electron-neutron interaction but not the 
magnetic moment of the neutron. 

Interaction of a proton with an electromagnetic potential can 
be similarly analyzed. There is an effect of virtual mesons on the 
electromagnetic properties of the proton even in the case that the 
mesons are neutral. It is analogous to the radiative corrections to 
the scattering of electrons due to virtual photons. The sum of the 
magnetic moments of neutron and proton for charged mesons is 
the same as the proton moment calculated for the corresponding 
neutral mesons. In fact it is readily seen by comparing diagrams, 
that for arbitrary g, the scattering matrix to first order in the 
electromagnetic potential for a proton according to neutral meson 
theory is equal, if the mesons were charged, to the sum of the 
matrix for a neutron and the matrix for a proton. This is true, for 
any type or mixtures of meson coupling, to all orders in the 
coupling (neglecting the mass difference of neutron and proton). 
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The discussion of vacuum polarization in the previous paper 
of this series was confined to that produced by the field of a pre- 
scribed current distribution. We now consider the induction of 
current in the vacuum by an electron, which is a dynamical sys- 
tem and an entity indistinguishable from the particles associated 
with vacuum fluctuations. The additional current thus attributed 
to an electron implies an alteration in its electromagnetic proper- 
ties which will be revealed by scattering in a Coulomb field and 
by energy level displacements. This paper is concerned with the 
computation of the second-order corrections to the current opera- 
tor and the application to electron scattering. Radiative correc- 
tions to energy levels will be treated in the next paper of the series. 
Following a canonical transformation which effectively renor- 
malizes the electron mass, the correction to the current operator 
produced by the coupling with the electromagnetic field is de- 
veloped in a power series, of which first- and second-order terms 
are retained. One thus obtains second-order modifications in the 
current operator which are of the same general nature as the 
previously treated vacuum polarization current, save for a con- 
tribution that has the form of a dipole current. The latter implies 
a fractional increase of a/2x in the spin magnetic moment of the 
electron. The only flaw in the second-order current correction is a 
logarithmic divergence attributable to an infra-red catastrophe. 
It is remarked that, in the presence of an external field, the 
first-order current correction will introduce a compensating di- 
vergence. Thus, the second-order corrections to particle electro- 
magnetic properties cannot be completely stated without regard 
for the manner of exhibiting them by an external field. Accord- 
ingly, we consider in the second section the interaction of three 
systems, the matter field, the electromagnetic field, and a given 
current distribution. It is shown that this situation can be de- 
scribed in terms of an external potential coupled to the current 


operator, as modified by the interaction with the vacuum electro- 
magnetic field. Application is made to the scattering of an electron 
by an external field, in which the latter is regarded as a small 
perturbation. It is found convenient to calculate the total rate at 
which collisions occur and then identify the cross sections for 
individual events. The correction to the cross section for radia- 
tionless scattering is determined by the second-order correction 
to the current operator, while scattering that is accompanied by 
single quantum emission is a consequence of the first-order current 
correction. The final object of calculation is the differential cross 
section for scattering through a given angle with a prescribed 
maximum energy loss, which is completely free of divergences. 
Detailed evaluations are given in two situations, the essentially 
elastic scattering of an electron, in which only a small fraction 
of the kinetic energy is radiated, and the scattering of a slowly 
moving electron with unrestricted energy loss. The Appendix is 
devoted to an alternative treatment of the polarization of the 
vacuum by an external field. The conditions imposed on the in- 
duced current by the charge conservation and gauge invariance 
requirements are examined. It is found that the fulfillment of 
these formal properties requires the vanishing of an integral that 
is not absolutely convergent, but naturally vanishes for reasons 
of symmetry. This null integral is then used to simplify the ex- 
pression for the induced current in such a manner that direct 
calculation yields a gauge invariant result. The induced current 
contains a logarithmically divergent multiple of the external cur- 
rent, which implies that a non-vanishing total charge, propor- 
tional to the external charge, is induced in the vacuum. The ap- 
parent contradiction with charge conservation is resolved by show- 
ing that a compensating charge escapes to infinity. Finally, the 
expression for the electromagnetic mass of the electron is treated 
with the methods developed in this paper. 





COVARIANT form of quantum electrodynamics 

has been developed, and applied to two elementary 
vacuum fluctuation phenomena in the previous articles 
of this series.1 These applications were the polarization 
of the vacuum, expressing the modifications in the 
properties of an electromagnetic field arising from its 
interaction with the matter field vacuum fluctuations, 
and the electromagnetic mass of the electron, embody- 
ing the corrections to the mechanical properties of the 
matter field, in its single particle aspect, that are pro- 
duced by the vacuum fluctuations of the electromag- 
netic field. In these problems, the divergences that mar 
the theory are found to be concealed in unobservable 
charge and mass renormalization factors. 

The previous discussion of the polarization of the 
vacuum was concerned with a given current distribu- 
tion, one that is not affected by the dynamical reactions 
of the electron-positron matter field. We shall now con- 
sider the more complicated situation in which the origi- 

1 Julian Schwinger, “Quantum Electrodynamics. I,” Phys. 


Rev. 74, 1439 (1948); “Quantum Electrodynamics. II,” Phys. 
Rev. 75, 651 (1949). 


nal current is that ascribed to an electron or positron— 
a dynamical system, and an entity indistinguishable 
from the particles associated with the matter field 
vacuum fluctuations. The changed electromagnetic 
properties of the particle will be exhibited in an ex- 
ternal field, and may be compared with the experi- 
mental indications of deviations from the Dirac theory 
that were briefly discussed in I. To avoid a work of 
excessive length, this discussion will be given in two 
papers. In this paper we shall construct the current 
operator as modified, to the second order, by the coup- 
ling with the vacuum electromagnetic field. This will 
be applied to compute the radiative correction to the 
scattering of an electron by a Coulomb field.2 The 
second paper will deal with the effects of radiative cor- 
rections on energy levels. 
1. SECOND-ORDER CORRECTIONS TO THE 
CURRENT OPERATOR 

We shall evaluate the second-order modifications of 

the current operator produced by the coupling between 


2A short account of the results has already been published, 
Julian Schwinger, Phys. Rev. 75, 898 (1949). 
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the matter and electromagnetic fields. The latter is 
described by 


ines sex) Ee} 
da(x 


1 
5C(x) = — Hu) Arla). (1.1) 


Among the effects produced by this coupling is the 
electromagnetic mass of the electron, as contained in 
the self-energy operator 3C1,o(x). In order to describe 
the electron in terms of the experimental mass, we 
write (1.1) as 


5V[o] 


the = (31, 0(x) +K(x))¥Lo], (1.2) 


ba(x 
where 


5 (x) =9C(x) —3C,o(2). (13) 


The canonical transformation 
V[o}eWlo]¥e], 


Wie] 


ihe. = 31, 0(x) Wo], (1.4) 


6a(x 
then replaces (1.2) with 


5V[o] 
the =W-"[o]K(x)WLo ]¥[o ], 


ba (x 


(1.5) 


while the operator representing the current becomes 
W-"[o ]j,(x)W[o]. Now, as we have shown in II, the 
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spinor W-[o ¥(x)W[o] obeys the Dirac equation for a 
particle of mass m=mp+ 5m, the experimental mass of 
the electron. Accordingly, the expectation value of the 
current operator can be computed as 


(ju(x)) = (VL), j.(x) YE), 
Vio 


: a K(x)¥[o], 
io (x) 


(1.6) 
where 
ihe (1.7) 
with the understanding that the experimental electron 
mass is to be employed. 
If a solution of the latter equation is constructed in 


the form 
V[o]=ULo]%, (1.8) 


the expectation value of the current operator becomes 
(Gu(%)) = (Wo,U Lo] ju(x) ULo Wo) = (Yo,ju(x) Yo), (1.9) 
in which the latter version describes the effect of the 
coupling between the fields by changing the current 
operator into 

j.(x) = Uo ]j,.(x) UL]. (1.10) 
The unitary operator U[o] obeys the equation of 


motion - 
ihe 2 x0 Uo}, 


Oo \X 


(1.11) 


which may be supplemented by the boundary condition 
U[-—« ]=1, - (1.12) 


in accordance with the supposition that coupling be- 
tween the two fields is adiabatically established in the 
remote past. 


The operator j,(x) can now be evaluated by remarking that 


¢ r) 
ju() =ju(x) + f del Ue Ye OLe'D 


=ju(x)— = fae U“Lo "TLy.(e) K(x’) JULo’]. 


This process can be continued according to 


[devo Line) 000) ULe']= f dea! jul), K(e)] 


o eo’ 6 
+f ae f - wen Lo" ju(x),3e(@) JULo”]), (1.14) 


0 


and yields j,(x) in the form of an infinite series, 


Ja(x) =ju(x)+ (--) f “da! Cju(a),80(2) H+ (--) [iw f "del Cinta) ee, ‘VJ+-++. (1.15) 


—0 


An equivalent procedure, which exhibits j,(x) in a form that is more symmetrical between past and future, is 
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based on the following observation, 











[aio Ue VulULe'D= fw Ul UneUCeD 
+ fae yO Le Vel ULe'D= Gale) ile) +e) UL # YUL, (16) 
or ; 
LAGOS (—-) f dale WL Li). 0100 (1.17) 
ju(x) 2 (Ju(x)+ Ju Phe £; ’ B\*), ’ . 
where 


S=U[e], U[—«]=1 (1.18) 


is the collision operator which describes the real transitions that permanently alter the state of the system. This 
process can be continued and finally yields 

Ju(x) =3 (R(x) +S, (x)S), (1.19) 
in which ; 


4 es) 
bi)=j,(z)-+ ( -—) fw Loo Lise 0 
V(t! de! Es0" Koso!" WL jul) 30) Yea He. (1.20) 
+( —) if ’ ? Jui%); ’ : . 


The further terms in the series are not required to compute the second-order correction of the current operator. 
The collision operator S can be constructed in a similar manner. Thus, 





wa 6 4 fr” 
S-1= | dw o|j=-— |, 1.2 
and canis , ee 
4 
Ule]-4S+1)=- J deo pile 5, f dela o (AULD (1.22) 
whence, ; 
1 ad 4 \? “* 
Sede ( -—) J deseo) S4+1)42( -—) J evade Lo,0"}x(x) (x!) ULo") (1.23) 


Continuing in this manner, we obtain 


~~ = (- -—)f" ‘darta)+ (=) dele" JWla) nC 4 (1.24) 


Only the indicated terms need be retained for the desired degree of approximation. In view of the absence of real 
first-order effects, as expressed by 


f 5e(x)dw=0, (1.25) | 


the leading terms in (1.24) are of the second order: 
ne ce —f (x—x")[5e(x),5¢(0’) 
— = —— fe e(x—x’)[ (x), K(x’ "3 1.26 
S+1  hed_n or vo} ~—_ 


According to (II 3.14) and (II 3.71), (the vacuum term 5p, is of no consequence), 


——f e(v—w)[50(2) 80(e")Ws’= Hey (0) +H o(2) +0202), (1.27) 
4hc/ _. 


whence, 


S-1 t 
S41 oF, "Tee o(%)+3C1, 1(x) |dw, (1.28) 
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which describes the real effects involving either two particles or one particle and a light quantum. Since we shall 
be concerned only with second-order effects referring to a single particle and the absence of light quanta, such real 
processes do not come into play and S is effectively unity. Consequently, the current operator is modified only by 
virtual processes, and is completely symmetrical between past and future. Thus, to the desired order of 
approximation, 




















)) i ~ i 0 
ile) = Jala) —— [dateLoso’jnla) 4+ — f de'oso ipl) Io) 
2hcd 2hed _« 
|) 1 2 00 
+(-33) f des! dea! €L0,0" JLo’ 0!” WELig( x) 3 (x") J 50x"). (1.29) 
c —20 
3 
” The correction to the current operator may now be written . 
is 4 
ju(X) —Ju(x) = 5, (x) +7, (x), (1.30) a 
where f : 
) ; r : y P , q 
H(2) = f des'e(x—2'\L jul), 1A,(x), (1.31) 
and _ ss y 
(j.(X))1, 0= — f des'des'"e 0,0" Jeo’ ,o” LL ju) jo(x’) JAd(2’), pre”) An(x’) hi. | 
)) 2 — 
4 
+—f deele—2\Lju(0) Ay aleYW (1.32) 
r. 2hed_. 
are the first- and second-order corrections, respectively. In the latter, the subscripts emphasize that we are only 
concerned with second-order effects involving a single particle and no light quanta. To simplify (1.32), note that 
l ° 2 / / My / tt / at 4 ° U ° tt 
, (Liu(x),jo(x’) JA.(x’), pre”) An(x"’) hh o= 30 Ad(2’), Ane”) JE Gu(x), jo’) Line") } 1 
+3{A,(x’), Ane’) } of Lju(x),5o(2’) are’) i, (1.33) 
2) whence 
4 
(j. (x))1, o=— f dea’ dea!"e(x— x’) D(x’ — x!) {[ Fux) ,5(x’) 1, 5(22"")}1 
3) 4heJ_. 
1 - L oe) 
“2 dea! dese 0,6" Helo’, JOO (e'— 2" jal) fol) gle) tS f des'e(x— x’) ju(x),HCr,0(%’) hh, (1.34) 
4) in consequence of 7 
7” —he(x’—x"’)[A,(x’),An(x"") ]= thed, D(x’ — x”) (1.35) 
al {A,(x’),Ax(x’)} o=c5,,D™ (x’— x”). (1.36) 


The double commutator in (1.34) is easily evaluated, 
) BD Lint), joe’) 1,0”) = — A ALD yp (0 — 2 yal) Ve! 1S (a — 2) a () Vy) 
= 183 (W(x) ypS (x— 2’ )yrS (20! — a" yh ("V(x eS (0! — xy rS(x’ — x) yah (2) 
W(x’ )yrS (x! — 2) 7S (ae 20" yx") V(x yr (x! — ae) ywS (2-2 (2')). (1.37) 


6) 
The one-particle part of {[ 7,(x),7,(x’)_],7,(x’’)} can be constructed in the manner employed in II. We have only 
to notice that [ 7,(x),7,(x’) ] has a non-vanishing vacuum expectation value. Thus, 

1) Lju(a),Fo(x’) J,5o(x”) }1— 20 jul), 50(%’) Jogo(x’”) 


=— 8A { U(x) YS (4-2) (2) V(x’ yS 0’ — x) yh (2) 1, OO rb 2") 1} 1 
= FAY) YS (a— x’ by f(x’), (0) orb (2) V(x" rola) (2) } ores (a’ — x) yh () 
— V(x’ yrS (20 — a) yu (x) P(2")} ov (2) AW eva") W(x) } oYwS(2—2’)y(x’))1, (1.38) 






8) 
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and 
{Lju(x),jo(x’) ],jo(x”’) }1=2[ Jul) Jo(2’) Joj-(x”’) 
HEY (x) pS (4-2 yS© (x! — 20" yah!) — Ya" eS (a0! — av (a! — 2) ya () 

— V(x’ yyrS(x! — 2) yyS (x— 2" (0) V2 yrS (2) yyS(2— 2’ yah(#’))- (1.39) | 

On inserting (1.37) and (1.39) into (1.34), we obtain 













Gi.) no J delet aw jul), MDle— v0 





gb p® 
| dos! dea!” (Y( 22’ yy 5 (22 — x) ypS (x— x" )yab(x’") +(x! yS (x! — 2) ypS(x— "ya (x")1 D(a’ — 2”) 






3 pe 
ae | dos! dea! (V(x! v8 (x! — x)yS(«— x” yh (x"")) ,D4 ) (x’ — x’) 











te ” _ 
+= f de’ Gar S(o—2)6@) +8082) , 
—« . f 
e : 
— =f aelels— 2) Ve) nLHe) oH) ave), (140) Fh 
where (see. II (3.78)) si ~ 
662) =— =f dale Dex 2)S (ez) DEH) 2) ) 
= dmcrp(x). (1.41) 
The third term of (1.40) is derived from 0 
3 pe 
= des’ deo" (€Lo,0" ]—e[o,0"" leLo" 0" x" )vS(22’ — x) ywS (a— x" yn (2"")) 1 D™ (x! — 2"") (1.42) 
with the aid of the identity : 
(€[o,0’ ]—eLo,0” |)e[o’,o” J=eLo,0' lel o,0” |—1, (1.43) . 
and the null value of 
fasta Ue S02) 1-S 02" ye’) DOG! —2" : 
—o 1 an 
~— f des’ deo!” U(x’ yf W(x’) W(x) }rul bo) We") Jr (e"))1{Ao(2’), Ane’) Jo. (1.44) 
The latter is an immediate consequence of (1.25), expressing the absence of real first-order transitions. | 
The insertion of the expression for 3C1,o(x), (II (3.77)), te 
Hr, o(x)=3 (V(x) b(x)+46(x)Y(x))1, (1.45) 
enables the last two terms of (1.40) to be combined into 
ie 
oe UK @tx@r@))s (1.46) 
where 
of 4 
x(x) = f dul 80-26!) +22) (we). se)1¥(2) | (1.47) # 
It will first be observed that the integrand of (1.47) vanishes, in virtue of the relation ¢(~) = dmc*(x), since i 
He 









“<(e—2/) (0x), 6a’) W(x") = —S(ae— x) bmerp (x). (1.48) 


39) | 


42) 


43) 


45) 


46) 


47) 


48) 
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On the other hand, integrals of the form 


f des! 5(x— x’) (x’) (1.49) 


—0 


are divergent, since ¥(x’) and S(x—x’), respectively, obey homogeneous and inhomogeneous equations associated 
with the same differential operator. It is convenient to express the latter integral as the limit of the finite quantity 
obtained by an alteration of the differential equation satisfied by (x), in which the mass parameter « is replaced 
by «+x and the limit 6x0 is taken. The differential equations 





0 rs) 
(n—+ K+ ic Ww) =0 S(x—x’)y,— xS(x— x’) = 6(x—x’), (1.50) 
02,4! Ox, 
imply the relation 
7) 
5 Se 2 (Ht 508 22’ H(a") = dla 2 W(x), (1.51) 
Xu 
whence . , 
f du! 5(«—x’)(x')=Lim —(x). (1.52) 
6x0 §x 


_—* 


It may be inferred that a non-vanishing value will be obtained for x(x) if the spinor, of which (1.47) is a linear 
function, is subject to the Dirac equation with the mass parameter x+ dx, and dx is allowed to approach zero. In- 
deed, according to (1.48) and (1.52), 


x(#)=Lim f dea! S(xe—2")((x") — ancy (2) 
6x0 Eka 


1 
= Lim—(¢(x) — dmc*p(x)), (1.53) 
5x-06xK 
or 


if @ 
x(x) = Lim _{-<f doy’ {Ble—2)$(2—2!)+ Dex) 8-2) yale) omey() | (1.54) 


6x0 Ox = 


A suitable representation of the solution of the Dirac equation with an altered mass parameter, ¥.+3x(x’), in terms 
of the actual spinor, y,(x’), is provided by 


6 rs] 

Yaste( 2”) = Yel!) +—(0n! 2) ga) (1.55) 
: K Ox)’ 
since 
0 dx 6 
(n—+ Wass (x’) - —1i—¥.(#’) 

OX, K OX, 

= —in),(x’), (1.56) 


which establishes the validity of (1.55) to the first order in 6x. The latter is so constructed that Px+se(x) =yx(x), 
whence, 


e r® a 
x(x)=— f des'y( D(x—2')S (x— 2) + DY (x—2')S(x—x’))y(2x,— 2')—V(2"). (1.57) 
2k _« Oxy’ 


The resulting expression for the second-order correction to the current operator is 


(84, (x)) fate Line) gio(a!)T08A,(2’) = fata \K,( Wwe"), (1.58) 
x. x))1,0=— "e x— x’ in(X) J a’ > v(x! ete > LL x! a(x’ —x,0— 20” x" 1 : 
, hed. 7 ahs. 
where 
1 o 
Mulibe- f des! B(x—2);,(2?), (1.59) 
CY _2 


and 
K,(x’—x,2—2")= K,© (2’—2,2—2")+-K, (x’—x,4—"). (1.60) 


Ky (&n) =1(S(EvpS™ (n) D(E+n) +S (6,8 () B(E+n) +8 (ES (n)D® (E+n) > (1.61) 


Here 
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and 
0 1 
K, 19)= = 780 al BS DOS — br BOS © (¢)4+D(E)S(E))y6(n)y,. (1.62) 


2k Om kod 








An equivalent form can be given in terms of the functions 







Ss(0) =S(4) 4-5), 






Ds(x)= D(a)-t-D (a). 






Thus, 






1 
Ky (&n) = Fl S+(ErSs (Ds (E+) — S_E¥wS— (1) DEF) 1m 






and 


i «2 4 
K,(&n) = —u6(€)— 3pm +S) —D_(n)S_(n))v 
K OM 










i@i 
nero —bh-7(D(E)S+ (€)—D_(€)S_(E))y5(m)¥u. (1.65) 
2k Of 4 





The first term of (1.58) is the current induced by the electromagnetic field that accompanies a given current dis- 
tribution, as discussed in II. It is the second part of (1.58), expressing the additional effects involved when the 
current is associated with the matter field, rather than an external system, that merits our attention. 

In order to evaluate K,(x’—x,x—x’’), we shall substitute Fourier integral representations for the various func- 


tions involved, (II (A.10), (A. 31)), 











Bisin _Acmemeeatap— 
=e, | (abettirk—o 






























1 ‘ 
SO (x) =—— f (dk)e***(tyk—x)6(R?+x°), 
(2r)8 
(d. ke ae 
Hema | 
1 - 
D® (x) =—— f (dk)e***5(k?), (1.66) 
(2)? 

v 
in which the principal part of 1/(A?+«?) and 1/k? is understood. We have employed the simplified notation ab to 
denote a,,, the scalar product of two four-vectors. The functions (1.63) have the following Fourier integral 
representations, 

S.(0)=— f (abye(ink—o)(——aeniatt+«) 
4)=—— e**(tyk—k +7716 ). 
. (29)4 +? 
Dale)=— f anper( —ris)) (67) 
x) =— e*z( —+16 . 1.6 
(On)! ie ’ 
These expressicns can be written more compactly by observing that ‘ 
1 é . 
Lim ——= Lim ( ) 
<>+0 EFje «+0 Pte ‘a4e I 








1 
= “ee. 





62) 


63) 


64) 


65) 
lis- 
the 


nc- 


57) 


98) 
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Sa (x) —f (ak ntl beste 
onde aie TO 
1 1 
Dg (x)=—— | (dk)e**=—., . 
- aan en Eric _ 


in which the limit e>-+-0 is understood. 
The form obtained for K,“ from (1.61), is 


1 
(Qar)" 





K, (a! —x,x—2") = f (dk) (dk’) (dk’’)e(#+k’) (2-2) gilktk!") (2-2!) 
5(R?+%?) — 6(R’?-+-x*) 5(?) 
+ + | (1.70) 


(b+2)k (Re) (R22) (R22) 





X yo(tvk! — k)yu(ivk”’ — onl 


It is convenient to replace k,’ and k,’’ by 
Dy! = ht hy’, pal = hut hy”, (1.71) 


which enter directly in the coordinate dependence of the Fourier integral. Since K, («’—x,x—x’’) is to be multi- 
plied by (x’), ¥(x”’) and integrated with respect to x’ and x”, only such values of p,’ and p,” occur for which 


pP+ P= p'?+ P?=0. (1.72) 
As a result of this transformation, 


| 
Kya —an—a")= J (dk) (dp’)(dp!)eiv! 2-290" 2", (iy (p’—b)—wysliv(b"—B)— Ov» 
vs 











5(k?— 2kp’) 5(k?—2kp”’) 5(k?) 
- + , 73 
(2kp’—2kp"’)(2kp’) (2kp”—2kp’)(2kp”) (2kp’)(2kp"’) 
The last factor in (1.73) can be simplified by writing it as 
[ (6(k?— 2kp’) — 5(R?)) e. (6(k°— 2kp’’) — 5(R?) 
—2kp’)— neces —2kp”’)—5 ; 1.74 
2k(p’—p")L2kp" 2kp” . | tite 
and observing that 
1 1 
—(6(k?—2kp) — 6(k?)) = — f dus’ (k?—2kpu), (1.75) 
2kp 0 
whence (1.74) becomes 
1 1 
_-—_—_— f dul’ (k?— 2kp’u) — 5'(k’— 2kp’’u) |. (1.76) 
2k(p’— p’”) 0 
This, in turn, can be represented more compactly as 
1 1 1 
Sf ao f mins ceo’ 9"+ 0 P")0). (1.77) 
Therefore, ee: 
1 1 1 
K, (x —x,x—«")= fa fi fa dp’) db" eiv’ (2!—2) giv" (2—2"") 
Giana") = J dof du J (da) Cdp'Vape'r ere 


X olty(p’— k)— «)yu(ty(p" — k) — K-18" (P— (p'+ p+ (p’— p"”)0)u). (1.78) 
If the expression (1.64) is employed for K,, the bracketed factors in (1.70) and (1.73) are replaced by 
1 1 23 1 1 1 1 1 
—Im =—Im ; 
w RO +e—ie k'?+—ie Pie t ~—2kp’—ic —2kp"”—ic Pie 





(1.79) 
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However, 
1 1 1 1 —( 1 -) 
i —2kp’—ie —2kp"—ie B—ie 2k(p'— me B—2bp’'—ie BR 


1 ( 1 1 ) 
2kp"\—2kp"—ie Bie] J 


and, on extracting the imaginary part divided by 7, we again encounter (1.74). 
The second part of K,, (1.62), can also be readily expressed in Fourier integral form 











5((k—p')? +02) 
Rk 


1 F) 5((k— p’”’)?-+*) 5(R?) 
wt —_ k ~KIVS + ) | 
rete Yu 5PF apn” yt (iv(p )—K)y ( RB (k—p"P+-2 





0 
—p'—lin(p'- ion 
apy’ 


1 
K,(a’ 2,22") =—— f (ai apyapryew'evesrrener| 
(27)! 


2k 
5(R?) 

denen 

(k— p02 


To evaluate the derivatives with respect to p)’ and p)’’, we observe that 





3 
oo (ty(p—k)—k)f((p—kP +e) = 
where f(x) is 6(~) or 1/x. On differentiating and multiplying to the left by iy(p—k)—«, we obtain 
f(k? — 2kp) 
roti k)—«)f((p—k)? +) = (ty (p— D)-daa(e— ms 


Consequently, 





ee a, a(e) ) 
——V ae —Kh)—K)Vv T f 
— " i (p—kP+2 


= —y(ty(p—k)— “ive in(p—*)— nf 





5'(R—2kp) (dk?) ) 
ee (2kpe 
in virtue of the delta-function property 


= 


x 


é’(x)= 


Furthermore, 





5'(kR°—2kp) 5(R?) r) (— 2kp) 5(k?) 
i (2kp)? a(akp)\ a? 2kp ) 
according to (1.75). Therefore, (1.81) becomes 


1 
=— f udus'' (k°’—2kpu), 
0 


1 
KG! 29-2") = — rt win f (dk) (dp’)(dp"”)e"(2'—20gi" 2" 
2r) 


x | 5” —2kp nll 8) — nnd Or 0'—¥)— sae 
K 
1 
+15 alin 2) inp "Gil g"—8)— en" (B— tap") | (1.87) 
K 


The transformation 


U 
Ry t (pu! + Pye + (Pu — alas (1.88) 


now brings the delta-function of (1.78) into the form 
5 (+42), (1.89) 





QUANTUM ELECTRODYNAMICS. III. 


(p'-p") 
"oe ae 
. (1+ ——t *)), 


, p’+ p” 2 p’- p” 2 
(—")+(—*) +20, w+900'-p7)=0 
As a consequence of this transformation, the factor involving the Dirac matrices in (1.78) becomes 


pth" m a . p' +p" p’ p” 
Y in(?'- : uv )—« yu in(? neem “—" w)- De (1.92) 


where 


in virtue of the relations 





In writing this result we have exploited the symmetry of the delta-function (1.89), in connection with the & in- 
tegration, and discarded terms linear in ky, while replacing kk, by {6,.k*. The following property of the Dirac 
matrices has also been used, 

WVUIA= — 2 u- (1.93) 


The factor (1.92) can be further simplified by omitting the terms linear in v, which will vanish on integration, and 
rearranging the remaining terms to obtain 


i-? 
4nyy(1—u—du?) — yyk?+ 2«(u— u?) ow ( py’ — pr") +2(p'— Pn i— w+) 


Lan 
+i(1— u'r?) (Dy! — pal’) (Gr P'+ x) — (rp" + «))— 201— w| Gro'+ K) ( c(Lta rt ip." +i—(Oy'+ ms") 


1—u 
—(iyp'+k)yulivp”+K«)+ ( K(1-+u)y,+ip,’ +i ; (py + ")) (iyp"’+ | (1.94) 


Now, a right-hand factor 7yp’’+-« is equivalent to —,(0/0x,’")+-« operating on K,(x’—x,x—2’’), which annihilates 
y(x’’) on integration by parts. Similarly, a left-hand factor yp’+« annihilates (x’). As a consequence of the Dirac 
equation, therefore, 


1 
K,© (a’ —x,"—x “2 ad és ui \(dp’’)ei”’ (22) gin!" (-2"5!"( BN) 


i-# 
res K(U— 0) ow( Pe’ — po’) + (o'-9"'r,(1-¢ —“w) | (1.95) 


Transformations analogous to (1.88) can be introduced in the two terms of (1.87), namely k,—k,+),'u, and 
k,—k,+ p,’’u. Both delta functions then become 6’ (k?+-«?u?), while the factors involving the Dirac matrices 
simplify according to 


1 1 
Pah a k)—«)iyp(iy(p—k)— ky — 208 (1—u— 30?) +3 — (20°(1—u +30) +3h)-(iypt+k), (1.96) 
K K 
where is p’ or p” for the two terms of (1.87). In consequence of the Dirac equation, therefore, 


Ke 29-2") ~f win f (dk) (dp!)(dp! Yet’ 2-2 en" e209!" (2+ eat) 
: X[2x%y,(1—u—402)—Fy kT]. (1.97) 


To combine K, and K,, it is sufficient to perform an integration by parts with respect to v for the first two 
terms of (1.95), as indicated by 


1 iz 
f dvd’ (k?-+-)2u?) = 25" (R?+- Ku?) — f an '(+d2u?). (1.98) 
= 1 v 
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The integrated terms precisely cancel K,. If the v differentiation is explicitly performed for the second term of 
(1.95), the & integral thus encountered is 


1 F 
f ae f eae) 


=—2 f (dk) 5" (k?+-d?u"). 


Hence, 
1 


} 1 1+? 
K,(x’—4,%—x")= fof udu f (aay(ap'yap”)e"ne'0"=2"| (p—y"¥y,( 1-04) 
(2r)"J_) Jo 4 


) 
+ x(u—U?)oy( py’ — py") — 2y,(1—u— jute Lo" We, (1.100) 
v 
The integration with respect to k may now be effected. According to the integral representation, 


1 00 
a(n) =— f dwe ie (ku?) (1.101) 
TY _ 


we have 


. 1 ~ 
f a@aer etre) ae ade? f (db)eie 
Tw 


mt w 
ee dw—eiv>*u* 
24_, |w| 


T 


me (1.102) 


However, it should be noticed that we are then required to evaluate integrals with respect to u of the form 
1 oS 1 
f u" dy f (dk) 6" (e+ Nu?) =— J u"—du, (1.103) 
0 A’ 


in which may be 0, 1 or 2. For n=0, the integral is logarithmically divergent. 
In order to ascertain the significance of this divergence, we shall interchange the operations used in obtaining 


(1.103), thus producing a more easily interpreted divergent & integral. For n»=0, (1.103) reads 


1 1 0 1 
= f (dk) J du—¥(B+ Nat) =— f (dk) 8'(2-+02) —8'(2) (1.104) 


One may express this invariant integral, in three-dimensional notation, as 
1 1 0a 1 1 
— J (dk)dko—- —[6(ho?— k?) — 5(ko?— k?-- d?) ]=—— | (dk) dko—(8(ho?— k*) — 6(ko? —k®—?) J, (1.105) 
20? 2ko Oko 4)? ke? 


in which the delta-functions describe the energy-momentum relations of a light quantum, and of a particle with 
mass A/c. On performing the &p integration, (1.105) becomes 


rok a aah If H(;- (k?-+- =) i} (1.106) 


in which form it is evident that the divergence is associated with zero frequency light quanta—an “infra-red 
catastrophe.” As we shall later demonstrate, this divergence is entirely spurious, and is removed on properly in- 
cluding the effects of 57, (x), the first-order correction to the current operator. The divergent integral (1.106) can 
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n of be expressed in terms of an invariant minimum light quantum wave number, min, as 


om) 
0 1 }. 1.107 
» ae ( ) 












With the & and w integrations thus performed, K,(x’—x,x—x’’) becomes 





U ” 


| , / Ud 
K,(x'—%,2—2")= (my J dy f (dp’)(dp’’) exp : (x’ — x’ »| exp ip” p(x" = ) 


I pl2 1+2? K 11\2 11\2 
|° ae (10g Ht blog(14 2 -9))-2 (f= S 


K K 


99) 


























2 min 






00) 








1 7] 1 , 
+—t(Po!— po!) , (1.108 
2 4 N+ ((p’— p”’)?/4x?) (1—0") 7 






in which we have evaluated the third term of (1.100) by writing 
BP et ide 
1+((p'—p")*/4e)(1-2*) 14+((p'—p")?/42) (1) 


and performing the v differentiation for the term obtained from the first part of (1.109), while reversing the in- 
tegration by parts for the term produced by the second part of (1.109). It will now be observed that the integrand 
of (1.108) involves only p,’— p,’’. It is then useful to introduce the new variables 
Pr + pn” 
P\= = Pr= pr — pr’ (1.110) 





)1) 





(1.109) 





































































2) 
since the P integration can be immediately performed, yielding 6(«’—.’’). In this way, we obtain 
1 1 K 
K, (x —x,«—x«"’)= ——y,6(x’— x”) “7 og (Fo(x—x’)+Fi(x—x’)) 
81? ae min 
3) i a 
+4Fula—2)+Fi(e—2)+46(0—2!) + ale 2 Fy(x—x’), (1.111) 
82? Ox, 
where 
1g give 
F,(x)= [eon fi dp) 
(27) 1+ (p°/4k*)(1—2*) 
4) ve 7 2 
= 16x? a a( *) (1.112) 
0 (1-7)? \(i-2)! 
and 
Jog(t+ (p"/4«°)(1—2)) 
| G(x)= f dnt ~f (ap)er* 
) 1+ (p?/4«2)(1—2*) 
8_P i pn a( ; ) a( : )| (1.113) 
= v x }— xp]. ; 
’ » 1-0), 1—wla? \(1—v*)n (1-2)! 
Finally, then, 
) ie : a 
- J des’ des!” W(x’) K(x’ ae NE Tee log a, J [Fo(x— x’) +Fi(x— dt adaad 
Rien 
d 





a 1 ° r , SS: ee r , 
= ye fOrr@-2) 46-2) +160- ise )dw +c fr x) my(x’)dw’, (1.114) 






802 


in which 


JULIAN SCHWINGER 


me(8)=—W(e)enb( 2) 


= AV ene) Gon’) 


(1.115) 


Expressed in the same notation, the first term of (1.58) is (see II (2.44)), 


2he? 


from which we have omitted the charge renormaliza- 
tion term, with the understanding that the value of e 
is to be correspondingly altered. A rederivation of this 
result, employing methods akin to those presented in 
this paper, is given in the Appendix. Evidently the 
new contributions to the one particle current operator, 
as given in (1.114), are of the same general nature as 
the previously considered effect, (1.116), with the ex- 
ception of the’ last term in (1.114). This is an addition 
to the current vector of the form 


c(0/dx),dmy,(x), (1.117) 


where 


ee f Fo(x—x')rmp(x’\der’, (1.118) 


A current vector of this type can be interpreted as a 
dipole current, derived from an antisymmetrical dipole 
tensor 6m,, which combines electric and magnetic di- 
pole moment densities. The tensor m,, is that char- 
acteristic of the Dirac theory, in which intrinsic dipole 
moments are related to the antisymmetrical spin tensor 
yy, the factor of proportionality being 


po=e/2x=eh/2mc, 


the Bohr magneton. According to (1.118), the correc- 
tion to the dipole tensor at a point involves an average 


(1.119) 





a K 
(57, (x))1, o=— log 
4r 


min K 


} a l 
pal do'ele— 2 Line) se) (a) = — OF f CPs 2) Yale 2 VTi ie, 


(1.116) 





of m,, over the vicinity of that point. If all quantities 
are slowly varying, relative to 4/mc and h/mé as units 
of length and time, an expansion in ascending powers 
of [_}? can be constructed, as in II (2.47). For this pur- 
pose, it is sufficient to expand the denominator in the 
first form of (1.112), thus obtaining 


F,(x)= 5(x) 
2n+1 





1 1 
+ —{_Po(m)+--+. (1.120 
(2n+1)(2n+3) 2x? @) ( 
Hence, , 
a 


5My»(x) =| el 2)-+— CP met) + tee | (1.121) 


T 


and, under conditions that permit the neglect of all 
but the first term in this series, an electron will act 
as though it possessed an additional spin magnetic 
moment? 


du= (a/2m) po. (1.122) 


The comparison of this prediction with experiment will 
be discussed in the sequel to this paper. 

The final result for the second-order correction to 
the one particle current operator is 


1 
a, f [Fo(x—2’)+-Fy(x—2')]j,( 0" deo! 


al 0 
_— a f iil idiiaiiaati iia adnate aaa (1.123) 


Under conditions of slow variation ((1/«)_Pj,, m®y»Kjyu,Myr), this reduces to 


a 
(f,G).0=— (og 
3r 


in virtue of (1.120), and the analogous expansion of 
G(x), R 


1 
=— : vee, 1.125 
G(x) a 6(x)+ (1.125) 


It will be noted that the total charge computed from 
(57, (x))1,0 is zero, in agreement with evident charge 
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K 
+ 


1 ao 
) a ale) +e mn 2) (1.124) 





conservation requirements, and the formal property 
that the operator of total charge commutes with all 


* This result was announced at the January, 1948 meeting of 
the American Physical Society. The formula is misprinted in a 
published note, J. Schwinger, Phys. Rev. 73, 416 (1948). The mis- 
print has unfortunately been copied by L. Rosenfeld in his book, 
Nuclear Forces (Interscience Publishers, Inc., New York, 1949), 


p. 438. 
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one-particle operators. The apparent contradiction be- 
tween these statements and the existence of the charge 
renormalization term is discussed in the Appendix, 
where it is shown that a compensating charge is created 
at infinity. 

Our result, (1.123), is marred only by the appearance 
of the logarithmic divergence associated with zero 
frequency quanta. It should be remarked, however, 
that (67, (x))1,0 is not a complete description of the 
radiative corrections under discussion. In order to 
measure the correction to the current, it is necessary 
to impose an external field. This will induce the emis- 
sion of quanta, as described by 6j,“(x), among the 
effects of which is a compensating low frequency di- 
vergence. It will be apparent that, as a consequence of 
the “infra-red catastrophe,”’ the second-order correc- 
tions to particle electromagnetic properties cannot be 
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completely stated without regard for the manner of 
exhibiting them by an external field. We therefore turn 
to a discussion of the behavior of a single particle in 
an external field, as modified by the vacuum fluctua- 
tions of the electromagnetic field. 


2. RADIATIVE CORRECTIONS TO 
ELECTRON SCATTERING 


We shall now be concerned with the interaction of 
three systems—the matter field, the electromagnetic 
field, and a given current distribution. The latter may 
be associated with a nucleus or a macroscopic apparatus, 
two situations in which the reaction on the current dis- 
tribution may have a negligible effect. A description of 
this state of affairs, in the interaction representation, 
is given by 


bv 1 
the : om | —“Cie)+ Ja) Ase) fee] (2.1a) 
5a(x) c 
0A,(x’) 1 
| : 2-* f De’ a6it0+ Sle) de [HLe=0, (2.1b) 
0x,’ Cr, 





where j,(x) and J,(x) are the current vectors associated with the matter field and the external system, respectively. 
Both current distributions are coupled to the electromagnetic field, as characterized by A,(x). An equally valid 
way of stating matters is in terms of an external electromagnetic field acting on the matter field current 



















distribution : 
| i (x)(A,(x)+A coca) |at J (2.2a) 
bo (x) Fs 7 7 ’ 2a 
0A,(x’) 1 ; 
| on Ai f Dia’—)jla)do, }¥Lo=0, (2.2b) 
dx, (We : 
where q 
1 0A, (x) 7 
CPA, (x)=—-J,(x), ———=0. (2.3) 
c -* 





The equivalence of the two descriptions is established by showing that (2.2) is obtained from (2.1) by a canonical 
transformation, namely, 













3 V[oreW[o], (2.4) : 
with J[o] determined by 
Jo] 1 
hc——=—-J,(x)A,(2). (2.5) 
? 60 (x) c 









The functional J[¢] is explicitly exhibited as 


ewe f "Tule Ay (a )de! (2.6) 
SS B wx ’ . 
~~ oa 





in which the choice of lower limit corresponds to selecting the retarded potentials for the electromagnetic field 
generated by the given current distribution. The equation of motion satisfied by the new state vector is 


5V[o] be 4 [o] 
+ihce* (1 
5a(x) - 5a (x) 












(2.7) 








1 
ihe *[-]= [=e renettnag(adeot lye) 
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ell A,(x)e- ol = A, (x) +-i[J[0],A,(x)]—-30 Lo], 00 ),4,() J+: 


1 o 
=A,(x)—- | D(x—x’)J,(x')do’ 
(x) 4: (x—x’)J,(«’) 


=A,(x)+A,(x), (2.8) 


in which the series ends after two terms since the components of J,(x) are mutually commutative, in view of the 
prescribed nature of this current distribution. It is easily seen that 


1 o 
A,©(«)= --f D(x—x') F(x") do’ (2.9) 


CV _« 


obeys (2.3). Indeed, 
10 f7dD(x—x’) 
C4, 9(2)=-— [ ———J,(@") de! 


Can 0%; 


1 dD(x— x’) 
wiles f OE antec YO, 
‘ ax,’ 


a u(x), 
Cc 


OA, (e) 1 
. =f me x')J,(x")) 
OX, CJ» 0%,’ 
=0. 


Furthermore, 
dele] BJ Lol 
ihee*s (1 iio 43 (ol, 
5a(x) bo(x) 2 





wal 


1 1 
= —-Ju(x)Ay(x)-—Jy(x) Ay (3), 
C 2c 


and the transformed equation of motion therefore reads 
5v[o ] 1 1 
the -| ~~ jue) +A,$0(8)) Jy 4,°(a) | (2.13) 
5a(x) Cc 2c 


which is equivalent to (2.2a), since the term — (1/2c)J,(x)A,(«), describing the self-action of the given current 
distribution, has no dynamical consequences and can be omitted. 
In a similar way, the supplementary condition (2. 1b) is transformed into 


[ews ule ny wi fee —x)(j(x)+Jp ())do, |¥o]}= 0, (2.14) 
0x," 
wherein 





eit lo] e-? oj — 


Ox, OXy : 


OX, CY» OX, 


aA, (x! aA, (x! aA,(x’)] 9A,(x") 1 p*aD(x'— | 
ass ee si |- = ae f nec Fs (2.15) 


OXp 
However, 


CVn 86 Oly cy, 


1 7° dD(x’—x’’) 1’ a 1 
—- { ———J,(0da""=- f (0G! 2"4,(¢")del"=- f Dea’ F,(#Ndo, (2.16) 
CI _2IXy . 


which verifies (2.2b). 
One can bring (2.2) into a form which enables the results of the previous section to be utilized. The mass re- 


normalization transformation 


[éWo ] 
Vo /bWLo ¥Le], ae ( ) =H1,0(x)W[e], (2.17) 


OX 
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replaces (2.2a) with 
5V[o 
the 
x 
where (see (1.3)) 


IIl. 


; =[2e(x)+5¢ (x) Lo], 


K(x)=5H(x)—H1, (x), 


1 
5 (eo) (x) =—_— —jy(x)Ay™ (x), 
c 


and the Dirac equation for ¥(x) now involves the experimental mass. The further transformation 


¥[o]= Uo }®Lo], 


where 
5U[o ] 
the 


ba(x 


= K(x)U[o], 


U[- o ]=1, 


is the analog of (1.8), save that &[0] varies in the presence of an external field, 


5b[o ] 


= Uo jx (x)ULo JLo J 
50(x) 


1 
= —-j,(x)A,(x)@[o], 
Cc 


(2.23) 


in response to the coupling with the current operator j,(x). The latter contains the modifications produced by the 
vacuum electromagnetic field. The supplementary condition (2.2b) appears as 


ve Ue . a D(x'— *)ig(a)do, fC = 0, 


in consequence of these transformations. However, 


Ay!) Ayla!) 
vey ue} = f 
0 


Xp" OX, —2 


60°” (x’”) 


"aed. 


(2.24) 


dA, (x’) 
(Ut uts"1) 


F Aye’) poe 
ee “des!'U-Co - A v(x’ ) fie nUL "= f" i! le —x!")j,(x )) 


1 
=- | D(x’- ju doy, 
J (x’—x)4,(a) 


so that the supplementary condition associated with (2.23) is simply 


= ’) 


As the first application of (2.23), we shall consider 
the scattering of an electron produced by its interaction 
with an external field, in which the latter is regarded 
as a small perturbation.‘ We shall restrict the external 
potential to be that of a time independent field, which 


‘ Radiative corrections to scattering have been discussed by 
many authors. That a finite correction is obtained after a re- 
normalization of charge and mass was independently observed 
by Z. Koba and S. Tomonaga, Prog. Theor. Phys. 3, 290 (1948) ; 
H. W. Lewis, Phys. Rev. 73, 173 (1948); and J. Schwinger, Phys. 
(ies is, 416 (1948). See also R. P. Feynman, Phys. Rev. 74, 1430 


d[¢ |=0. (2.26) 





will eventually be specialized to the Coulomb field of a 


stationary nucleus. 
A solution of (2.23) can be constructed in the form 


&[o ]|=R[o ]4i, (2.27) 


the - o]_ H(x)R{o], 


a(x) 


where 


(2.28) 


R{o}-1, (2.29) 


c—— © 





806 JULIAN SCHWINGER 


The state vector ®, characterizes the initial state of the system, composed of one electron with definite energy 
and momentum, and no light quanta. The total probability, per unit time, that a scattering process occurs, can 
be obtained by evaluating the time rate of decrease of the probability that the system remain in the initial state, 


6 6 
w=—¢ f dyv——| (#1, 8[@ }) |?= —c f dv——| (41,R[o ]®;)|?. (2.30) 
5a(x) 5a(x) 
The integration is extended over the surface t=const., with dv the three-dimensional volume element. Now 
6 : 
the bol | (1,R[o ]®1) |?= (€1,R“[o ]®1) (#1, (x) R[o ]®1) — (€1,R[o ]#1) (€1,R“[ 0 JH (x) 1). (2.31) 
x 
In view of the treatment of H(x) as a small perturbation, it is sufficient to write 


Rio |=1 : ” Ala! 4 —1 ' ” Hla!deo! 2.32 
oe a (x)du', R [o]=1+— fi (e)da!, (2.32) 


It will also be useful to introduce 
Hi (x) = H(x)— (®,,H(x)®,), (2.33) 


which possesses a vanishing diagonal matrix element for the initial state, and obtain 


Rlo}=exn| —— J a | H(x’) | tae! |(1-~ J “Hs! ) (2.34) 


The phase factor evidently has no effect in (2.31), and can be omitted. The latter is also unaffected if H(x) is 
replaced by H’(x). Hence to the accuracy of first-order perturbation theory, we have 


1 o @ : 
Re) -=—(1 H'(x) f H'(x!)des!+ i) Hi (x!) des! H' (xe) t), (2.35) 


1 =z0 zo 
wa=— f dni (sa @f x (x’)dxo +f x (x’)dxo'H’ (x) 1). (2.36) 


We may now remark that a diagonal matrix element for a state of definite energy must be invariant with re- 
spect to time displacements, whence 


f dvdy’ (: # (x!) dxo’H’(x)|1 J= )-f dydy’ ( ier (x) J “H (2) dx9’ 1), (2.37) 


1 cs) 
w= — f dniv’(1 Be) f Be ias 1). (2.38) 


This result is perfectly equivalent to the more conventional perturbation formula in which the rate of transition 
from the initial state is expressed as a sum of transition rates to all possible final states of equal energy. The energy 
conservation law is here expressed by the time integration, and the summation over all states other than the 
original is provided for by the removal from H(z) of the diagonal matrix element. Our basic formula for calculating 
the transition rate for scattering of a particle by a time independent potential is thus 


1 oe 
w= J dude’ A, (2)A,(r (1 ju(x) [ ic da 1). (2.39) 


We have not indicated that the diagonal matrix element is to be subtracted from j,(x), since it is sufficient to re- 
move, in the final result, those transitions in which no change of state occurs. 
We have shown in the first section that, to the second order in e, 


Jul) = ju(x) + 8 ju (x) +87. (x), (2.40) 
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> 4 ) 
i Big (@)=—— fea) jl) ole Aale de 
e, 2he? J 
te2 C) 
0) - f (x) 1S (0 2’ yh (2!) +0 (108 (a — 2) yx) A (2d, (2.41) 
and ro 
(54.%(a) aomdec f [HoT a(e—2 We!) de (2.42) 
1) Here bis 
a k 1 a 1 a 10 
T(x) =—yz log —LP(Fo(x) + Fi(x)) +—y PGF (x) + $F 2(x) +3G(x)) —i—ow-—Fo(x). (2.43) 
dn wer 4r 4r x Ox, 
It is only the indicated portion of 57, (x), referring to one particle and no light quanta, that need be retained to 
2) compute the second-order correction to the scattering cross section for an external field, since only this part of 
5j, (x) is coherent with 7,(x). 
The total rate of transition from the initial state can now be written as 
3 W=wWotw, (2.44) 
) 
where 
1 ) 
w=— f dnd A,°9(0)A,(0)( 1] (ju(a) + (8j. (#))1.0) J (Jo!) + (59. (x’))1, 0) dare! 1) (2.45) 
hee = 
4 
) describes the rate of radiationless scattering, while 
e 1 C) 
” m= f dnd Ay'(2)A,9(0)( 1 5j4 (x) f 5j0 (ce!) daz! | 1) (2.46) 
5) accounts for scattering that is accompanied by single quantum emission. 
To indicate the manner in which the perturbation formulas are to be used, we consider the evaluation of 
) f Gliseojcey|nraar (2.47) 
This can be written as - 
, —eef AMG) rwewe Me) Nde', (2.48) 
: in which it is understood that one omits the processes in which ¥(x))(x), or ¥(x’)y(x’) induces no change in state. 
) Now y(x’) can either annul the original electron, in which case ¥(x’)¥(x’) causes an electron transition to some 
final state, or ¥(x’) generates 2 positron, in which event $(x’)y(x’) induces the creation of a pair. However, the latter 
process is incompatible with the energy conservation that is enforced by the time integration, and can therefore 
) be omitted. Hence, it only occurs that ¥(x’) annihilates the original electron, whence ¥(x’)®; is a multiple of the 
vacuum state vector. The same comment applies to pt(x)$1=~ya)(x)®:. Therefore, only the vacuum expectation 
value of the operator ¥(x)¥(x’) is required in (2.48). Furthermore, since only one state of the matter field is ini- 
: tially excited, as described by the wave function we*?*, we arrive at the result 
e C) ec? 
f alieje@r| naw’ 7 J earatao—po)8C@+ era lirq— Wyse’ -O--9, (2.49) 
—o iT 
on employing the relation 
) 





1 
Walx)Pa(x’))o= —iSap™ (x— x’) = —-—— (dq)5(q?+ «°) (t7q— Kk) ape***-*. (2.50) 


(23)*4q9>0 





Before further simplifying this expression, we shall consider the analogous evaluations of 





f A165 eel Dae 
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f (1 | (8,j(a))a ojo’) | dae! (2.51b) 


—o 


which describe the radiationless corrections to the scattering process. Now (2.51a) can be written 
— ee? f “de! f dos! (1 | P(x) yah (x) (x" T(x’ — x!’ ("| 1), 
which, according to the arguments presented in connection with (2.47), becomes 
-é¢ K da! “a des!" try aa VO”) s(x! —2"")ue ive" 


ec? 
i. dx’ i) iw" f (dq)8(q?-+x°)tyy(tyg— x) T(x’ 2" )ueP— O02"), (2.53) 
~ (Qn)8 qo >0 
On introducing the Fourier transform of I',(x): 


r,(p—q)= foro aide, (2.54) 


we obtain 


ro) ec? 
f 14.967, toda = eyed (WRG PIB rang WT Lp—aucso-we-°, 


—o 


The result of combining (2.49) and (2.55) with the analogous evaluation of (2.51b) is expressed by 


mie = dgo(dq)8(qo— pu)8(q?-+ x2) fe iW A (9(r)dp f eite-w "A. (r")de! 
(Qn)? hc 


XU(y.+ r(q— p)) (iyq— Kk) (y+ r,(p— q))u. (2.56) 


On performing the integration with respect to go and |q|, we obtain w» in the form of an integral extended over all 
directions of the vector q, other than the incident direction: 


1 2 
0 Ba Hic J dQ|p| f e'0-0A, (edo | ei P91" A (p")do't(y,+T (q— p)) (ivg—«) (V/+T(p—q))u. (2.57) 
C 


This must be interpreted as the rate of transition from the initial state, expressed as the probability per unit time 
for a deflection into an arbitrary element of solid angle. A further simplification can be introduced by averaging 
(2.57) with respect to the two spin states in which the incident electron may occur. For this purpose, we require 
the average of “.t%s for the two polarization states associated with a given energy and momentum. It can be in- 


ferred from the anticommutator 
{Ya(x) a(x’)} = Sule  S aheapeape =i (dp)5(p'-+-«)€(p) (ivp— x) age”, (2.58) 


which exhibits, with equal weight, the contributions of all states of a particle, that 
(uatls)= A (ityp—k) ap; (2.59) 
for a state with wave number four-vector p,. The constant A is conveniently evaluated for our purpose in terms of 
the expectation value of the particle flux vector in the initial state, 
SO" = (1| ic (x) yx): | 1) 
=ichyu. (2.60) 


S69 = icy gatatis—icA Try (iyp—k) 
= —4cAp, | (2.61) 
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3) 


4) 


5) 
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so that 
: 1 | S¢ino| 
(tatlg) SS 


4c |p| 


This leads to the following expression for the total rate of transition from the initial state, 


i # 
8x? hrc? 





(typ—k) ap. (2.62) 


4T 1 (iyp— x) (yat+Ta(q— P)) (tvg—«) (vst Ta(p—q))], | (2.63) 





Ze 
f e*(e—-q) -r_qy 
Arr 





in which we have also specialized to the Coulomb potential of a stationary nucleus. We may now infer that the 
differential cross section for radiationless scattering through the angle # into a unit solid angle is 














doo(?) ' ss = 
-| [stereo lret rg Pinger PON] (2.64) 
dQ (p—q)? 
The Fourier transform of I’, is conveniently written in the form 
a i 
Ty(p—g)=— “faxed (\)+-¥- (0-0) (2.65) 
K 
where 
K 
A(X) = log——(Fo(A) + F1(A)) + 3(Fo(A) +3F2(\)+G(0)). (2.66) 
Here ” 
lp—q| |p| 2 
A= =— sin-, (2.67) 
2k K 2 
me 1 log((1+-2)!+2) 
v og 
Fo) = f ~ (2.68a) 
o 1+7(1—2") (1+)?)r 
1 = vdv 1 1 " 
ro)= f —————= (4, F(A) -—— (2.68b) 
9 1+2(1—2) x x 
/ wt 1 1 
FQ)= f semiotinih at (4 rwo-— (2.68c) 
9 1+22(1—2) ? 32 


The more complicated transform, G(A) is not required in the following development. The trace of the Dirac mat- 
rices contained in (2.64) is easily computed: 
2a 2a 
tT 1 (iyp—«) (vet Tag— p)) v9— *) (re FT a(P—9)) ]= 2 (fo? — «*”) ( i---W 0) ——KWF (A), (2.69) 
T T 


whence 
2 


dao(#) Za Py? o 2a a kK 
-( csc) (:- 2 sin? )[1-—ye4 (A)-—- —\NF .0)] (2.70) 
dQ 2\pi6 2 2 T wT poe— Kr? 


in which B= | p| /Po is the speed of the particle relative to c. 
To evaluate the rate at which transitions occur accompanied by radiation, we consider 


e 
( a“ faraar( 
h2 


x fi dee (D(e Sle") +H!) 1eS"—2 He VAL(e) ANCE”) 








(V(x) yS(a— 2" yb (2) +00" nS (2 — 2) yb () Th 











sjn(a) aj.) d 


1). (2.71) 





Since the state vector ®; is characterized by an absence of quanta, only the following vacuum expectation value is 
required for the electromagnetic field, 


he 
(An(xe"")Ao(x!””))o= thcBygD (1e"”— 2!" =-——te f (dk)8(H2)e*2""—2""9, (2.72) 
(2m)? Jko>o 
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The matter field operators are treated as before, with the result 


(: 





he ” 
i) h? Baad nova Nee aDEE )f ae ei(p—a-k)(2’—2) 


Xd(yS(gt+h)n+y5S(p— kyu) (ivg—«) (yS(p—k)ntySQ+h)y)u. (2.73) 





5 ju (x) f 5 ju (x’)dxo’ 





Here (get) 
. wy(qt+k)—k 
S(q+k)= f e~ eth) 2§ (4) dey = ——_—_— (2.74) 
2qk 
and (pb) 
ty(p—R)—k 
S(p—k) = -—————_ (2.75) 
2pk 
are Fourier transforms of S(x). The integration with respect to x’ imposes the energy conservation law 
Po= got ho, (2.76) 


which is evidently that of a light quantum emission process. The integration with respect to go and the magnitude 
of q can now be performed, leaving one with an expression for w; in the form of an integral extended over all 
directions of the scattered electron, and all light quanta, as restricted by energy conservation. On averaging with 
respect to the polarization of the incident electron, and specializing to the Coulomb field of a nucleus, one obtains 


Za 2 
m= S6ine) | ancansey =|] 0 (iyp—k) 
(p—q—k)? 





ko>0 |p| 
er — — iy(p—k)—k iy(q+k)—« 
x(x. ona mie 1) (oa © Ceremm mae e (2.77) 
qg g 


It may then be inferred that the differential cross section for radiative scattering through the angle #, in which 
the energy loss does not exceed AE, is 


do(3,AE) a pko=K |q| Za P 
een OR (dk)5( "inline 15 (p—*) 


dQ mJ kg =0 yin (p—q—k)? 
Pr vk vk 
val ——-— brerent nn (iyq—«) val —-— J4+-n—1e+1e—n Jf, (2.78) 
= = 2qk pk 2qk 2pk 
where 
K=AE/hce. (2.79) 


We shall first consider the simple situation in which the emitted radiation exerts a negligible reaction on the 
electron. That is to say, we shall treat the essentially elastic scattering of an electron, in which only a small frac- 
tion of the electron kinetic energy is radiated. Under these circumstances, which are expressed by AEXW = E— me’, 


(2.79) simplifies to 








do;(3,AE) Za v\? B\ a Pko=K -’ @q\? 
= csc?— 1—? sin?— }— dk)5(k?){ ——— }. 2.80 
dQ oe )( * dal, atte (5 a, aie 
Now 
i «Y. O-@ 2 1 1 
——-—)= +K . (2.81) 
= pk gk/  (pk)(gk) (pk)(qk) (pk)? (gk)? 








1 it. aq oe dv 
—-—)=- f (2:82) 


(pe)(gk) @—p)k\ pk gk) Wayprpta p—a\ 7 
aaa 
from which one deduces, on integration by parts, that 


(pk? (gk? ds op 8 
(pk)(qgk) (pk)? (gk)? 1 Ov = 9 2 (2.83) 
(a) 
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fonsey(5-2) ef a fo( =. =) fa = (2.84) 
(yy 


Therefore, 








The & integration in the latter equation can be written as 


2 f (ak) 5(#) (Pus q\ 9 























— 2 = 
(74) 2 2 hy (Fy iy, 
2 2 

(“47 5) 

. | fam (an) | a0) A Bs f anw'e| (2.85) 
~ P14L(6—9/4 11a) L @e p-9 ite 
: 2. 

However, 4(&) on 

-2 faa) f- ae) = fe (at) — —)+fz Je oe), (2.86) 


so that 





* ((-” i 1 (dk) 
dk)3(##)( —-— d 5(ke 
fc rat (5. ‘)- =f ‘ 2x? "a0 140 (9— q)?/4x2(1— v*) re ” 


( (F455) WV 
,. 3 





meat 





v 


0 2 2 
‘ f (dk) —45(#2) +14] (2.87) 
ko P+q p-9 Ro 
te 


a 2 




















in which we have discarded terms that obviously vanish on integration over the domain 0<ky<K. 
The first bracketed integral in (2.87), when expressed in three-dimensional notation, becomes 


(dk)dk a k dko K 
f pe “3(k2— ko =a f rth (2.88) 


0 kmin *0 in 





in which we have again introduced an invariant minimum light quantum wave number to characterize a loga- 
rithmic divergence associated with the “infra-red catastrophe.” A similar expression of the second bracketed in- 
tegral in (2.87) yields. 




















1 0 
J (dk)3(k*— K*)| —— 
K p+q p-—q 
pk- (A k 
1 0 0 —L(p—q)? —v))! 
m2 [1-- p wail +(p’—L(p—q)*/4 ](1—2*)) | (220) 
2 (p’—[(p—q)?/4](1—2*))?  po— (wp? —L(p—a)?/4.](1—-2*))! 
Therefore, 
J (ai) B(8)(0/Ph—a/ a8) 
@-a 2) 1 ce 1 ake 
=4r | d a , (2.90 
f (= "ao 140 (p— —q)?/4x? ](1- a i Wily 2Bé *1— BE ’ 
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3 ; 
f= (1—sin-a—v" ) 
We may now employ the identity | 
1—1/2B¢ log(1+6t/1—Bé) 1 log(1+[(p—a)*/4«* ](1—2*)) log(2po/x)—1 
1+[(p—a)'/4ee1—o*) 2 14 L@P—@)/4e]—e%) —14-[(p—a)*/4e 1 -*) 


where 











yan = 
po? 28§| 1+B€ 1—fé 
to cast (2.90) into the form 


ko=K p q 2 P ; ) K 2po 
f (dk)5(k*) (—-=) = 4r— sint (tog ——log—"+1) (rt Ri) +P+iG+H | 
ko =0 pk gk 2 K 


K min 





Yt 1+ ,é 1— 1+8 
lo en ee 
1 «# 2 2 


a=(14 —)= ape 2 
2n7/ poo BE] 1+ BE 1—Bé 2d? por B] 1+8 i—f 


The function H approaches a constant in the limit of small velocities, 


4 1 
B<1: H=-(log2—1)—-. 
3 9 








At high energies, H is approximated by 


po/e>1: H=-—f(d), 


0 


1+é img) 
weal” log 


with 








f(@#%= (2.97) 


| 
1 2 | 
a | “i 1+¢é | (?— a 
This integral can be performed analytically for }=7, 
f(r) =7°/12, (2.98) 


but must be evaluated numerically for other angles. An approximation in excess, which has the correct asymptotic 
form at small angles, is provided by 


2 } 
0~( ) te : one at } i} (2.99) 








cos(#/2)(1-+cos(#/2))8 1 =cos(8/2)) 


This formula is reasonably accurate even for )=7/2, where the value yielded by (2.99) exceeds by only 8.6 percent 
the following result of a numerical calculation: 
f(m/2)= 1.167. (2.100) 


The total differential cross section for scattering through the angle #, in which the energy loss does not exceed 


AE, 

. do(3,AE) dod) do,(d,AE) Za v\? 

= + -( csc) (:- 8? sin?— -)at- 5(3,AZ)), (2.101) 
dQ dQ dQ 2|p/8 


where 6(3,AE) is the desired fractional decrease in the cross section produced by radiative effects. For essentially 
elastic scattering, we obtain 
2a po" 1 n/p? 


d E 1 1 
5(0,AEKW)=— 8 sin? (log——1 (Fo+F1)+—-Fo— Fi1+—-F2.—H+- Pol (2.102) 
r Kk 2 AE 2 3 2 1—6? sin?(8/2) 
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5 F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 





on combining (2.70) with (2.80). It will be noted that 
the infra-red catastrophe, as characterized by kmin has 
disappeared. However, it is possible, in principle, to 
consider the limit AE—0, which would make 6 diverge 
logarithmically. It is well known that this difficulty 
stems from the neglect of processes involving more than 
one low frequency quantum.® Actually, the essentially 
elastic scattering cross section must approach zero as 
AE->0; that is, it never happens that a scattering event 
is unaccompanied by the emission of quanta. This is 
described by replacing the radiative correction factor 
1—6 with e~, which has the proper limiting behavior 
as AE—0. The further terms in the series expansion 
of e~ express the effects of higher order processes in- 
volving the multiple emission of soft quanta. However, 
for practical purposes, such a refinement is unnecessary. 
The accuracy with which the energy of a particle can 
be measured is such that the limit AE—-0 cannot be 
realized, and 6 will be small in comparison with unity 
under presently accessible circumstances. 

For a slowly moving particle, 





8a v mc 19 
bK1:5(0, AEKW) =—#? sin? og +I (2.103) 
3x 2L. 2AE . 30 


according to (2.95), the limiting form of H and the 
corresponding limiting form of F,: 


AK1: Fra= (2.104) 





n+1 


The radiative correction thus increases linearly with 
the kinetic energy of the particle. In the extreme rela- 
tivistic region, on the other hand, 


po _ o 
—sin->1: 
K 2 
4a E 13 2p. ov 1 
5(0, AEKW) --| (ioe —-—) (toe— sin) 
T AE 12 K = 4 


17 1 v 
+—+- sin? 4(0)}, (2.105) 
723 2 


which has a logarithmic dependence on the particle 
energy. The asymptotic form (2.105) is quite accurate 
for even moderate energies. Thus, with 8=2/2, AE=10 
kev and W=3.1 Mev, which corresponds to (o/x) 
Xsind?/2=5, the value of 5 computed from (2.105) 
differs from the correct value, 
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by only a fraction of a percent. It is evident from this 
numerical result that radiative corrections to scattering 
cross sections can be quite appreciable. For the par- 
ticular conditions chosen, AE can be materially in- 
creased (but still subject to AEXW), without seriously 
impairing 6. Thus, with AE=40 kev, 6=6.3 10°, 
while AE= 80 kev yields 5=5.1 10-*. As to the energy 
dependence of 5, we remark that with a given accuracy 
in the determination of the energy, AE/E, 6 varies 
linearly with the logarithm of the energy. Thus, with 
AE/E=0.04/3.6=1.1 10%, an increase in the total 
energy by a factor of four produces an’ addition of 
4.4 10 to 5, whence 6=11 10-* for W=14 Mev, and 
6=15 10? for W=57 Mev. 

The angular dependence of 6 at relativistic energies 
is not fully described by the asymptotic formula 
(2.105), since the underlying condition, (po/x)sind/2 
<1, cannot be maintained with diminishing #. In- 
deed, 6 is proportional to sin?’#/2 at angles such that 
(po/x)sind?/21. However (2.105) can be used over a 
wide angular range, even at moderate energies. Thus, 
with W=3.1 Mev, AE=40 kev, and #=2/4, which 
corresponds to (fo/x)sin?/2=2.7, the value of 6 de- 
duced from (2.105) exceeds by only 2 percent the cor- 
rect value, 5=4.2 10-*. We may note that under the 
same energy conditions, but with ?=32/4, 6=7.2 10-. 
The angular dependence of 6 may be particularly suit- 
able for an experimental test of these predictions, 
which involve the relativistic aspects of the radiative 
corrections to the electromagnetic properties of the 
electron. 

We have thus far considered only the essentially 
elastic scattering of an electron, in which radiative cor- 
rections arise primarily from virtual processes. If we 
wish to compute the differential cross section for scat- 
tering with an arbitrary maximum energy loss AE, it 
is only necessary to augment the essentially elastic 
cross section, in which the maximum energy loss is 
AE’<W, by the cross section for scattering with the 
emission of a light quantum in the energy range from 
AE’ to AE. The latter process involves the well-known 
bremsstrahlung cross section which, of course, is the 
content of (2.79). This will be illustrated by the calcula- 
tion of the differential cross section for the scattering 
of a slowly moving electron, irrespective of the final 
energy. The differential cross section per unit solid 
angle for scattering of an electron through the angle #, 
in which a light quantum is emitted in the energy 


5=8.6 10°, (2.106) range from AE’ to W, is 
oF age sunt te Je )—(n-(p—a))?] (2.107) 
— — p—q)*—(n-(p—q))*], , 
mJaxr'/re ko |p| L(p—a)? 


according to the non-relativistic limit of (2.78). Here dw is an element of solid angle associated with the direction 


of the unit vector n= k/ko, and 


|q| = (p?—2«ko)!. 


(2.108) 
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On performing the integration over all emission directions of the light quantum, and introducing the new variable 


of tte x=|q|/|p|, (2.107) becomes 


=(=) i? —AE’/w)t x 2xdx 
3u\ |p| 1+-22—2s cos? 1—22 





Za 0 
= ( csc?— 
2|pi6 2 


1—z 





28a v W 1 2udx 
\=e sn? og _ f | (2.109) 
3 2 AE’ +, 1+2°—2x cos? 1+ 


Thus the contribution to 6 produced by emission of quanta with energies in the range from AE’ to W is 


4W 


8a 0 
——* sin? og —— (x—#)tan—— 
3a 2L AEF’ 2 


vo = cosé? v 
(2.110) 


log csc— }. 
cos?3/2 2 


On adding this to 6(8,AE’), as given by (2.103), we obtain the desired result: 


B<1: 6(8,W)= “9 sin?— [ios a. 


It may be remarked, finally, that the analogous 
meso-nuclear phenomenon, the radiative correction to 
nucleon-nucleon scattering associated with virtual 
meson emission, will be a relatively more significant 
effect in view of the stronger couplings involved. This 
may well be the explanation of the discrepancy between 
the observed neutron-proton scattering cross section for 
high energy neutrons and the larger theoretical values 
computed from various assumed interaction potentials.® 


APPENDIX 


In this section, we shall first give an alternative treatment of 
the polarization of the vacuum by an external field, employing 
the methods developed in the preceding pages. It is desired to 
compute the expectation value of j,(x), 


(ju(x) ) = (Lo ],ju(x)¥[o]), 
where ¥[e ] obeys 
bV[o] 1 


ihe 7 —7Iu@) Au) ¥Lo], 


(A.1) 


(A.2) 





Now 


ee, , 6 —1T 1; 3 
4 fd’ 0,0" ule Vil) Ue I= 


whence 


U- [lo }ju(x) U Lo] = $3 (ju(x) +S j,(x)S) +35 


_ fe" Lo,0" JU Lo" Liu(=), jr’) Uo" JA’). 


(2.111) 


sail] 
og csc— |. 
2 


2 cos/2 





and A,(x) is the potential of a prescribed current distribution. 
The physical situation can be described as follows. In the remote 
past, the matter field is uncoupled from the external electromag- 
netic field, and the state vector is that of the vacuum, 


V[— 0 J= WV. (A.3) 


It is supposed that the coupling is adiabatically switched on, and 
that the external field does not induce real pair creation. The 
latter restriction implies that the final state of the matter field, 
after the coupling is adiabatically switched off, is simply Wo, 
whence 

VL o ]—¥[— 0 J=(S—1)%=0. (A.4) 

A solution of (A.2), in the form 
W[o]=U[o]}%o, 

may be constructed, where 


., Ulo r. 
ances = = jy(2)Ayl2)ULe, 


(A.5) 


(A.6) 


and 
U[~]=S, U[-o]=1. 
The current induced in the vacuum is then written as 


(ju(x)) =(OLo ]ju(x) ULo Do. 


(A.7) 


(A.8) 


U~Lo Jju(x) ULoJ— 4 (Gul) +S Gu(2)S), (A.9) 


(A.10) 


On placing U[e’]=1 on the right side of (A.10), one obtains the first approximation in a treatment that regards the disturbance of the 


vacuum as small. Hence, 


(julx) === 


_ fo e(a— x’) Cju(x) sJv(x’) }oA r(x’) ’ 


(A.11) 


in view of (A.4) and the absence of a current in the unperturbed vacuum. We shall, for convenience, write this formula as 


(jul) == f Guole—2')Avla!)de’, 


where, according to ITI (2.10), 


Gyr(x— x’) =4T 7S (x! — x) yy S(x— 2!) +5 (x! — 2) yypS (x—x')yy]). 


(A.12) 


(A.13) 


The introduction of the Fourier integral representations for the functions S® and S, combined with the trace evaluation (see IT (2.10)) 


ET r[(— yk! +0) yulivk! + aye t (— tk +0) yulivk’ +0) 10] = hale! + hey fis” — Buy RR” — 2), 


(A.14) 


* A summary is given by L. Rosenfeld, Nuclear Forces (Interscience Publishers, Inc., New York, 1949), pp. 450, 454. 
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yields the following “aoe for orss 
sof (ak) dk esate rE) 


Gyy(x) = 


(2x)? 


It is instructive to examine the conditions imposed on Gy»(x) by 
the related requirements of charge conservation and gauge in- 
variance. The former evidently demands that 


0 
Julie) =0. (A.16) 


The requirement of gauge invariance is that the induced current 
be unaffected by the gauge transformation 


one 


Ay(2)Ay (2) -— (A.17) 


or that 
f Gamat) dal = f Gul )A(H) da’ =0, (A.18) 


in which the absence of an integrated term is a consequence of the 
adiabatic removal of the coupling in the remote past and future. 
Evidently (A.18) is satisfied in virtue of (A.16), since 


Gy»(x) = Gyy(2). 
On computing 9Gy»(x)/dxy from (A.15), we obtain 


(A.19) 





We return to the evaluation of G,,(x), and utilize the identity 


(kk’) (kR’’) 
Re 


Rk" —@=2 


ie aS 


kk” 
—(p’2 —— 
(P+ Ke); 


III. 


They! hey!" Rey ey  — Byy(k’k! — x). 





te) 
az, uy (x) = C Gael GHAR eiOe HB, raU A 


“aR aaa (ake f (dk) ,"5(K+42), — (A.20) 


where 
ky=ky'+h,”, (A.21) 


which is indeed zero if 
f (ak ky "8(k+18) =0. (A.22) 


Although the latter integral is strictly divergent, the value of 
zero is unambiguously obtained from any limiting process in 
which the delta-function is replaced by a suitable non-singular 
function. In this sense, the requirements of charge conservation 
and gauge invariance are satisfied. It may be noted that the same 
integral is encountered in evaluating the current in the unper- 
turbed vacuum, IT (1.73), 


(ju(x))o= CT rys (0) 
“5 aol (dk! )hey!"5('"2-+-x2), (A.23) 


which must also be zero. 


— Wee (A.24) 


to simplify (A.15). The third term in the latter expression makes no contribution in view of the null value of (2’’?+-«)5(k’?+4), while 


the second term produces a contribution of Gy,(x) of the form. 


S ny ae yee sure, 


which must also be zero, in — of (A.22). Hence, 


(A.25) 





Golam f dey ae Ne Tes + 


5(R?+%2) | ete (* Ry ky + hy ky” 
k’2+-42 


5H). 


5} up (A.26) 


The delta-function factor can be simplified in the manner introduced in the text: 


5(k’2+- x?) (Re) 1 
R242 ke KI 
The introduction of the new variables k, and py, as defined by 





(68 2) — aCe) = —4 [doo (FS 


+H RK é). 
2 





(A.27) 


Fey’ = Bly + (r po stu) 


hy! = bey (a. ste) 


then brings G,»(x) into the form 


Gyy(x) = ~8 (2m)? 


seal dolt—w% f(t) ape Coy —durk)8 (H+ 8+ S12), 


(A.28) 


(A.29) 


where, in virtue of the dependence of the delta-function on #? alone, terms linear in p, have been discarded, and pyp, has been replaced 


by 35,,f%. It is thereby shown that 


with 


; kt 
Ga) = za J dott) f anyiap ere (pet TA—#): 


0 ¢@a 
Gul) = (= a 


wLP)G), (A.30) 


(A.31) 


The divergent and — parts of G(x) can be separated by a partial integration with respect to 2, 


cermginf enw rrener-CrgglAi-F)f ane funw(ererta-#) 


(A.32) 
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The invariant, logarithmically divergent integral that occurs in the first term of (A.32) can be expressed in three-dimensional notation as 


fans (e+e=— f etc tind itt 9 re ~ 90 Lim log +*-1), (A.33) 


(pP+x2)! 


Po= (P?+4°)4. (A.34) 
The convergent second integral of (A.32) is then obtained by differentiating (A.33) with respect to x? and replacing the latter by 


e+(8/4)(1—29, s 
Sane(e+e+50-") =a pace (A.35) 


2p0 Apo 


where 





With these evaluations, G(~) becomes 
Le 
G(x) = -—-—— 74,2 73 Lim log="** - 1)o¢e a= a P(x) — }F,(x)), (A.36) 


where 





1 1 etkz 
n(x) = ndy—— . 3 
Fa(a)= fe aoa Gh) ea d—e) am 
Finally, we may insert (A.30) into (A.12) and integrate by parts to obtain 
{ju(x)) = 16ra | G(x—x')J,(x’)du’, (A.38) 
where J,(x) is the current vector that generates the external electromagnetic field. The expression of G(x) contained in (A.36) then yields 
—— Pot+P al ee ga 
(isla) = —F2 Lim (log=***— 1) 10) SCP f Pule—2”)— Bale 2) pled (A.39) 


in which the first term represents the logarithmically divergent renormalization of charge. 
It should be remarked that the existence of a charge renormalization term would appear to contradict the conservation of charge, 
since it implies that a non-vanishing total charge is induced in the vacuum. Indeed, a formal evaluation of the total induced charge 


would yield zero, 
* f Guladidey= sa fea 2)] = fiuCaddenjote’) | Ala! de 


by 
since the operator of the total charge commutes with the current vector at an arbitrary point. The expression of (j,(x)) as 


ule) = Ff Gea) Fale’, 


where 
_ @ to) 
Fy=—Ay—-— 
a ae 


is formally consistent with the result since 


1p. 2e a a ae ae 
“Sika day f (dense davee) {Gla 2) Fede 

=0, (A.43) 
in view of the theorem 


fi (deuzo-F(s)—do, 2 F(s)) =0. (A.44) 


However, it is evident that these formal manipulations are only justified if.the integrand in (A.44) decreases sufficiently rapidly in 
space-like directions, which is not fulfilled for the field strengths generated by a charge distribution of non-vanishing total charge. 
This difficulty can be avoided by treating the actual electromagnetic field as the limit of a spatially confined field, for which the total 
induced charge is zero. A convenient way to accomplish this is to introduce a finite light quantum mass, which is eventually allowed to 
vanish. We thus write the potentials generated by the given charge distribution as 
0A, (2 
Ayla) == f D(x—x')Tu(x’) de’, ad (A.45) 
7 
where 


D(x) =Lim- (A.46) 


ae an is +e 3(¢ 
The induced current can then be exhibited in the form 


Gula))=—S flex) D a2") Jaded!” 
=e aol MOWED HI (e— 9D (EE), 


in which the second version involves the Fourier transforms of the functions, G(x) and D(x), 


Gi)= coe aot) { Gp)s(p-+e+ Ft) 


Dik)=Limas maar 
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The total induced charge can then be calculated in terms of the total external charge, 


1 
== f Ine— Biden 


which expression is independent of ~. Therefore, 


* f Gule)rdou= “0 f GRAD (a)3(8) (db) 


4e 
70 tine), (850) 


If ¢ is placed equal to zero before evaluating the Fourier transforms at k,=0, we obtain the previously computed non-vanishing induced 
charge 


4eé a oe 
10= OLE (H) yno= 0 f(dp)s'(P*+#). (A.S1) 


On the other hand, if the limiting process e—0 is reserved to the end of the calculation, we evidently find 60=0. 
The implications of this limiting process may be further indicated by noting that, in the first term of (A.39), J,(x) will be replaced by 


Jul) — @cAy(x), (A.52) 
in virtue of the differential equation 


(D2) Ay(2) = -=J,(2) (A.53) 


obeyed by the potential (A.45). Now (A.52) reduces to J,(x) at any point as e—0. Yet the total charge computed from (A.52) is zero. 
This is illustrated by the charge density associated, according to (A.52), with a point charge at the origin: 


: gs 
Lim aia : (A.54) 


€>0 


We may conclude that in the process of vacuum polarization, a non-vanishing, and indeed divergent charge is attached to the original 
charge distribution, and a compensating charge is created at infinity. 
We shall finally apply the computational methods of this paper to evaluate the invariant expression for the electromagnetic mass, 


bmp (x) = — “ f “ul D(x— x!)S (x¢— x’) + D® (x— x’) 8 (x— 2x’) Fry (x') der’. (A.55) 
The insertion of the Fourier integral representations yields 


dmc (x) = “ Sa y 





Ne eT dR? +e) 5H) \ na 
(dk) (dk’ ei hth 2-2"), (yk! — onl pe Tey ote dew’. (A.56) 
This becomes 


¢ 1 


_@ 6(k@—2pk) _3(##) 
2 (2m)" 


(48) (dp eH agin d—B)— WE 


oe a des! (A.S7) 


on introducing : 
Pu=huthy’, (A.58) 
which is effectively subject to the restriction 
P+=0, (A.59) 
in view of the wave equation satisfied by ~ Now 
z > jl8e— 2pk)—6(#)]J=— ik (i—2phku)du, (A.60) 
and 
Yulty(p—k)— «y= —2(iy(p—k) +2), (A.61) 


whence 


dmo*y (x) = on f (dk) (dp) J. “due'we-2") (iyk—x)5' (RP? —2pku)y(x’)dw’, (A.62) 


in which we have employed the fact that iyp+-« is equivalent to yy4(0/dx,’)+-« applied to ¥(x’) and is thus effectively equal to zero. The 


transformation 
RyRy t+ Pu (A.63) 
then yields 


imey(2) = (ak) (dp) fducio==9 (iy pu 1) (+ aA) Yada 


(x) 
— ato du f GN A+We G+ eA) He) 


Hence, 
im/m=—-— | (lb u)du (dk) 8’ (k?+- x2u*) = —— | (dk)d'(k2+2)+ sl, (2u?+-u®)dux® f (dk) 5” (h2-+- x2u?), 


and 


according to the integrals (A.33) and (A.35). 
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The methods recently developed by Schwinger for dealing with problems in quantum electrodynamics 
have been applied to an investigation of the electromagnetic properties of nucleons in interaction with 


pseudoscalar mesons. The calculated values of the magnetic moments of the neutron and proton are in 
agreement with results previously obtained by Case, Luttinger, and Slotnick and Heitler using different 
calculational procedures. Our result for the neutron-electron interaction is identical with that obtained 
by Case. Included in this paper are the anomalous proton-electron interaction and a qualitative discus- 
sion of the scattering of high energy nucleons. The large coupling constants necessary to fit any of the exper- 
imental data show that the results obtained by a second order perturbation calculation are not quanti- 


tatively reliable. 








I. INTRODUCTION 


HE methods recently developed in quantum elec- 
trodynamics'~* may be applied to a study of the 
changes in the electromagnetic properties of nucleons 
which result from their coupling to a symmetrical 
pseudoscalar meson field. Several** papers on this topic 
have appeared recently, in which the anomalous mo- 
ments of the neutron and proton as well as the neutron- 
electron interaction were discussed. In these papers, the 
nucleon, meson, as well as the external electromagnetic 
fields were introduced at the start of the calculations 
and the electromagnetic properties of the nucleons were 
deduced from the energy of the system. 

When the external field is a given space-time func- 
tion, the electromagnetic properties of the nucleons are 
described by the current operator of the nucleon-meson 
system. We shall therefore first calculate the modifica- 
tions of this operator due to the coupling of the nucleon 
to the meson vacuum field. It is then simple to examine 
the behavior of the system in an external electro- 
magnetic field. This technique is in close analogy to 
Schwinger’s treatment of the electromagnetic properties 
of electrons.® 

Our results for the magnetic moments and the 
neutron-electron interaction are in agreement with 
those previously reported; we have also calculated 
the anomalous proton-electron interaction. Further, we 
have investigated qualitatively the interaction of high 
energy nucleons with an electromagnetic field. It is 
found that meson theory leads to effective anomalous 
magnetic moments which decrease in magnitude with 
increasing momentum transfer of the nucleon. 

This paper, as well as the previous ones,‘ is based 
on a covariant perturbation theory carried to the second 
order of the coupling constant. 
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II. PRELIMINARIES 


The following notation will be used: The symbol ¢ 
stands for the three operators ¢1, $2, $3, and represents 
the field variables of the symmetrical pseudoscalar 
meson.’ The Dirac spinor y and its adjoint p denote 
the nucleon field; u and « are the inverse Compton 
wave-lengths of the mesons and nucleons respectively; 
vu(u=1, 2, 3, 4) and ys are the usual Dirac matrices; 
7 represents the three isotopic spin matrices 71, 72, and 
73; g is the coupling constant. 

The Lagrangian density of the nucleon and meson 
fields with pseudoscalar coupling is® 


£= —3[(9G(x)/dx4)(9G(x)/Ox,) + u?h(x) o(x) J 
— hop (x) (yu(9/ xy) + x(x) 
+igh(x)ysrv(x) G(x), (2.1) 


3 

where $¢ is the “‘scalar product” >> ¢:¢;, and (0¢/0x,) 
i=1 

X(d¢/dx,) and 7d have an analogous meaning. Re- 

peated Greek letter subscripts are to be summed from 

1 to 4 throughout. The coordinate x stands for x1, x2, 

X3, X4(=ict). 

In the interaction representation, the state vector 

Wo] obeys the equation of motion 


the{ 5V[o ]/5o(x)} =3C(x) Vo], (2.2) 


where 


I(x) = — igh (x) ysTy(x) (x). (2.3) 
The field operators satisfy the commutation relations 


[oi(x), $;(x’) ]=thcD(x—x’)6;;, (2.4) 
and 


{Ya(x), ve(x’)} = (1/i)Sap(x— x’) 
= (1/1) [yu(0/%y)— x JapA(x—2’), (2.5) 


where D(x) and A(x) are the usual invariant func- 
tions associated with the meson and nucleon fields 
respectively.! 


7™N. Kemmer, Proc. Cambr. Phil. Soc. 34, 354 (1938). 
® We deliberately have not symmetrized the theory to avoid the 
— terms arising from the charge conjugate expressions. 
rocedure does. not affect the result; see F. J. Dyson, Phys. 
Ree 5, 486 (1949). 


SEPTEMBER 15, 1949 



























ELECTROMAGNETIC PROPERTIES OF NUCLEONS 


The current operator in this representation consists 
of a nucleon and meson part 


julx) = ju (@) + ju (x), (2.6) 
where ‘ 
5 (x) = seo (a) 1u((1-++73)/2)0(e); 
juS™(x) = —(ie/h) (2) TsLd6(x)/Ox,]. (2.7) 


Here 7; is the operator which generates infinitesimal 
rotations about the third axis in the @¢-space accord- 
ing to 


(x)—>(1+ieTs) (x). 


It can be represented by the matrix 
0 -i 0 

T3= |i 0 0}. 
0 oO 0 


We are interested in the current operator in the 
Heisenberg representation, which is given by j7,(x) 
+6j7,(") with® 


(2.8) 


aj, (e) = —(/2he)? f Pe ed 
X[Liu(x), 3x’) J, 3C(x”’) Jdew’des”” 


+ (i/2hc) f Lo, o ju(x), 31,0’) Jd’, (2.9) 


correct to second order in “‘g’’.!° 


The function e[.¢, o’ ]=-1 according to whether the 
surface o follows or precedes o’. 3C,9(x) is that part of 
the interaction Hamiltonian which contains the mass 
renormalization," 6M, of the nucleon, 


Ilr, o(t) = 3 (V(x) x(x) +X(x)¥(x)), 
x(x) = 6Mc*p (x) 


III. MODIFICATION OF THE NUCLEON CURRENT 


When one substitutes j,=7,'%+ 7, in Eq. (2.9), 
the expression for 57, separates into a contribution from 
the nucleon current and one from the meson current. 
The expression for the nucleon part is strictly analogous 
to III, Eq. (1.32). One may therefore take over Eqs. 
(1.58), (1.61), and (1.62) of ZZZ with the following 


substitutions: 
1 + T3 
vemol , ) eg 


A,-$¢. 


(2.10) 
where 
(2.11) 





(3.4) 
Yo 75 


The term corresponding to the first term in [JJ, Eq. 
(1.58) vanishes in our case since, with pseudoscalar 


* See III, Eq. (1.32). 

10 We omit the first order correction to the current since its ex- 
pectation value in a meson vacuum vanishes. 

1 The derivation of this is precisely analogous to the derivation 


of IJ, Eq. (3.77). 
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coupling the meson particles and anti-particles have the 
same “mesonic charge.”* Thus, in a nucleon vacuum, 


Cis, I(x’) })=0, (3.2) 
where the symbol {) indicates the expectation value. 
We note, too, that the Fourier representations of 


D(x) and D(x) differ from those of the electromag- 
netic field due to the nonvanishing meson mass: 


D(a)=1/(2")4 f (dk)e*=(1/(2-+y2)), (3.3) 














D(x)=1/(2m)3 f (dk)e**5(K2+-y2). (3.4) 
Thus we obtain, in the present case, 
(57. (x))1,0= — Gegt/2h) f du’ des" He) 
XK,(x'—2x; 4-2" )Y(x"’), (3.5) 
where 
K,=K,+K,, 
with . 
K,® . f (dk’)(dk’’) (dk) 
- (2x)8 
1+ T3 
x| verre’ K) Yu (iyk!’— ont] 
| a+) (R*+e) 
(b+ 2)(+ we) (B+ x2) (REL?) 
5(R?+ py’) [i(k +h)(a’—2)] 
exp[i x’ —%x 
+R +) 
Xexpli(k”+k)(x—x”)], (3.6) 
and 


1 
,? = ——— | (dk’)(dk’”’)(dk 
KO=——— | au au var) 





3- T3 1 

x| +2r} yeaa etd. 
2 2k d(x— x"), 
Xexp[i(k”+k)(x— x’) ] exp[ik’(x’—«x) ] 
X ys(iv(k"’ — «)) v6 
[~ 2442) §(k?+ py?) 
x + 

Pte ke 
+term with k’ and k”’, (x—x’’) and (x’—~) inter- 
changed. In Eqs. (3.6) and (3.7) terms of the type ab 

4 


denote > a,b,; in Eq. (3.7) we have used the relation 
y=1 


(1-+-73)/2-7-7=(3—73)/2+273. 


The calculation of K, and that part of K,® which 
contains (3—73)/2 proceeds in analogy with the corre- 





(3.7) 
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sponding calculation in JJ/, to give 


3- T3 1 1 
E,-— -—a(«'—<") 
2 «x8r? 


3—73 6(x’—x’) 1 
-—C,MO+R,™, 
+ 4r Kr 


re) VuVr— Yr 
Fo(x—x’); (+=), (3.9) 
Ox, 21 


C& sa vl_P(Fo(x— x')+F i (x— 2) 
+Go(x—x')—Gi(x—x’)), 


f (dk’)(dk””) (dk) y42r9(1/2x) 


(3.8) 





where 


M, = oy 


(3.10) 


1 
R,™= — 
(29)¥ 


eT Nadi )a expli(k’”+k)(x—2"”)] 


BR + Ke) 6(kP+ n*) 
+ 2 e Rl2+ 42 


+term with k’ and k”, (x—x’’) and (x’—x) inter- 
changed. The functions F; and G; are defined as follows: 


hia=—— fever ff eae f a 
u 





XexpLit'(«'—2)]| (3.11) 





xX ’ 
1+ (u?/K°)((1—u)/u?) + (p?/4°)(1—2) 


Gia)= fomenf aol du 
u 


xX 
1+ (u?/ x?) ((1—u)/u?) + (p?/44«?) (1-2) 
1 
xX . 
1+ (u?/x°)((1—u)/u) 


Thus the correction to the current operator arising from 
the nucleon current is, from Eq. (3.5), 


(574 (%)),0 





13) 





ec 


3 


7 mr 
x fue) Me de 
g 1 1 te 
oe 
4rhc 20 4x? 4r 


3- T3 
x f J x’) — Cy («— 2 (a! de’, 
2 


— (éeg?/2h) f Vw )Ry (x! — 2; 2— 2”) 


Xo(x")dw'dw"’. (3.14) 
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It is clear from Eqs. (3.9) and (3.10), that the first 
term of Eq. (3.14) is a polarization current giving rise 
to an anomalous magnetic moment and the second term 
is a convection current. This convection current does 
not correspond to an additional nucleon charge since its 
space integral vanishes. The third term, however, in- 
volving R,‘”, is the change of the nucleon charge due 
to the interaction. Since the total charge is conserved, 
we should expect that it will be cancelled by a term 
occurring in the correction to the meson current opera- 
tor (see Section IV). 


IV. MODIFICATION OF THE MESON CURRENT 


On substituting the meson current j,, Eq. (2.7), 
into Eq. (2.9), we obtain 


i\? 7” 
(C2) .0= (=) ry eLo, o’ elo’, 0” 


x CLiu (x), I(x’) J, F(x") J, odw’dw". (4.1) 


Using the notation ’ to -indicate the argument +’, 
we first evaluate the commutator 


eg dg _ 
Cini, 5¢”]= - Flor, Vu 


Xu 


ce) " 
=— ige( oT s—D(x—«'b'ysr 


Xu 


A dy 
—W'ysty’D(x'—x)Ts— }. (4.2) 
Xu 


In Eq. (4.2), 73 can be eliminated with the aid of the 
following relations: — 


¥oTsry = —V[ 73/2, 7 lo, 
vrT oY = 73/2, 7 ]oy. 


These are a consequence of the invariance of the “scalar 
product” Yr¥@ under a rotation about the third axis of 
the isotopic spin space in which 


¥—[1+ (ie/2) 73 ]¥, 
¥—y[1— (ée/2)78], 
o—(1+ieT3)¢. 


One can also verify Eq. (4.3) by choosing the represen- 
tation (2.8) of T; and the usual isotopic spin matrices. 
Equation (4.2) then becomes 


(4.3) 


(4.4) 


. ’ fege Z’ ! Q , 
Lint, '}=——( oF'l vs, W—Dle—2) 


a 0g 
+W'ysL73, ‘W—D(-=)) . (4.5) 
Xp 













Calculating next the second commutator with 3”, 
we obtain 


i, 5’), Ke” };, 0 


eg’c 5 0 
=— ( Low’ ysLrs, tH’, OW’ yst’"b;"” -—D(x—2’) 
2 OX, 
" 09; 
+ [Yrs TW —, "ver "6s|De- :)) 
OX, 10 


egtc f__ ” 
-—( [W’ysL73, TY’, VW’ yst Wi oi, 03" }0 
+{W'yslrs, 7’, UW’ ver’ 1 


re) 
Xx (oi, ¢;""] D(x— x’) 
OX, 


eg’c | _ 09; 
+= eka «cil Vver"|— 6/"| 
4 OX, 


. 09; 
+{Wyel73, 7’, W' vsr"} {= oi'|). (4.6) 


The subscript 0 indicates the expectation value in the 
meson vacuum; the subscript 1, the one-particle part of 
the nucleon operators. 

The reduction of Eq. (4.6) is straightforward and re- 
quires the following information in addition to Eq. 
(4.3) and the commutation relations, all of which is 
contained in JJ and III: , 


{ di, 0; }o=hcD® (x—x’)65;. (4.7) 
LD (04y, VBy'}1= AS (e—2) By) 
+(WBS®(a—2x/)Ayp). (4.8) 
[e(x—2x’) — €(x—x’’) Je(x’ —x’’) 
) ; =e(x—2')e(x—x")—1. (4.9) 
S(x), D(x) are even functions. 
S(x), D(x) are odd functions. 
D(x) = —4e(x)D(x). (4.10) 
S(x) = —3(x)S(x). (4.11) 


In using Eq. (4.9), the term which —1 multiplies will 
be discarded since only virtual processes occur. 
As a result of this reduction one finds 


> (m) (a _ = 7 ee 
(js) y= —— f Hara (e—2; 2-2") 


Xv(x"")dw'dw"’, (4.12) 
and 


Li=7s{ s[8(x"—a’) D(a —2)(8/ax,)D(x—2")] 
+ 9[S (x —2’)(0/dx,') D(x’ —x)D (x— 2’) ]}} vs. (4.13) 
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The symbol 9 denotes the operation of interchanging 
the superscript “ in turn with each of the superscripts — 
and summing. Thus Eq. (4.13) contains six terms. 

We now write the S and D functions as Fourier 
Integrals (see JJJ, Eq. (1.66)) and commute through 
the s’s. This leads to the expression 


1 
(2n)# 
X eth’ (2-2) gik (2) (yk x)i(k’ +k”), 
aR +u2) (K+) 
| (fe) we) (+ 2)(R+ pe?) 
5(R?+ x?) 
(R? p2)(R?-+ 42) ) 


Introducing next new variables p’ and p” according to 
the equations 













ro 


f (dk) (dk’) (dk )e**(2’-2" 
















(4.14) 







k'=p'—k, 


k= p"—k, (4.14 ) 





we obtain 





ae f eneprap rere 
(29)" 





Keir) yk + wip’ +P"— 2h), 
5(k2— 2kp"’+ u2— x2) 










+ «2)(k2— kp! + w2— 02) 
5(k2— 2kp'+ w?— x2) 
© (B+ 0) (2—2kp"+ 2 2) 
5(R?+ x?) 
* thy +e (E—Mhp" 


The expression in square brackets can be reduced as 
in III and gives, 
















| (4.15) 







1 1 
f dy f udu(5'[ k?+ n— (2%?— p?)u 
vot —uk(p'+9"+ (o'—P")0)]. 


We eliminate the terms in the 8” function which are 
linear in k by the transformation 





(4.16) 







Uu 
wer (p’—p")2), (4.17) 





upon which it becomes, in virtue of 77, Eq. (1.91), 






a"| a r— (2x°— p?)u 
oo (oe es “a-#)] (4.18) 
Ae 






822 Ss. 


The factor (iyk+x«)i(p’+p’"’—2k), in Eq. (4.15) be- 
comes, under the transformation (4.17), 


(yk ®)i(p'+p""—22), 
° aye , 4; , 4} 
=| *e +p"+(p'—p +e] 
iL p+ p"—2ku(p’+p"+(p"—p")0),. (4.19) 


This expression can be considerably simplified by ob- 
serving that as a result of integration, terms linear in 
k and » will vanish and yk, is equivalent to +h6y.. 
Further, since the operators in Eq. (4.19) operate on 
field variables which obey the Dirac Equation for a free 
particle we may set (iyp’+x) and (iyp’’+x«)=0 (see 
ITI, discussion of Eq. (1.94)). The expression (4.19) 
then becomes 


(yyk?/2)+ix(1—u)*(p’ +p”), (4.20) 


In virtue of the Dirac equation, we can separate 
(p’+ ’’), into a convection and a polarization part, viz. 
p P 


(p' +p" )u=—1/in_2Kyy— Koy(p"—p’)y]. (4.21) 


Finally then we have 


L,=- =f dp’)(dp’’) (dk) ei?" (2'—2)¢in!(2—2"") 
Gang J Pa" Nae) 


1 1 
x f udu f ie (1—0)Pom(P”— Pe 
0 1 
Yuk? 
~~ wert | 


x "| K— (2x?— p?)u 


+eu(142—*a-w)| (4.22) 
42 


The part of L, which contributes to the polarization 
current is 


ar - f (ap')(dp"")(dk) 


er’ (x’ —2) pip’'(z—2'’) 
1 1 
x f udu f dof1—n)on(o”— Po] 
0 -1 
x a] r— (2K?— y?)u 


+eu(14 7a) (4.23) 


K 
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Performing the integration over k as in III, Eq. (1.102) 
and changing the integral over v to an integral from 
0 to 1, we obtain 


L, (P= — 
(27)# 


” f = fe G- ne y- dial 4.28 


—-f (dp’) (dp’’ et?’ (’—2) gin!" (z—2"") 





‘where we have used the abbreviation 


sg ys" 


t- um aa ———~(1-)=d. (4.24a) 


We now introduce the variables 


Pu=(bu'+pu")/2; Pu= pu — pr’, 


and integrate over P, obtaining 


(4.25) 


; 2 
LP? = —— —8(a’— 2") M(x 2’), 
ix 


(4.26) 


where 


0 
Eo(x— x’), 
Xy 


1 1 1 
f udu f dv 
(27)! 0 0 


(dp)eiP(2-2’) (1 — u)? 
poe 


One treats the remaining terms of Eq. (4.22), which 
contribute to the convection current, by integrating by 
parts with respect to v, which results in 


M,™ (x—x') = our 
and 


Ey (x—x’)= 





(4.27) 


L,@ : dk)(dp’)(dp”’ 
‘ 7 (dp’)(dp" 


XexpLip’ (x’—x)] expLip” (x—x”)] 
J udu(yyk?—2(1—u)?x°y,) 
P w+ eo (202— put ne) 
f (dk) (dp’) (dp’)e'?’(@’—») 


1 
ree 
2 (27)" 


1 1 
XK ein’ (e-2""). f udu f dv 
0 0 
(= 
2 
rs) 
x0 r— (2K—p?)u 
ov 


+ev(142—"a-w)] (4.28) 


K 


—2(1- wr, 








































We first evaluate the second term of L,“, which con- 
tains (yuk?/2—2(1—u?)«*y,) as a factor. For the part 
proportional to k* we carry out the » differentiation 


which gives 


Qa? 


40 preys” Rt 2 (Qe? pu 
4 


+eu(142—*7a-w)] (4.29) 


K 


The integral of this expression over k, is equal to the 
integral over k of 


ru 


7 —p"'*¥n sete — (2x?— y?)u 


+ev(147—*a-) (4.30) 


K 


(see III, Eq. (1.99)). Substituting Eq. (4.30) into Eq. 
(4.28), we can now carry out the & integration for the 
entire second term of Eq. (4.28) leading to 


1 
-— | (dp’) (dp ei?’ Deir’ (2-2) 
2(23r)"! K 
; a i 
xf win foo S097, 
0 0 2 


0\1 
—2(1- were) 
dv/ d 





(4.31) 


To eliminate the derivative with respect to v, we write 

1 1 

d (1+ (ut/ et) 

CO p")/407 A — 2) 1/ (A — 0) (2/0) 
d 





(4.32) 





The differentiation of the first term gives 0. The second 
term can be integrated by parts with respect to v, and 
we note that the boundary terms vanish. 

On introducing the variables of Eq. (4.25) in Eq. 
(4.31), we can carry out the integration over P, ob- 
taining finally 


L,© =[1/ (8x)? ]6(x’— 


x”) (1/2?) 


XC, (e— #')+3B,™, 


(4.33) 


where 


Cu (e@— 2’) = vel —LP(Si(x— 2’) 





+Io(x—x’)—Ii(x—«’)) J, (4.34) 
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1 1 1 
J \(x— x’) =—— f wdu f dv 
(21)* Yo 0 


ss f gen d 435) 


-—xf (1— wel ef @) 


bs explip(x—a')] 
d 1+ (2—p2/02)u+u2 


and B, is the first term of Eq. (4.28). 

Substituting Eqs. (4.26) and (4.33) into Eq. (4.12), 
we find for the correction to the current operator arising 
from the meson current, 


=< sf Hees 
XU, ™ (a— x’) (x') do’ 





I(x—<x’) 








(4.36) 





(674 (x))1,0= 


gz 1 tec 





V(x’ )r3 


tee 7 42 
XCu™ (x— 2") (x' do’ 


tee? of. 
a: J ¥(x’)B,™ (2’—x; x—2"") 
Xv(0"")dw'dw"”. (4.37) 


The last term in Eq. (4.37) has the transformation 
properties of a convection current and may be inter- 
preted as the charge carried by the meson field by 
virtue of its interaction with the nucleon. As indicated 
at the conclusion of Section III, the contributions of 
B,™ and R,™ to 6j, cancel each other. Since their 
individual contributions are divergent, it is essential 
that they be evaluated using the same physical vari- 
ables. In arriving at the expression for B,‘” (the first 
term in Eq. (4.28)), we replaced the variable k’’, associ- 
ated with the momentum of the meson, by the variable 
pp’ =k+k’. Hence in simplifying R,“, we must again 
eliminate the meson momentum, this time k, by the 
same substitution p’=k-+’’. This is in contrast to the 
treatment of the part of K,® proportional to (3—13)/2 
in which the nucleon momentum k” was replaced by p”. 


V. ANOMALOUS MAGNETIC MOMENTS 


The coupling between a nucleon and the meson 
vacuum leads to observable effects in the presence of an 
external electromagnetic field, in virtue of the additional 
interaction 


1 
6H = ——(8ju)1,0Ay. (5.1) 
c 


Here (6j,)10 is the total correction to the current 
operator given by the sum of Eqs. (3.14) and (4.37), 
and A, is the external electromagnetic field. 
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As a first application, we turn to the question of the 
anomalous magnetic moments of the neutron and pro- 
ton. For this purpose we pick out from (67,)1, 9 the polar- 
ization part, 67,‘”,* which has the form o,,(0/0x,), i.e., 


oe. ‘Poe 


oyu DD a Sockets ieaeiclg maces 
4ahc 2m 2k 


x f He) 


g 1 e 


4nrhc aw 2« 
. J Y(x’)7M™ (x— x’) (xe’) dew’ 


1 
A4ahc 29 2x “an, (27)4 


Ms (e— 2 We" de! 


= 3- T3 
x f dal awe] A+ nfl) | 


(5.2) 


. eutts )le=', 
where 


pie=f dof as 
- 


Xx , 
u?+(1—u)+ (pPu?/4x°) (1—2*) 


pig=—2f iof dis 
(1—u)u? 


“P+al— u)+ (p?/42)(1—u)*(1— 2?) 


Here 7 is the square of the ratio of meson to nucleon 


mass, (u/«)’. 

The functions f:(~?) and f2(p?) can be expanded in 
powers of #*/x’; noting that a #? is equivalent to the 
operator —{_} applied to e*?(*-*”, we have 


fim f 


(5.3) 





(5.4) 





us 
‘o+ai— u) 
(ore 
1 





+ ee |} (S.5) 
6(w-+-n(1—u)) «° 


1 1— 2 
fi=—2f du ttn 


uw’+n(1—u) 

1—u)? 

| 1+ = Spel (5.6) 
6(w+n(1—u)) «2 


* From here on, we shall dispense with the notation, ( )1,o 
since in all applications to be discussed we shall be concerned only 
with the one nucleon, no meson part of the current operators, 


[FP 
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Since we are interested in the operator (5.1), we may, 
by an integration by parts, transfer the differentia] 
operators [_}, [_]*, etc., to the A,. If the variation of 
A, in space and time is small within a Compton wave- 
length oi the nucleon, all terms in Eqs. (5.5) and (5.6) 
except the first may be neglected. Under these condi- 
tions the integration over p in Eq, (5.3) may be easily 
carried out to give (27)*6(~— x’). Therefore 


Sf d 


Bg Mie sirens: eet 
4nrhc 24 On. a 


3—73 
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where yo is the nuclear magneton e/2x, and 73=-+1 for 
a proton and neutron respectively. Thus for the proton, 
the additional moment is 
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Similarly, the anomalous neutron moment is 
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With a meson mass of 282m,, these expressions are 
in qualitative agreement with experiment in the follow- 
ing respects: (1) The anomalous moments are finite and 
have the correct sign. (2) The neutron moment is larger 
in absolute magnitude than the anomalous proton 
moment. 

Quantitatively, however, the agreement with experi- 
ment is very poor. The calculated ratio duy/duy, which 
is independent of the coupling constant, is equal ap- 
proximately to —8, whereas its experimental value is 
—1.07. From Eq. (4.12), we see that the computed 
contributions of the meson current to the anomalous 


) | 
2- 1}, ; 
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moments are equal and opposite for neutron and proton. 
The large ratio 6un/dyy is then due to the fact that the 
contribution to the moments from the nucleon current 
is of the same order of magnitude. This rather unex- 
pected result indicates that in our model the mesons are 
tightly bound to the nucleon and are spread over a 
nucleon rather than a meson Compton wave-length. 

In adjusting the coupling constant (g?/4mhc) to fit 
the experimental value of either the neutron or proton 
moment, one meets the difficulty characteristic of weak 
coupling methods in nuclear problems: The values 
needed are 7 and 52 respectively, which shows clearly 
that our results, obtained from a second order perturba- 
tion calculation, are quantitatively not trustworthy. 


VI. NUCLEON ELECTRON INTERACTIONS 


We turn next to a discussion of the interactions of 
nucleons with electrons which arise as the result of the 
coupling of the nucleon and meson fields. Thus there 
exists an interaction between a neutron and an electron 
as well as a correction to the Coulomb potential between 
a proton and an electron. The neutron electron inter- 
action has been experimentally measured in scattering 
experiments by E. Fermi, I. I. Rabi and their co- 
workers.!* 13 The anomalous proton electron interaction 
contributes a small part (theoretically estimated at less 
than 3 megacycle) to the Lamb shift. 

An electron will, of course, interact with the entire 
additional current of the nucleons. However, the effect 
with which we are concerned here, and which has been 
measured in the above mentioned experiments, is the 
interaction of an electron with the convection part only. 
According to Eqs. (3.14) and (4.37), the latter is 
given by 


gv 1 tec 


5j,(0 = nee 
, 4mrhc x 4r 


3-—T 
x f Vx!) — "C40 («2a deo 
Z 


Amhe 4x2 wx (2x)4 


x f int (apne) 


: Ss(P*) 


+ rifle) }rW(e)-exoLipte—2)) 6.1) 


2 E. Fermi and L. Marshall, Phys. Rev. 72, 1139 (1947). 
4 Rainwater, Rabi, and Havens, Jr., Phys. Rev. 72, 634 (1947); 
Phys. Rev. 75, 1295 (1949). 
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The interaction density of this current with the 
electromagnetic field of the electrons, A,, is given by 
the expression 

6H© = — (1/c)5j,©- Ay. (6.4) 


As in Section V, the (_? occurring in the expression 
(6.1) for 67,, may be transferred by an integration 
of parts to A,. The slow variation of the quantity 
[ PAy=—(e/c)I, where J, is the electron particle cur- 
rent, allows us to replace the argument #? in the func- 
tions f; and f, by 0. Thus we have effectively 


oa ay 0) 
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‘ 4nrhc 42 2 ; 


+rafal0) | 1aH(0)= 20% (6.5) 
The quantity, 
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Q=- 


has the dimensions of charge X (length)?; 7, is the un- 
perturbed nucleon particle current, 


y= ich (x) v(x). (6.7) 


When the relative motion of nucleon and electron is 
slow, we need consider only the 4—4 term of the inter- 
action (6.4). Thus we have 


dH = (1/6c)QL_PiyA p 
= (eQ/ 6c*)i,T rm” 
=~(e0/6)dauet del, 


where the d’s are particle densities. The interaction 


(6.8) 
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(6.8) corresponds to a short range potential V between 
the nucleon and electron whose space integral is 


eQ 
f Vdr= 7 erg-cm#, (6.9) 


If one takes the meson mass as 282m., Eqs. (6.9), 
(6.2), and (6.3) yield for the proton 
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while for the neutron 
Ov g 1 @4 ff (2a’—(i-—«)* 
= _.—.— f 2 
6 4hc 4x? 3r vo uw+n(1—u) 
uw+2u?(1—u)? ! 
[w+(1—u) P 
g e@,f1 7 13 49 
=— ° |—(-—+= 
Amhc 2rn*l4—7n 3 6 
1 2n 1 ni 
Cats 
4 3 n (4—n)! 
35 17 41? n} 
xf —-—+-—  } cos *— 
s sw 3 2 
g 
= —0.26 10-* erg-cm?,** (6.11) 
4rhe 


** Note added in proof: The neutron-electron interaction given 
in Eq. (6.11) is in agreement with the result of K. Case, reference 4. 
On the other hand our results for the neutron-electron and proton- 
electron interactions, Eqs. (6.11) and (6.10), differ from those 
published by M. Slotnick and W. Heitter, reference 6. The differ- 
ence is due to the fact that in their work the contribution of the 
nucleon current to the interaction potentials is negligibly small 
compared to the meson contribution, while in our calculations 
both are of the same order of magnitude. Professor Heitler has 
suggested in a letter that the discrepancy may be due to a different 
handling of the divergences. However, up to the present, the dis- 
agreement has not yet been resolved. 
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The experimental values of (eQy/6) lie between —7 
and —30X10-“ erg-cm* corresponding to coupling 
constants between 27 and 115. If one takes a coupling 
constant of 50 to estimate (eQp/6), one finds (eQp/6) 
=48X10-* erg-cm*. This repulsive interaction dis- 
places the 2S; level of hydrogen upwards by about 0.2 
megacycles and thus makes a very small contribution 
to the 10625 megacycles of the Lamb shift." 

The quantity Q can be given the following physical 
interpretation. Due to the interaction of the “bare” 
nucleons with the meson vacuum, the physical neutron 
and proton have associated with them a charge cloud 
of total charge 0 and e respectively. The anomalous 
nucleon electron interaction stems from the fact that 
this charge is spread out rather than concentrated at a 
point. Let us denote the difference between the actual 
charge distribution of a physical nucleon and that of a 
point nucleon by dp. One can then calculate the total 
interaction energy of the charge distribution 6p with an 
electron distribution, —ed,.,, which may be taken as 
constant over the dimensions of the nucleon. One finds 
directly the value . 


det f Vdr= (ed.1/6) f dpr°dr. (6.12) 


Comparing Eqs. (6.12) and (6.9) we see that 


Q= f dpr'dr, 


i.e., Q is the monopole moment of the charge distribu- 
tion of the physical nucleon. Clearly the square root 
of |Q/e| is a measure of the spread of the nucleon 
charge. Taking a coupling constant of 50, we find 


|Qv/e|*=5X10-" cm, (6.14) 


a distance intermediate between the nucleon and meson 
Compton wave-lengths. 


(6.13) 


VII. REMARKS ON HIGH ENERGY SCATTERING 


In the last two sections we have considered processes 
in which the external field varied so slowly that an ex- 
pansion of 67, in powers of [_?/x? was possible. On the 
other hahd, when treating the collisions of high energy 
nucleons with an external field this procedure will, at 
best, converge very slowly and hence is not suitable. 

Let us first consider the scattering of a nucleon due 
to its anomalous polarization current 6j,‘”, Eq. (5.2), 
If we are interested in the matrix element of the inter- 
action, —1/cf5j,°”A,dr, between initial and final 
states in which the nucleon has energy-momentum 
vectors p and p® respectively, only the following 
Fourier components of y’ and y’ come into play: 


va, explip™ x’ ], 
y’— a, expl —ip® x’ ]. 


14 W. E. Lamb and R. C. Retherford, Phys. Rev. 72, 241 (1947). 
R. C. Retherford and W. E. Lamb, Phys. Rev. 75, 1325 (1949). 
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Hence an integration of 5j,‘” over x’ gives (21)*8(Ap) 
where Ap denotes the momentum transfer (p — p®). 
Integrating next over p gives 
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Thus, for this transition the effective polarization cur- 
rent is 
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In precisely the same way we find for the convection 
current 
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These expressions exhibit the dependence of the effec- 
tive current operators on the energy-momentum transfer 
of the nucleons. 

We may note in particular, that as a consequence of 
Eq. (7.3), the effective anomalous nucleon moments, X, 
in a process involving an energy-momentum transfer 
Ap are 

A= FAP") do, 


where Ao are the static moments and 
_ G79) flap) + rafAP? 
((3—13)/2)fxl0)+7sf2(0) 


(7.5) 
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Here t3=-+1 for the proton and neutron respectively. 
For large p, F(Ap”) decreases like (log(Ap”)/Ap)?. 

Several authors have observed that a fixed Pauli-type 
dipole moment leads to very large scattering cross sec- 
tions of high energy nucleons.“!* For example, the 
scattering cross section due to a fixed anomalous mo- 
ment, Ao, of a fast nucleon by an external Coulomb field 
is independent of the energy. However, when one takes 
into account F(Ap*), Eq. (7.5), the differential cross 
section is reduced by a factor of the order ((logE)/E)* 
where E is the energy of the incident nucleon, except for 
very small angles where A?’ is small. A similar reduction 
of the cross section is to be expected in other. processes 
such as Bremsstrahlung. 


VIII. CONCLUSION 


A covariant perturbation calculation for nucleons in 
interaction with pseudoscalar mesons has been carried 
out to the second order. The results for the magnetic 
moments of the neutron and proton as well as the 
nucleon-electron interaction are finite and some predic- 
tions concerning the scattering of high energy nucleons 
can be made. Some qualitative aspects of the theory are 
correct but the quantitative agreement with experiment 
is very poor. The large values of the coupling constant 
required to fit the experimental data show that the re- 
sults obtained by our second order perturbation calcula- 
tion are quantitatively unreliable and indicate that 
higher order calculations would not be promising. To 
test the correctness of the meson hypothesis, some 
method more suitable for dealing with strong coupling 
is required. 

We wish to take this opportunity to express our sin- 
cere appreciation to Professor J. Schwinger for the many 
discussions of his work on the “Electromagnetic Proper- 
ties of the Electron,” before publication, as well as for 
numerous suggestions as to how his methods could be 
adapted to nuclear problems. We also wish to thank 
Dr. K. Case for sending us a copy of his paper prior 
to publication. 

1 W. Pauli, Rev. Mod. Phys. 13, 203 (1941). 
16 J. L. Powell, Phys. Rev. 75, 32 (1949). 
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The motion of a charged particle in a constant magnetic field is treated in both relativistic and non- 
relativistic quantum theory. Operators representing the center of the orbit, which obey the commutation 
law for conjugate variables, are introduced and their connections with energy, angular momentum, and 
magnetic moment studied. Energy eigenfunctions in an operator form are obtained by factorization. 
Previously derived eigenfunctions in coordinate space are obtained and are shown to be eigenfunctions for 
the operators for the center of the orbit as well as for the energy. Corresponding relativistic eigenfunctions 
are derived by a simple device which enables one to construct solutions of the Dirac equation from solutions 


of the Schrédinger equation. 





I. INTRODUCTION 


HE motion of a charged particle in a constant 

magnetic field has been treated in the quantum 
theory by many authors.' In the present work two new 
features have been added, a more complete interpreta- 
tion of certain operator integration constants and a 
general method for the construction of energy eigen- 
functions. 

In a well-known paper, Kennard! integrated the NR? 
operator equations of motion andobtained the operators 
as explicit functions of time. We, however, will effect the 
integration by finding operators which are constants of 
the motion. In so simple a mechanical problem, the 
difference in procedure would appear to be trivial. 
Actually the second procedure can be easily extended 
to relativistic motion and leads naturally to a discussion 
of certain integration constants, namely the coordinates 
for the center of the orbit, which obey commutation 
relations typical of conjugate variables. These topics 
as well as the relation between the center of the orbit, 
energy, angular momentum, and magnetic moment are 
the subject matter of Section II. 

Most of the work cited above! has been concerned 
with stationary solutions of the wave equation. The 
solutions may be in a variety of forms because of the 
infinite degeneracy, expressed in classical mechanics 
by the fact that the axes of helical orbits with the same 
energy may lie anywhere in the plane perpendicular to 
H. As we shall see, this degeneracy in the quantum 
theory is connected with the existence of the integration 


1 Non-relativistic motion and wave functions are discussed by: 
E. H. Kennard, Zeits. f. Physik 44, 326 (1927); G. C. Darwin, 
Proc. Roy. Soc. 117, 258 (1928); L. Landau, Zeits. f. Physik 64, 
629 (1930); L. Page, Phys. Rev. 36, 444 (1930); Uhlenbeck and 
Young, Phys. Rev. 36, 1721 (1930). Relativistic wave functions 
are discussed by: I. I. Rabi, Zeits. f. Physik 49, 507 (1928); M. S. 
Plesset, Phys. Rev. 36, 1728 (1930); I. D. Huff, Phys. Rev. 38, 
501 (1931). 

2 Notation: NR is an abbreviation for non-relativistic. By an 
energy representation is meant any representation whose basis is 
a complete set of energy eigenfunctions. The constant magnetic 
field, H, of magnitude 3, is taken along the z axis and is derived 
from a vector potential A. The mass and charge of the particle 
are m and —e, respectively. Its momentum and position are 
designated by pand r. The quantity # is Planck’s constant divided 
by 2x. The velocity of light is c and Gaussian units are used 
throughout. 


constants mentioned above and, indeed, the integration 
constants may be conveniently used to classify the 
eigenfunctions. 

A general operator solution for the energy eigen- 
functions can be obtained by formulating the problem 
in terms of the kinetic momenta, =, 


n=pt+eA/c. (1) 


The Hamiltonian, together with the commutation rela- 
tions satisfied by x, which then define the eigenvalue 
problem, no longer contain r. The system of equations 
is formally identical with the harmonic oscillator* and 
the eigenfunctions can be deduced in a familiar way by 
the factorization technique. Details of this method are 
given in Section III where it is also shown that pre- 
viously obtained eigenfunctions can be easily derived 
from the operator solution. The method is extended to 
relativistic motion by a simple device for constructing 
solutions of the Dirac equation from solutions of the | 
Schrédinger equation. 


Il. INTEGRALS OF THE EQUATIONS OF MOTION 


The NR equations of motion may be derived from 


the Hamiltonian 
H=(1/2m)r’, (2) 


where = it related to the linear momentum by Eq. (1) 
and therefore satisfies the commutation relation 


aX n= — (ieh/c)H. (3) 
The equations of motion can be obtained from the 
definition of a time derivative 

hB=iLH, B), (4) 
where [a, 6] is the commutator ab—ba. Remembering 
that H is along the z axis? it follows that 


‘ 


(Sa) 
(Sb) 
(Sc) 

(6) 


3 This was first observed by Landau who thereby obtained the 
eigenvalues of the energy in the NR motion. 


t2= — (€3C/mc)ry= — wy, 
tty = (€3C/mc)r2= ws, 
,=0, 


mt =n. 
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It is immediately evident that 7, is constant, the motion 
along the z axis is that of a free particle. 

Two integration constants for the transverse motion 
result when zm, and zy, are eliminated between Eqs. (5) 
and (6) 


d/ dt(r,+mwy) =0, (7a) 
d/dt(ry— mwx) =0, (7b) 
whence 
yo= y+m2/mu, (8a) 
Xo=x—T,/mw. (8b) 


The integration constants xo and yo necessarily com- 
mute with the Hamiltonian. It is easily verified that 
they also commute with both z, and 7, so that with 
respect to the Hamiltonian they behave as unit opera- 
tors. However, they do not commute with each other, 


[ x0, yo] = ihc/eKe= ir, (9) 


The length A is characteristic for the quantum me- 
chanical treatment of this problem. 

Equations (5) through (8) have the same form as the 
corresponding classical equations. We will therefore 
identify the operators x and yo with the coordinates for 
the center of the orbit. In agreement with this inter- 
pretation the expectation value of x in an energy 
representation’ is equal to the expectation value of x.‘ 

The commutation relation (9) is identical in form 
with the commutation relation satisfied by a coordinate 
and its canonically conjugate momentum variable. A 
well-known consequence is that the eigenvalues of xo 
and yo coincide with the continuum of real numbers. 
Since x» and ‘yp behave as unit operators with respect to 
Hamiltonian, each energy state must include an infinite 
manifold of eigenfunctions corresponding to the eigen- 
values of xo or yo or of some function of xo and yo. Thus 
the energy is infinitely degenerate, just as in classical 
mechanics, because it does not depend on the location 
of the center of the orbit in the xy plane. 

In Section III eigenfunctions corresponding to eigen- 
values of xo will be given explicitly. Eigenfunctions 
corresponding to eigenvalues of 7°’, 


ro = x0 +o, (10) 


will also be given. Because the characteristic value 
problem contained in Eqs. (9) and (10) is formally 
identical with the one-dimensional harmonic oscillator, 
we can immediately conclude the eigenvalues of ro? are 
\(2/+1) where / is any positive integer. The “zero 
point” value of ro? indicates that the origin of a coor- 
dinate system can only coincide with the center of the 
orbit to an accuracy of X. 

The commutation relation, Eq. (8), also implies that 


‘In an energy representation the expectation value of a time 
derivative of a quantity which does not involve z is zero because 


the diagonal elements of a commutator with H then vanish. “ 


According to Eqs. (5a) and (5b) wz and my, are such derivatives. 
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where Axo and Ayo are the uncertainties in any possible 
experimentally determined values of x» and yo from 


which the orbit may be predicted. If the radius, ri, is 


introduced by means of Eq. (8) 


r= (x—x9)?-+ (y—yo)? 
= (mw)*(42-+-1,7) = 2H »/me*, (12) 


where H;, is the transverse energy. Thus, in an energy 
representation, 7; is exactly known and the uncertainty 
in locating points on the orbit is solely due to the 
uncertainty in locating the center of the orbit. 

A measurement of the orbit’s center may, for example, 
be made by simultaneously determining the transverse 
coordinates and momenta which are subject to the 
uncertainty relations 


AxAp,2h/2; AyApy>h/2. (13) 


The coordinates of the orbit’s center can then be cal- 
culated from Eqs. (8) expressed in terms of the canonical 
momenta® 


xo=x/2—p,/mw, (14a) 
yo= y/2+ p./mw. (14b) 


The uncertainties in x» and yo are arising from the 
uncertainties in Eq. (13) are then necessarily related by 
Eq. (11). 

The energy eigenvalues can be written as 


where # is an eigenvalue of w, and E, is an eigenvalue 
of the transverse energy 


H .=1/2m(42+7,7). (16) 


Equation (16) and Eq. (3) again define an eigenvalue 
problem identical with the one-dimensional harmonic 
oscillator so that 

E,=hw(n+1/2), (17) 


where n is any positive integer. 
The angular momentum, L,, about the z axis is 


L,= (tXp)2=X4y— yr2— (mw/2) (x?+-y"). (18) 
Hence by Eqs. (3), (5), and (6) 


L = tty—Ynrt xity— irs 

— (mw/2)(xé+ zx+yy+ yy) =0, 
and L, is an integral of the motion. However, it can be 
expressed in terms of r;? and ro? by Eqs. (8) and (12) 


L,=moLx(e—a)+ 99-9) -HE+H)] 9) 


= (mw/2)(r°—1?), 


which is the same as the classical relation between these 
quantities. Since 7;? is proportional to the energy by 


5 Here, as in what follows, the vector potential (HXr)/2 has 
been used. Any other vector potential can only differ by the 
addition of wf where f is the gauge. If another vector potential 
were used, the equations of motion can be brought to our 
form by the contact transformation S$ =exp(éef/hc). 
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Eq. (12), Z, is not an independent integral of the motion 
From Eqs. (17) and (10), its eigenvalues are h(n—/). 
The magnetic moment, defined by 


oH Or, On, 
M=-—= m-i( x, +-7y— 
d5C OH dH 


= —(e/mc)(xxy—yaz) (20) 
is not a constant of the motion. However, again using 
Eq. (8), 

M=—(ew/c)[11?+-x0(x—%0)+yo(y—yo)]. (21) 


In an energy representation the expectation values of 
x—%X9 and y— yo are zero so that the expectation value 
of M is given by the energy through Eq. (12). 

The relativistic equations of motion follow from the 
Dirac Hamiltonian which, in conventional notation, is 


H=ca:-x+fme. (22) 
By application of Eqs. (3) and (4) 
r= —eHay, 
Ty = eHaz, 


(23a) 
(23b) 
(23c) 
t=ca. (24) 


If « is eliminated between Eqs. (23) and (24), Eqs. (7) 
and (8) are obtained again. Therefore the previous dis- 
cussion of the integration constants x» and yo applies 
without change to the relativistic motion with the 
exception of Eq. (12) and the accompanying remark. 
(The quantity 7,’ is no longer a constant of motion.) 
To complete the equations of motion, expressions for 
the time derivative of a and 8 must be added. With the 
help of Eqs. (3) and (4) and of the commutation rela- 


tions for a and 6 
hB=—2ica- xf, (25) 
ha=2cxXo+ 2imeof, (26) 


,=0, 


(27a) 
(27b) 


O= —1(AyOtz, A202, OzOly); 
ho=2cxX a. 
It is convenient to use 
H?=r’+ m'c'!+ ehcHa;, 


rather than H, to discuss energy eigenvalues. Taking 
a, diagonal with the eigenvalue p and go, diagonal with 
the eigenvalue s(=-+1), 


H?=2m2H +--+ mic!+ ehcHRs. (29a) 

With the aid of Eq. (17) the energy eigenvalues are now 
given by 

E=+[¢p?+ mic!+ ehc3c(2n+s+1) }}. 


(28) 


The energy states are symmetrically arranged about 
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(29b) © 
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zero and, with the exception of n=0 and s=—1, are 


doubly degenerate. 
The total angular momentum along the z axis is 


J,= (rXp).+ho,/2 
= xT y— yr2— (mw/2)(2+y")+ho,/2 (30) 
and is easily shown to be constant in virtue of Eqs. 
(22), (23), and (26). Expressing x and y in terms of x» 
and yo by Eq. (8) 
J = (2mw)“"(42+7,7+ ehKo,/c) — mur o?/2 
= (2¢5Cc)-\(H?— en 2 — mic) — mor ?/2. 


Again J, is not an independent integral of motion and 
its eigenvalues, according ‘to Eqs. (10) and (29), are 


h(n—I+s/2). 


The magnetic moment 


oH On 
M=——=—ca:-—=e(azy—ayx) 
035C O3C 


(31) 


(32) 


is not constant. In virtue of Eq. (23) 


M=KX"(yity+xitz) 


=H d/dt(xm.+-yry)—H+cam,+Bme], (33) 


which can be written 


M=3"{d/dt(xr,+ yxy) —[d/dt(azw.+Bmc) 


+H —Cr2—mc JH}. (34a) 


The expectation® value, M, in an energy representation, 
is given by the last term”since the expectation value 
of the time derivatives is zero, 


M=—(E—2p—mic)/E. 


It is noteworthy that M is positive for negative energy 
states. This can be understood by the characteristic 
behavior of negative states in which the acceleration is 
in the opposite direction to the applied force. 


(34b) 


III. ENERGY EIGENFUNCTIONS 


The eigenvalue problem for the Hamiltonian H, 
(Eq. 16) and the commutation relations for 7, and 7, 
(Eq. 31) is the familiar one-dimensional harmonic oscil- 
lator and the eigenfunctions may be obtained by fac- 
torization.” It is convenient to use the notation 


T= Wrkity. (35) 
Then if y, is an eigenfunction for H;, so also are 14, 
and a_y, for the eigenvalues fw(m+1+3) and 
hw(n—1-+-4), respectively. By expressing the normaliza- 
tion integral for y, in terms of that for Yn41 or Wn—1, it 
is easily seen that for a series of eigenfunctions nor- 


6 Equation (34b) can be immediately obtained from the theorem 
(cf. W. Pauli, Handbuch der Physik 24, No. 1, 161) that the 
diagonal elements of 0H /d3C in an energy representation are equal 
to dE/aK. Using Eq. (29b) for E, Eq. C34) results. 

7p. A. M. Dirac, Quantum Mechanics (Oxford Press, 1947), 3rd 


Ed., p. 136. 
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malized in the same way, 
Vr= (2n)-*(Ar./ hn, 
Wn—1= (2n)“*Am_/h)n. 


The lowest state function must be a solution of r_yo=0. 
The energy eigenfunctions are therefore determined by 
the equations 


(36a) 
(36b) 


Yn= (2!) *Ams/h) Po, (37a) 
T _Wo = 0, (37b) 
TWo = Pho; (37c) 


and its eigenvalues are given by Eq. (17). 

Equation (37) may be used to find the eigenfunctions 
in either coordinate or momentum space. We will 
confine our attention to the first case for which, ac- 


cording to Eq. (1), 
m= —ih[d/dx+i(0/dy)+2/rA(xriy) ], (38a) 
w,= —th(0/dz). (38b) 
The solution of Eqs. (37b) and (37c) is readily found. 
vo=f(x—iy) expLips/h—(?+y")/40"], (39) 


where f is an arbitrary function. 

The appearance of an arbitrary function in Eq. 
(37a) corresponds to the infinite degeneracy already 
discussed and allows us to impose other conditions on 
Yo. First we will consider eigenfunctions for xo. Since 
“9 commutes with +4, this requirement is a condition 


on Wo 


xo = apo, (40a) 
where a is the eigenvalue of x. Making use of Eq. (14a) 
(x/2+100/dy)fo= apo (40b) 

or 
f'=—(e—iy+2a)(an*)¥. (40c) 


The solution of Eq. (40c) gives 


o,a= (wA?)-? exp[ — (2A)? . 
X (22-++-?— 202+ (x—iy—2a)*)+ipz/h]. (40d) 


The normalization constant has been chosen to make 
the charge density unity after integration over x. 
Upon inserting Eq. (40d) into Eq. (37a) we obtain the 
desired eigenfunctions. The resulting expression after 
repeated application of the identity 


+ exp(x?-+-?/4)?) 
=[exp(x*+y°/40*) ](—1h)(0/dx+i(0/dy) (41) 
is 
Wn, a= ((ar)*A2"n!)-2(— 12d)” 
X Lexp(2A)-*(a?+-y?+ 2a) ](0/dx+10/dy)” 
X exp[ — (2A)-?(22?-+- 2y? 
+(x—iy—2a)?)+ipz/h]. (42) 


If now exp(x+iy—2a/2d)? is inserted before the dif- 
ferential operator and the reciprocal of this quantity is 
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inserted after the differential operator, Wn, 4 is unchanged 
because 0/dx+10/dy commutes with any function of 
x+y. We then obtain 


Wn, a= (i/V2)"((ar) An!) 
. Xexp[ (2d) (ty(a— 2a) — (x—a)*) + ipz/h] 
XHn(x—a/d), (43) 

H(é)= (—1)e(8/dE)"e®. 
These are the eigenfunctions used by Landau and by 
Uhlenbeck and Young.! 

We will next consider solutions which are eigenfunc- 
tions for 7”. Again, since ro? commutes with 7,, this 
requirement is a condition on yo 


reWo= (21+ 1)Yo, (44a) 


where A?(2/+-1) are the eigenvalues of r;? (J any positive 
integer).? From Eq. (14) 


Xo? yo= (1/4) (x?-+-4") 


+9 —é ate . (44b) 
Ox? 
Inserting Eq. (39) into Eq. (44), 
(x—ty)f’ =f. (44c) 
The solution of Eq. (44c) gives 
Yo, = (241!) A" (x— ty/d)! 
Xexp[— (a?-+y*/4d?)+ips/h], (44d) 


where the normalization is to unit charge density after 
integrating over x and y. After repeated use of the 
identity in Eq. (41) we find 


Yn, r= (—i)"(2"t 1g] In!) IA} 


x+y? 0 @ 
x exe +ipz/ n|( —+i— 
4? dx dy 


x—ty\! 
x( . ) expl— Gt y9/204] (45) 


n 








If polar variables, p, ¢, are introduced® 
Vn, = 0"(2"t "el In!) (p/d) 2 
Xexpl—p?/4N?-+ips/h+i(n—No] 
“L£n,1(p°/2d*), (46) 
Ln, (§) = (—1)e(0/0E) "Ee. 


8 Since eigenfunctions for H and r¢ are necessarily eigenfunc- 

tions for L, (cf. Eq. (19)), the condition can also be written as 
dYo/IG=—lYo 
from which Eq. (44d) immediately follows. 

9 Since f(x+y) commutes with 0/dx+id/dy each derivative 
may be multiplied by (x+-éy)~ and (x—zy)' multiplied by (x+ ty)? 
provided a factor (x+-zy)"~* is placed on the left of the differential 
operator. The function to the right of the differential operator 
then depends only on p*. Now 


(x-+-iy)1(0/dx-+18/dy) = p-(0/dp+ipd/d¢g). 
Since ¢ does not appear explicitly, 0/8g¢ may be set equal to zero. 


When p71(0/dp) is expressed as a derivative with respect to p? 
Eq. (46) is obtained. 








832 M. H. 
These functions are related to the solutions given by 
Page.! They are clearly eigenfunctions for ZL, with the 
eigenvalues h(n—l). 

The interpretation of our eigenfunctions is obvious 
from their derivation. The solutions of Eq. (43) cor- 
respond to a uniform distribution of orbits with the 
same energy whose centers lie on the line x=a while 
the solutions of Eq. (46) correspond to a uniform dis- 
tribution of orbits whose centers lie on the circle 
p=)(2/+1). The connection between the solutions 
may be obtained by expanding yYo,. as a power series 
in x—iy. The terms in the expansion are the functions 
Yo, 1- 

The relativistic eigenfunctions are solutions of the 
Dirac equation 


Hé=E4, (47) 


where H is given by Eq. (22). Solutions of Eq. (47) 
may be constructed from solutions of the second order 


equation 
(H?— E*)X= (H—E)(H+ E)X=0. (48) 
Clearly if X is a solution of Eq. (48) then 
= (H+E)xX 


is a solution of Eq. (47). Equation (49) is an empty 
identity if X is also solution of the first-order equation. 


(49) 





Wn-1 
0 


$, ,1=(H+E£) 0 GI= 


O1a=(B+E) ne Gi= 


G=[2E(E+me)}. 


The four spinors of Eq. (54) (two for the positive sign 
and two for the negative sign in Eq. (53)) may be con- 
structed from any ortho-normal set of energy eigen- 
functions for the NR motion. 

Special relativistic solutions can now be obtained 
from the previous solution of the NR problem. In par- 


(m?+E)Wn-1 
0 


CTWn-1 
0 CT+Wn—1 


0 0 

(me+ EWn| 1 
cT7Wn 

0 aie CTW n 
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If X are eigenfunctions for o, 

o.X.=SX, (50) 
for the eigenvalues s=+1, the second order equation 
becomes (using H? from Eq. (28)) 
{H+ (1/2me)(2p?+-mic!+ ehckts— E’)}X,=0. (51) 


Then X; and X_,; satisfy separate differential equations 
which are formally identical with the NR wave equa- 
tion, the eigenvalues of E being given by Eq. (29b). 

The spinors X, are not yet completely specified. We 
may, among other possibilities, take them to be eigen- 
functions for 6 with the eigenvalue 1. 


BX.=Xz. 
In this way we obtain the two spinors 
Wn-1 0 
oe ek, _ |n 
Xi, 2-1= 0 ? X-1,2>= 0}? 
- 0 


where y, are the NR eigenfunctions given by Eq. (37a). 
The eigenvalues of the energy corresponding to the 
spinors of Eq. (52) are 

E=+[p?+ m'c!+ 2ehc3n }}. (53) 


The energy eigenfunctions are now given by Eq. (49) 


(52) 


(me+E)Wn—1 
0 


CPWn-1 
(2ehc3Cn)Y,, 


Gis= G, 


0 
(me+EWn | o-1 
(Zehc3Cn) ns : 
—chbn ) 


ticular eigenfunctions for x) (Huff!) are obtained by 
using Eq. (43) for y, while eigenfunctions for ro? (Rabi!) 
are obtained by using Eq. (46) for yn. The only dif- 
ference between our solutions and those previously 
given is in the initial choice of the spinor X; to obtain 
the latter, symmetric and antisymmetric combinations 
of the spinors in Eq. (52) must be used. 
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The Optical Detection of Radiofrequency Resonance* 


F. BitTER 
Research Laboratory of Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received May 31, 1949) 


Calculations are made of the frequency, intensity, and polarization of the light emitted by an atom in 
a ?P—%S transition in a weak magnetic field having an oscillating component. Near resonance, or when the 
frequency of the oscillating component approaches the Larmor frequency of one of the two states involved 
in the radiation process, all of the quantities calculated are modified. Qualitatively similar results are to be 
expected for other transitions. Observations in very weak fields would be of particular interest because they 
would give information on nuclear spins as well as atomic g-factors. Under such conditions, the Zeemann 
components will in general not be resolvable. There will, however, be a change in the polarization of the 
edges of a spectral line at resonance. It is shown that very small changes in this polarization structure are 


theoretically detectable. 





HOPE of drastically extending our knowledge of 

nuclear structure lies in further application of the 
resonance method, i.e., the direct measurement of the 
spacing between the hyperfine-structure components of 
an energy level. A new method is here proposed to detect 
the condition of resonance when it is established— 
namely a change in the radiation emitted by an atom 
when it is subjected to an oscillating field at the reso- 
nance frequency in the above sense. 

For simplicity, the discussion is confined to the reso- 
nance line ?P—*S) of an atom having one optical elec- 
tron, and it is further assumed that there is no hyperfine 
structure. The resonance to be investigated is that 
corresponding to the Larmor frequency of the system 
in very weak fields, or, in other words, corresponding 
to the Zeemann splitting of one of the levels concerned. 
Although this discussion specifically excludes nuclear 
effects, it is clear that any method of following the 
ordinary Zeemann effect into the region of very weak 
fields will produce information about nuclear moments 
when the Zeemann splitting becomes of the same order 
of magnitude as any hyperfine structures which ma 
exist. 

The wave functions describing an atom in a magnetic 
field having an oscillating component are known.! They 
are the solutions of the Schroedinger time-dependent 
equation, and contain one arbitrary constant which is 
usually so chosen as to define the initial state of the 
system. In an atomic-beam experiment, for instance, 
this constant specifies the state of the system when it 
enters the oscillating field, and the solution makes it 
possible to specify the probability of finding the system 
in any particular state at any subsequent time. The 
problem here proposed is physically somewhat different. 
Consider a gas of the atoms under consideration at 
extremely low pressures so that collision effects may be 
neglected. All the atoms in the container holding the 
gas are subjected to the same field. In this case, the 
arbitrary constant in the wave function of the atoms 


* This work has been supported in part by the Signal Corps, the 
Air Materiel Command, and ONR. 

11. I, Rabi, Phys. Rev. 51, 652 (1937); F. Bloch and I. I. Rabi, 
Rev. Mod. Phys. 17, 237 (1945). 


in the ground state must be so chosen that, if the os- 
cillating field is slowly removed, the wave functions go 
over into the normal wave functions for the atom in a 
constant magnetic field. 

For an atom having J =}, the desired solutions are 


-{ =e jeltailisasaal (1) 
v2(L(1+ 6)! iM | (1-+62)! i hen 
e ? ee (2) 
ae " (+8)! }¥4 














where 6 is a number measuring the approach to reso- 
nance and defined below. At resonance 6=0; on one side 
it is positive, and on the other negative. It is evident 
that these are the desired solutions in the sense that, 
far from resonance, they reduce to the standard forms 
describing the system for m=} and m= —}3. The mean 














Fic. 1. Zeeman splitting of J =} level in the presence of 
an oscillating field whose frequency is w/27. 
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value of the energy of the system in these states is 
ee) 
— 


2 L (1+8) ; ” 


W= 





where yo is one Bohr magneton; H, is the constant 
magnetic field; 5= H,/HoX (w—wo)/wo; Ho is the ampli- 
tude of the rotating magnetic field. This field is at right 
angles to the constant field; w is the angular velocity of 
the rotating field; wo is the Larmor frequency guoH,./h; 
and ge/2mc is the gyromagnetic ratio. The derivation 
of Eqs. (1)-(3) is given in Appendix A. 

We are now in a position to consider the effect of the 
rotating magnetic field Hp on the Zeemann effect. The 
resonance line width in the above discussion is deter- 
mined entirely by the amplitude of the rotating field. 
In actual gases, the levels willbe broadened due to other 
causes. Investigations of resonance in the ground state 
will be of particular interest because of the sharpness of 
these levels. 

From Eq. (3) it is clear that the energy levels have 
their normal positions except near resonance, where the 
level corresponding to m=} changes places with the 
level corresponding to m= —4. A schematic plot of the 
effect on the energy levels is shown in Fig. 1, and the 
effect on the position of the Zeemann components is 
shown in Fig. 2. 

The intensity and state of polarization of the lines 
can be readily computed. For the sake of brevity, we 
write a and 6 for the coefficients of the spin-wave func- 
’ tions in Eqs. (1) and (2), and x”, y*, and 2? for numbers 
proportional to the squares of the components of the 
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Normal Zeemann lines; — — — Zeemann lines 
at resonance in the 2S; state. 
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electric dipole moments along the x-, y-, and z-axes, 


The results are 


*P3j2—*.S4 


S 
| bol= | bole 
bl- 


m= 2=0 
2=0 
2?=4¢q?|° 
2=46? 


bol bol Dolco boloo 
o 


t+ ct 
oo 6 


tol 


(4) 


*Py—*S4 2 
EY 


co 
° 
tle 
_ 


2?= 2a? 
2?= 25? |° 


These results state that the resultant intensity and 
the polarization of all the light given off in any direction 
is independent of 6, and is the same in all directions. 
Further, since on one side of resonance a=0 and b=1, 
while on the other side of resonance a=1 and b=0, it 
would seem from Eq. (4) that there are certain differ- 
ences in the Zeemann effect above and below resonance. 
When the interchange of the energy levels is taken into 
account, it appears that the Zeemann effect presents 
exactly the same appearance on either side of resonance. 

Equation (4) does, however, predict certain changes 
in the position, intensity, and degree of polarization of 
spectral lines in the vicinity of resonance. The following 
consideration indicates that these changes will not be 
easy to detect experimentally. With specially con- 
structed light sources having a very small Doppler 
effect, and with the best available instruments, usable 
resolving powers of 10° can be achieved. Since visible 
light has a frequency of the order of 0.5 X10-, we have 
for the smallest resolvable frequency difference be- 
tween two spectral lines 


er 
°o 
| 
vl 


Av Av 
we 6 


== 10+, 
vy 0.5X10-8 (5) 
Av=0.5X 10°. 


This is of the order of magnitude of the frequencies to 
be applied. It is therefore clear that the detail of the 
predicted phenomena will not be easy to observe. The 
presenee of resonance can, however, be detected without 
resolving the Zeemann components, as may be seen 
from the following argument. Consider, for example, 
the polarization structure of the line resulting from the 
transition *P; to *S; in a field which is too weak to 
produce an observable resolution of the components. 
Although the line as a whole would be unpolarized, the 
edges would show a slight excess of o-polarization, and 
the center of the line a slight excess of 2-polarization. 
At resonance, this polarization structure disappears. 
Resonance might be detected by noting a change in this 
polarization structure. Extremely small effects of this 
kind can be observed by means of an optical system 
which transmits only the excess polarized light at the 
edge of a line, and by modulating the amplitude of this 
transmitted component by going in and out of resonance 
at some selectable frequency. The limitations of such a 
scheme are further discussed in Appendix B. 





OPTICAL DETECTION OF 


APPENDIX A 


The equation to be solved is 


inp= eX (oHt ont o3H;3), 


o are the spin matrices; 
Hi= Ho coswt; 

H2=Ho sinwt; 

A3=4,. 


The normalized solutions are 


¥=Cyyt+Ciy, 
Cy= A, sinae*?i!+- A cosae*?2t, 
C_4=— Az sinae*?#*-+- A, cosae*?1", 
a=integration constant, 
= SSH, 


w Hew 
Gp asasas cma ane 4 
2 2 A, 5 +1) ’ 


ere 
on es) 


The expression for the energy is found by evaluating 
W=—(h/iy. 


In general, the energy is a function of the time, and this is 
interpreted as periodic emission and absorption from the rotating 
field. This is not true for the particular solutions in which we are 
interested, corresponding to a=0 or 1/2. 

As we have seen, above and below resonance the magnetic 
moment is parallel or antiparallel to the constant field H,. At 
resonance 5=0, and the expression for the energy becomes, ac- 


RADIOFREQUENCY RESONANCE 


cording to Eq. (3), 
+g(u0/2)Ho, 


that is, the magnetic moment is parallel or antiparallel to the 
oscillating field Ho. No work is done on the atom by the rotating 
field, and therefore the energy is constant. 


APPENDIX B 


The problem is to detect a very small amount of polarized light 
in the presence of unpolarized light. The intensity of the polarized 
component alone may be modulated, for instance, by passing the 
light first through a rotating polaroid and then through a fixed 
polaroid.** If such light is used to activate an electron-multiplier 
tube whose output contains a tuned amplifier, very small amounts 
of polarization can be detected. Let the current through the output 
of the tube be 


Gio(1+ f cosw), 
where f=fraction of total light falling on the tube which is 
originally polarized, and therefore modulated, and, G=gain of 
tube. 
The signal-to-noise ratio across a tuned circuit through which 
this current flows may be estimated as follows: 
signal voltage = L(di/dt) = GL fiqw sinwt; 
noise voltage = GRio(2eb/i)*; 
b=band width of amplifier; 
signal/noise=Qf(io/2eb)}. 


Intense light sources are advantageous. Assuming that the light 
intensity can be increased to the point for which the limiting 
factor is the tube current imax=ZomaxG, we see that the smallest 
detectable fraction of polarized light is 


for Q2=100, G=108, tmax=1 ma, b=1 cycle/sec., f~10-". 


** More elegant ways of doing this by means of a vibrating glass 
block have been developed by Prof. H. Mueller of the Massa- 
chusetts Institute of Technology. 
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Mean Square Angles of Bremsstrahlung and Pair Production 


MartTIN STEARNS 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 


(Received June 6, 1949) 


The mean square angles of bremsstrahlung and pair production have been derived and formulas for them 
are given in terms of the energies of the particles involved, the target material, and the maximum angle up 
to which the integration is taken. Calculations from these formulas have been made for incident energies 
between 50 and 300 Mev and for a maximum angle of 20°, and these have been graphed (Figs. 4 and 5). It 
is shown that the root-mean-square angle of bremsstrahlung goes as u/Eo InEo/u, and similarly for pair pro- 
duction. The dependence of the mean square on the maximum angle of integration is briefly discussed. 





UANTITIVE expressions for the mean square 
angles of bremsstrahlung and pair production 
have been derived, under assumptions to be discussed 
later. It was thought that, as measures of the angular 
dispersion in these fundamental processes, the mean 
squares might be useful in several ways. They enter, 
for example, in the detailed calculations on the lateral 
spread of cosmic-ray showers. They contribute to the 
dispersion of the gamma-ray beams from betatrons and 
synchrotrons. They can be used in estimating an opti- 
mum target thickness for gamma-ray spectrographs 
and electron accelerators. 

We shall show that for high energies the root-mean- 
square angle of bremsstrahlung goes as p/Ep InEo/p 
(where yu is the rest mass of the electron and £p is its 
initial energy) rather than as u/Eo,— and similarly for 
pair production. Formulas for these mean squares are 
given as functions of the energies of the particles in- 
volved, the target material, Z, and the maximum angle 
up to which the mean square is taken. We have calcu- 
lated and graphed the root-mean-square angles of 
bremsstrahlung and pair production for three different 
values of Z and a maximum angle of 20° (Figs. 4 and 5). 


BREMSSTRAHLUNG 


Following the notation of Bethe and Heitler,! we let 
E, be the energy of the incident electron, E the energy 
of the electron after it radiates, and k=E)—E£E the 





(1++-0*)¢1 (7,2) —4age(7,2) 


4 ln @nas/B)+B In[ (1-0) maxta?/(1—a) ota} 


energy of the quantum radiated. The angle between the 
direction of the incident electron and that of the 
emitted quantum is @, and it is the mean square of this 
angle* that is derived. 

In the derivation, the integration over small values 
of @ had to be treated in a manner different from the 
integration over the larger values of @; thus, the for- 
mula for the mean square, Eq. (2), is given as a sum of 
two terms. This comes about because for small values 
of 0, say @ less than some angle 8, the impact parameter 
is generally large and the screening of the nucleus by 
the atomic electrons is important; for 02>, however, 
the impact parameter is small and screening is negligible. 

The screening effect of the atomic electrons, on the 
basis of the Fermi-Thomas model of the atom,’ is deter- 


mined by a quantity 7, where 
y= 100uk/EvEz?. (1) 


For y<1 the screening is important, whereas for y>1 
the screening can be practically neglected. The first 
term of our expression, therefore, being the integration - 
of & over the region of screening, is naturally given as 
a function of y. 

For @>8 (no screening) the distribution of Hough‘ 
was used, and the integration of @ over this distribu- 
tion from 6=6 to 6=@Omax gives the second term. 

The mean square of @ over the interval 0<0< @mnax is 


» (2) 





| ar 
- 


~ Eel (1+e2)[ fly) —4/3 Inz]— Sal faly)—4/3 Ine] 


where 


(3) 
(4) 


(5) 


a= E/E), 
B= 2(uE/ Ek), 


A=2(1+07)In(2E,E/uk)—a(2+a)—1 
B=[(2—a)(4—4a—a*)/16(1—a) ]. 


The restrictions on Eq. (2) are 


Eo, E, k>u 

u/4Ey<E/k < (x*/144) Eo/p 
Aen <0". 

1H. Bethe and W. Heitler, Proc. Roy. Soc. 146, 83 (1934). 


‘game denominator 





The denominator of Eq. (2) will be recognized, apart 
from some minor factors, as the total cross section for 
bremsstrahlung, and it appears because of the nor- 
malization. The functions fi(y) and f2(7) are given in 
several papers® but we reproduce them here for con- 
venience (Fig. 1). gi(7,z) and ge(y,z) are functions of Z 
as well as y, and we have graphed them for the three 
values Z=4, 30, and 90 (Figs. 2 and 3). 


2 Bethe and Heitler use for our 0. 

3H. Bethe, Proc. Camb. Phil. Soc. 30, 524 (1934). 

4P. V. C. Hough, Phys. Rev. 74, 80 (1948). 

5B. Rossi and K. Greisen, Rev. Mod. Phys. 13, 240 (1941). 
H. Bethe and W. Heitler, Proc. Roy. Soc. 146, 83 (1934). 
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Using Eq. (2), we have calculated and graphed the 
root-mean-square angle of bremsstrahlung as a func- 
tion of E/E. This was done for the three values of 
Z=4, 30, 90, and in each case for A@nax= 20°. Since it 
can be easily shown, from an examination of Eq. (2), 
that in the limit of high energies, the root-mean-square 
angle goes as u/E InEo/y, it was only natural to choose 
this as an angular unit. If this is done the root-mean- 
square angle is very insensitive to energy, even in the 
range extending from 50 to 300 Mev. In fact, for a 
given Z, one curve will give the root-mean-square angle 
in this energy interval with an accuracy of 3 percent. 
The direction the curve would take for higher energies 
is indicated by the point for E>=5000 Mev, Z=90, 
E/ Ey=}. 

It is of some interest to know how the mean square 
goes as a function of 6 since we integrate up to A@mnax. In 
the second term of Eq. (2), i.e., A In(@max/8)+B In[- - «J, 
the A In(@max/8) is by far the most important, usually 
accounting for more than 90 percent of the term. 8 is 


- an arbitrary angle, designed to join the calculation with 


screening to that with zero screening and thus would 
be expected to drop out when the two intervals are 
joined. If we define a minimum angle, Onin, to take care 
of the atomic screening, such as is done in elastic scat- 
tering, and if we recognize that the first term of Eq. (2) 
must be a function of @nin and 6 such as to cancel the 8 
in the second term, we see that Eq. (2) must take the 
form 


CLIn(8/6min) +n (Omax/B) J=C In(Omax/POmin)s 

where 

‘ 4(u?/E?)A 
(1+0°)[fi(y)—4/3 Inz]— Fal faly)—4/3 Ine] 

This gives a convenient method for getting the root- 

mean-square angle from the curves in Fig. 4 for @nax 

different from 20°. For @max<20°, one need only sub- 


tract C In(20°/@max) from the value of the curve, and 
for Omax>20° one need only add C In(@max/20°) to this 
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value. If the angles are not too extreme the error in this 
approximation will be less than 10 percent. 

The choice of @max is, unfortunately, ambiguous. In 
general, as @ increases, the impact parameter becomes 
smaller, and one would expect a natural upper limit for 
6 when nuclear screening takes effect. However, in the 
case of bremsstrahlung, it has not been possible to 
determine this limit; and in any event, because the 
bremsstrahlung distribution goes down only inversely 
as 6, one must be careful in interpreting a mean square 
at the larger angles.* Since for many practical cases 
the angular spread due to bremsstrahlung will be com- 
pared with that due to multiple elastic scattering, one 
might take for @max that angle at which the cross section 
for multiple scattering has dropped to a very low value. 
In other experiments the geometry of the set-up may 
suggest a different angle. 


PAIR PRODUCTION 


Because of the Born approximation, electron and 
positron coordinates enter symmetrically in the proba- 
bility distribution, and it is to be expected that the mean 
angle between the positron and photon should equal 
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et 
Fic. 2. g:(7,z) vs. y for values of Z=4, 30, and 90. 


6 Because of the inverse @ distribution at the larger angles the 
root mean square of @ will be larger than the average value. Somd 
calculations have indicated that for an incident energy of arouny 
150 Mev and @max about 15°, the root mean square is)roughle 
twice the average angle. For a discussion of an upper limit for @ 
due to nuclear screening, particularly in the case of pair produc- 
tion, see the Hough article, reference 4. 










MARTIN STEARNS 


x 
Fic. 3. go(y,z) vs. y for values of Z=4, 30, and 90. 


the mean angle between electron and photon. Thus, 
though in this section we shall write the expression 
for the mean square angle between electron and photon, 
it is understood to apply as well to that of the positron. 

Let E_ and @ refer to the electron’s energy and 
angle relative to the photon’s direction, and let Z, and 
6, represent similar quantities for the positron. Then 
Bethe and Heitler have shown that the probability 





4y? (1+-a)g1(y, 2) +-4age(y, 2) 


1 (1+e")[ fily)—4/3 Inz]+ $l fo(y) —4/3 Inz] 





5O< k<300 Mev FOR EACH Z 


Fic. 5. Root-mean-square 
angle of pair production vs. 
E_/k. 0. is the angle be- 
tween the incident quantum 
and the electron and has 
been divided by u/k In(k/u) 
to make the curves insen- 
sitive to energy. 0_max= 20°. 


= 
k 


distribution for pair production is to be obtained from 
that of bremsstrahlung by substituting —£,, E_, and 
6_ for E, Eo, and @ respectively. (There is also a change 
in the final density of states but this does not concern 
us because of the normalization.) 
If we let 
y= 100uk/E,E_z!, 
B= 2(uE,/E_k)}, 


then 62 over the interval 0<0< Omnax 1S 


i F In(0_max/B)+G In[o?-+ (1a) 0-max?/a?+ (1+)? ] 






























































Fic. 4. Root-mean-square angle of bremsstrahlung vs. E/E. 
@ is the angle between the incident electron and the emitted 
quantum and has been divided by n/Eo In(Eo/u) to make the 
curves insensitive to energy. @max= 20°. 


same denominator 


where 


F=2(1+07)In(2E,E_/uk)+a(2—a)—1 - (9) 


{rai 
G=[(2+a)(4+-4a—a*)/16(1+a@) ]. 


The restrictions on Eq. (8) are 


E,, E_,k>u 
tu/E_<E,/k <1 (10) 


B<6max £60°. 


In Fig. 5 we have graphed some root mean squares 
of 6_ calculated from Eq. (8). They have been done for 
6_max= 20° and for three Z values, 4, 30, and 90. 
Although Eq. (8) gives 6_ in terms of u/E_, it is more 
natural to express it in terms of u/k, and this has been 
done in preparing Fig. 5. It is for this reason that the 
curves in Fig. 5 look different from those in Fig. 4. 





HIGH FREQUENCY 


In units of u/k Ink/p the root-mean-square angle of 
pair production, in analogy with bremsstrahlung, is 
roughly independent of the energy &, if & is sufficiently 
large. Thus, for a given Z, we need plot only one curve 
for the energy interval 50 <k <300 Mev and the error 
will be no more than 3 percent. The direction the 
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curves would take for higher energies is indicated by 
the point for k= 5000 Mev, Z=90, E_/k=}. 

I wish to thank Professors Robert R. Wilson and 
Hans A. Bethe for suggesting the calculation and their 
helpful advice, and Professor Bethe for his particular 
aid in the integration over the region of screening. 
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The admittance of a high frequency gaseous discharge between parallel plates has been measured as a func- 
tion of pressure and discharge current. The susceptance is observed not to be proportional to the con- 
ductance. In fact the discharge susceptance changes sign from negative at low pressures and low electron 
densities to positive at high electron densities and high pressures. The discharge admittance is expressed 
as a volume integral over the complex conductivity. The non-linear relationship between discharge sus- 
ceptance and conductance is shown to be a consequence of the non-uniform electron density along the 


direction of the field. 


I, INTRODUCTION 


GASEOUS discharge may be maintained between 

parallel plates by a high frequency electric field 
of sufficient amplitude. The ratio of the h-f discharge 
current to the applied h-f potential is the discharge 
admittance and is complex because the current is 
seldom in phase with the applied potential. This paper 
develops the theory for the complex admittance and 
describes measurements of admittance which have 
been made at microwave frequencies. 

There have been numerous studies of the high fre- 
quency admittance of discharges that were maintained 
by d.c. fields.! In these studies the d.c. field was much 
stronger than the h-f measuring field and thus con- 
trolled the discharge characteristics. In the present 
work, however, the h-f field maintains the discharge 
and is also used: to measure the admittance. 

At very low discharge currents and electron densities, 
the discharge has an admittance equivalent to that of 
a resistor and inductor connected in parallel between 
the discharge terminals. As the electron concentration 
is increased, the equivalent conductance and suscep- 
tance increase proportionately. However, when the 
electron current becomes comparable with the free- 
space displacement current, the real and imaginary 
parts of the admittance no longer increase proportionally 
and the discharge can become capacitive. The theory 


* This work has been supported in part by the Signal Corps 
the Air Materiel Command, and ONR. 

** Now at Dartmouth College, Hanover, New Hampshire. 

1 A partial list includes E. V. Appleton and E. C. Childs, Phil. 
Mag. 10, 969 (1930); E. V. Appleton and F. W. Chapman, Proc. 
Roy. Soc. 44, 246 (1932); V. Ionescu and C. Mihul, J. de phys: et 


rad. 6, 35 (1935); S. Gangopadhyaya and S. R. Khastgir, Phil. 
Mag. 25, 883 (1938). 


and measurements of this non-linear relationship are 
presented in this report. Still greater electron currents 
cause the space charge to oscillate with the applied 
field, thus producing a high frequency component to 
the space charge near the ends of the discharge. This 
shields the central portions and results in a still different 
behavior of discharge admittance. This last stage has 
been studied but is not reported here. 

The discharge is created between parallel plates of 
close spacing and occupies a region small compared to 
the free-space wave-length of the exciting field. The 
study of a discharge of this simple geometry is a sub- 
stantial step towards understanding more complicated 
cases. The discharge is observed to take the form of an 
ionized column of fairly definite radius between the 
parallel plates as shown in Fig. 1. The radius of the 
‘discharge 79 is usually several times larger than the 
spacing 6. The first step in computing the admittance 
of the discharge is to determine the density distribution 
of the electrons between the plates. 


II. SPATIAL DISTRIBUTION OF THE ELECTRONS 


The diffusion equation determines the electron dis- 
tribution in space. The problem is essentially the same 
as that solved for breakdown at microwave frequencies 
by Herlin and Brown,” except for the difference in 
diffusion coefficients. At high concentrations of elec- 
trons and positive ions, the d.c. space charges are such 
that the electrons and positive ions diffuse at equal 
rates, a condition known as ambipolar diffusion. The 
electron particle flow is given by 


l'=—D, gradn, (1) 


2M. A. Herlin and S. C. Brown, Phys. Rev. 74, 291 (1948). 
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Fic. 1. Cross section of discharge showing coordinate system. 


where D, is the ambipolar diffusion coefficient,’ and 
is the electron concentration. Combining this equation 
with the steady-state continuity equation div!’ =n, 


we have 
V°n+ (v/D.)n=0. (2) 


Here » is the volume rate of production of new elec- 
trons per existing electron. This equation determines 
the spatial distribution of electrons within the dis- 
charge. When the diameter of the discharge is several 
times its length as in Fig. 1, the radial diffusion may be 
neglected and the problem becomes one-dimensional. 
The equation is then 


n"'+(v/Da)n=0. (3) 


The general solution of Eq. (3) is complicated by the 
fact that v is a function of the high frequency electric 
field which is itself a function of position due to shield- 
ing by the h-f component of the space charge. Inasmuch 
as we are confining the discussion to first-order effects, 
we neglect this and take v to be constant independent 
of position. ’ 

The boundary condition n=0 at the edge of the dis- 
charge leads to the solution 


n(z) =m cos(xz/6), (4) 


where z is the distance along the axis normal to the 
plates measured from the center, as seen in Fig. 1, 
and mp is the electron concentration at z=0. The char- 
acteristic value v/D,=(m/5)? expresses the balance 
between ionization and diffusion for the separation 6. 


Ill. DISCHARGE ADMITTANCE 


The complex conductivity o, of a system of electrons 
in a gas is defined as the ratio of the electron current 
density to the electric field. It is given by 


oo= (ne?/m)[ (ve—ju)/(v?-+u*)], (5) 


in rationalized m.k.s. units. Here y, is the average elec- 
tron collision frequency and w is the applied radian fre- 
quency. A simple derivation of this formula was given 
by Eccles‘ in terms of an equivalent complex dielectric 
constant K., which is simply related to o, by the 
equation : 
K.—1=0,/jweo. (6) 


Equation (5) can be derived more generally from the 


A. V. Engel and M. Steenbeck, Electrische Gasentladungen I, 
Julius Springer, Berlin, 1932; p. 199. 
4 W. H. Eccles, Proc. Roy. Soc. A87, 79 (1912). 
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electron energy distribution function under the as- 
sumption that the ratio of the mean free path / to the 
velocity of the electron v is independent of velocity. 
Brode’s data for electron elastic collision cross sections*® 
show that this assumption is good for helium, and for 
this reason helium was used in our experiments. The 
general derivation of Eq. (5) may be obtained starting 
from a paper by Margenau® on the dispersion of ionized 
gases. Substituting from his Eqs. (14) and (5) into his 
Eq. (25) for electron current density, and making the 
above assumption that v// is constant, there results 


4neE[ (v/l)—jo] p*fo 
_ f —dy 
3m[(v/1)?+w?] Jo dv 
The notation is that of Margenau except that / is here 
used for mean free path and J for electron current 
density. The constant collision frequency »,=v// has 


made the integrand simple. A partial integration shows 
that 


(7) 





mn ff enlaneae= 3n/4n. (8) 


Substituting Eq. (8) into Eq. (7) and dividing by the 
electric field, we obtain Eq. (5) for the complex con- 
ductivity. 

The discharge admittance is now derived as an in- 
tegral of the complex conductivity over the volume. 
The total current density in the discharge 


Jr=(o.-+jweo)E (9) 


includes both electron current and free-space displace- 
ment current. For regions in which the’ field lines are 
parallel, this current density J7 must be independent 
of z. The high frequency potential difference Vo applied 
to the parallel plates is the integral of the electric field 


+5/2 +52 dy 
Vo= Edz=J 7 f ‘ (10) 


—3/2 8/2 To+Jweo 
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Fic. 2. The solution of the admittance equation showing the 
non-linear relationship between Bg and Ga. 


5 R. B. Brode, Rev. Mod. Phys. 5, 257 (1933). 
*H. Margenau, Phys. Rev. 69, 508 (1946). 
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Neglecting fringing fields and currents, the total cur- 
rent carried in a discharge of radius 79 is Ip=aro*J 7. 
This equation is combined with Eq. (10) to obtain the 
formula for total discharge admittance 


+52 de 
Vr=In/Verart | f a 
8/2 Te+Jweo 


(11) 


The conductivity ¢, is proportional to m and has the 
same 2 dependence. Letting o-9 be the complex con- 
ductivity at z=0 where n=m, we obtain from Eqs. 


(4) and (5) 
(12) 
In order to obtain the admittance due to the discharge 


alone, we subtract the admittance of the parallel plate 
capacitor 


-= 0-0 CoS(7z/6). 


(13) 
which is present independently of the discharge. Thus, 
Va=YVr—Yo. (14) 


The relationship Ya=Gz+jBa defines discharge con- 
ductance Gz and discharge susceptance By. Equations 
(11), (12), and (13) are incorporated into Eq. (14) 
which is written in dimensionless form 
Gab Bai 
+7 
TT WEo 


Vo= jaroweo/6 





TY? (we 


(15) 





7 +6/2 J: 


[dz/o-9 cos(42z/5)+jweo | 


—6/2 


WEO 


Equation (15) expresses the admittance of the dis- 
charge in terms of its dimensions and the complex 
conductivity of the ionized medium. 

In the limit of small electron concentrations where 
o0<weo, Eq. (15) approaches 


Gab/mrPweot jBaS/ rr Pweo= 20 -0/mweo, 
or (16) 
Y= (constant)o-¢o. 


The requirement o.o<weo is seen from Eq. (9) to be 
equivalent to the statement that the electron current 
is much smaller than the displacement current. This 
condition was seldom realized in our experiment and 
Eq. (16) was useful only at the smallest discharge cur- 
rents. The form of Eq. (15) shows that there is no 
simple relationship between o,9 and Vz. 

Inspection of Eq. (15) shows that Gz and Bg are 
functions of the magnitude and phase angle of 0.0. 
We therefore introduce two dimensionless parameters 
n and y defined by 


o<o/weo= exp(—j tan y), (17) 
and will describe their physical significance. It is seen 
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Fic. 3. A block diagram of the apparatus. 





from Eq. (9) that 
(18) 
is the ratio of the electron current to the displacement 


current at the center of the discharge. The parameter y 
from Eq. (5) is 


n= | oco| /weo 


y¥=0/V-. (19) 


Although the collision frequency y, is nearly inde- 
pendent of velocity in helium, it is directly propor- 
tional to pressure p. The numerical value v./p=2.4X 10° 
(sec.—mm Hg)- is obtained from the data of Brode.® 
For a given frequency then, + is inversely proportional 
to pressure. In the experiment to be described, the 
frequency is 2950 Mc/sec. and 


(20) 


The exact solution of Eq. (15) is shown in Fig. 2 in 
which Gz and Bg, are plotted as functions of » and y. 
The non-linear relationship between Bz and Gz, is 
evident. At low electron concentrations the curves are 
tangent to the dotted straight lines calculated from 
Eq. (16). 


yp=7.7 mm Hg. 


IV. EXPERIMENTAL PROCEDURE 


The output of a tunable 10-cm continuous-wave 
magnetron passes through a power divider which sends 


‘a variable fraction of the power through a slotted sec- 


tion into a re-entrant resonant cavity. The slotted 
section, a calibrated attenuator, and a detector are 
used to measure the standing wave ratio and phase 
of the reflected wave from the cavity. Figure 3 shows a 
block diagram of the apparatus. The electric field is 
substantially constant in the parallel plate region of 
the cavity. The cavity is filled with helium at a known 
pressure. The magnetron is tuned to the resonant fre- 
quency of the cavity and the power divider is adjusted 
until sufficient power enters the cavity to maintain a 
discharge across the terminals. The discharge is lo- 
calized in the form of an ionized column of finite radius 
as shown in the shaded region inside the cavity of Fig. 
3. The width of the ionized column is measured vis- 
ually with a traveling microscope. 

During each experiment, the frequency and pressure 
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Fic. 4. Comparison of experiment and theory. 


are held constant and the discharge current is varied by 
controlling the input power. This is equivalent to keep- 
ing y constant while varying 7. From these data, the 
admittance of the discharge can be computed.’ The 
dimensionless discharge susceptance Byd/mreweo is 
plotted against the conductance Gy6/mrp’weo at various 
input powers. The experiment is repeated at other 
pressures to obtain curves corresponding to various 
values of y. 

The gap 6 is 10~* meter, the diameter of the parallel 
plate region is 6.35 10~* meter, the angular frequency 
of the applied electric field is w=1.85X10-°/sec. The 
measurement of Bz and Gz, is accurate to about three 
percent. The principal difficulty arises in the measure- 
ment of 70, since the boundary of the discharge is not 
sharp and the discharge as a whole sometimes takes an 
erratic motion. Successive measurements of 79 fre- 
quently differ by fifteen percent. 


7S. C. Brown et al., M.I.T., Research Lab. of Electronics, Tech. 
Rep. No. 66 (May 17, 1948). 
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Vv. CONCLUSION 


The experimental points are compared with the 
theory in Fig. 4. For each theoretical curve, the appro- 
priate value of y is taken from Eq. (20). The observed 
non-linearity between Gz and By is in agreement with 
the present theory. 

At low electron currents, the discharge admittance is 
proportional to the complex conductivity as shown in 
Eq. (16). At electron currents which are comparable 
with the displacement current, the discharge admittance 
becomes a complicated function of the complex con- 
ductivity as is Eq. (15). In fact, it is seen that the dis- 
charge can have a positive susceptance even though 
the imaginary part of the complex conductivity is 
always negative. 

The detailed shape of the computed admittance 
curves is seen from Eq. (15) to depend upon the elec- 
tron density varying as cosz. If, for example, the z 
dependence is taken to be parabolic, the computed 
admittance curves differ in detail from those of Fig. 2 
although they have the same general shape and pre- 
dict positive susceptance at high pressures and high 
discharge currents. 

This positive susceptance, or increased capacitance, 
has been observed several times in related experiments 
in which the high frequency admittance of d.c. dis- 
charges has been measured.! There is no fundamental 
difference between the h-f admittance of the h-f dis- 
charge and the h-f admittance of the d.c. discharge 
except that the spatial electron distribution and the 
geometry are different in the two cases. This experi- 
ment suggests, therefore, that the increased capacitance 
reported in these related experiments may also be 
explained when the effects of the non-uniform electron 
distribution in space and the real part of the conduc- 
tivity are accounted for in detail. 

The results of the experiment reported here are con- 
sistent with the present form of the Eq. (5) for the 
complex conductivity of an ionized gas. 
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ERSTED and subsequently Ampere investigated 

the action of a constant electric current flowing 
through a wire on a magnetic needle. The author! has 
repeated these investigations in a modified manner by 
means of the set-up shown in Fig. 1, using small par- 
ticles of iron suspended in air instead of a magnetic 
needle. Observer J (horizontal optical axis, objective 
n.a. 0.3) and observer IJ (vertical optical axis, ob- 
jective n.a. 0.3) may simultaneously observe the paths 
of small particles of Stubbs steel? (dispersed in an 
electric arc) in an observation chamber in the dark field 
of the microscope. The direction of the illuminating 
beam of light is horizontal and normal to both direc- 
tions of observation. Outside of the chamber two 
copper wires, A and B, are provided with either one 
carrying a constant electric current of 0 to 20 amps. d.c. 


The voltage between the ends of the wire (5 to 10 cm: 


length, 2 to 4 mm diameter) is always smaller than 0.1 
volt. 

Observing the particles of Stubbs steel (they are of 
various irregular shapes, sometimes looking like long 
small needles and sometimes taking more sphere-like 
forms of the order of magnitude of 10~ to 10-5 cm) by 
means of microscope J, as long as no wire is carrying 
a current, one obtains (1) particles which make the 
regular movement of fall in a resistant medium,’ and 
(2) particles which show an additional movement in 
and against the direction of the geomagnetic field.‘ 

If wire A now carries a constant electric current, 
observer J perceives particles of Stubbs steel moving in 
the following ways: (1) Some make the regular move- 
ment of fall which is not influenced by the magnetic 
field surrounding A. (2) Others get a horizontal com- 
ponent of movement which is reversible with the 
reversal of the current in A.® Many of these particles 
show a helicoidal path.* Figure 2 shows a photo- 
micrograph of such a path.’ The particle first moves 
nearly horizontally (path 0-1) in the field surrounding 
A. After the current has been cut off, it moves in the 
direction of the geomagnetic field (path 1-2). If the 
current in A is now reversed, the particle takes up its 
former path, but now in the opposite direction (path 
2-3). Figure 3 shows a picture of such a helical path, 
labeled 1-2-3. Another track (4-5), which shows no 


1 J. A. Schedling, Comptes Rendus 227, 470 (1948). 

* Stubbs steel: 1.1 C, 0.2 Si, 0.3 Mn, 1.0 Cr, 0.1 V, rest Fe. 

* Naturally the Brownian movement is superimposed. 

‘F, Ehrenhaft, Ann. de physique 13, 163 (1940). 

°F. Ehrenhaft, J. Frank. Inst. 233, 235 (1942); Comptes 
Rendus 190, 263 (1930). 

°F. Ehrenhaft, Science 101, 676 (1945). 

7 The pictures have been taken by Erwin Votava, Vienna. 


reversal, appears simultaneously in this picture. The 
latter particle crossed the field of view after the mag- 
netic field hdd been reversed and the first particle had 
already left the beam of light at point 3. It may be 
remarked that particles moving right to left and others 
moving left to right can be seen at the same time, both 
types reversing their direction with the reversal of the 
magnetic field. The particles often pass each other very 
closely ; nevertheless, they run in opposite directions and 
reverse their respective directions with the reversal of 
the magnetic field. The velocities of the different par- 
ticles vary more than 1:10, the average velocity being 
approximately of the order of magnitude of 10-? cm 
sec.!, (3) Some particles behave like small magnetic 
needles, and are influenced by a directional moment 
produced by the magnetic field of A. The center of 
gravity of most of them does not show a horizontal 
movement. They fall vertically, demonstrating that the 
magnetic field used causes no translatory movement in 
or against the direction of the lines of force on normal 
dipoles. However, a few particles of the needle-like 
type show, apart from the directional moment, a 
horizontal reversible component of movement in or 
against the direction of the magnetic field of A. 
Observer JI recognizes that the movement of the 
particles in the field of A takes place in curved paths 
(see Fig. 4), which are concave with respect to the wire. 
If wire B is used to build up the magnetic field, one 
gets the same types of movements, only the direction 
of the magnetic lines of force (and therefore the direc- 
tion of the horizontal component of movement) is 
almost normal to the illuminating beam of light. Ob- 
server I now looks in the direction of the progression of 
the motion and sees the particles moving nearly in a 
circle, the plane of which is normal to the direction of 


Fic. 1. Arrangement of appaiatus and method of observation. © 
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Fic. 2. Photo-micrograph of sample paths of particles of Stubbs 
steel. Time of exposure, approximately 5 sec. Approximate size of 
particles, 10-§ cm. Paths 0-1, 4-5, 6-7: Movement in the mag- 
netic field of wire A. Path 1-2: Movement in the geomagnetic 
field. Paths 2-3, 5-6: Movement in the magnetic field of A with 
current in A reversed. Path 3-4: Same as 1-2. 


the progression of the motion. The movement in a 
circle also reverses if the current in B is reversed. If 
wires A and B are in use, one after the other, one gets 
paths showing that the movement takes place in the 
same way, either transversal or longitudinal to the 
beam of light. Figure 4 shows such a path. 

Investigations by means of the use of additional 
electrostatic fields showed that some of the particles, 
the movement of which has already been described, 
were not influenced by electrostatic fields and carried 
no electric charge. Other particles electrically charged, 
changed their electric charge under the influence of the 
radiation of a radioactive substance, but in spite of this 
they did not show any change in behavior in the mag- 
netic field. 

As already mentioned, some particles of the needle- 
like type show not only an orientation like a dipole in 
the magnetic field of the constant electric current, but 
also a movement of their center of gravity along the 
lines of force in or against the direction of the field. 
Stubbs steel particles of the above kind have been 
made the subject of a further investigation. The con- 
secutive phases of such an experiment are schematically 
shown in Fig. 5 as follows: Phase 1. The particle shows 
the regular movement of fall. The geomagnetic field is 
compensated, and no other artificial magnetic field is 
applied. (Sketch 1 may depict an orientation of the 


particle falling in the field of gravity.) Phase 2. The 
constant electric current in wire A is cut in; the particle 
turns around and now lies parallel to the lines of force. 
Simultaneously, its center of gravity shows a movement 
from right to left in this particular case. Phase 3. With 
a reversal of the electric current, the particle simul- 
taneously turns 180° and also reverses its horizontal 
motion, now moving from left to right. Phase 4. In 
addition, we now apply an alternating horizontal mag- 
netic field furnished by means of two Helmholtz coils 
by an alternating electric current (50 cycles), parallel 
to the already mentioned constant magnetic field in 
the small area of observation. We now cut off the 
constant electric current. The particle shows small 
oscillations around the lines of force because of the 
field due to the a.c. in the coils, but maintains its 
general orientation. However, no movement in or 
against the lines of force can be seen. Phase 5. Super- 
imposing again the magnetic field of the constant elec- 
tric current, we immediately get the movement along 


the lines of force. Reversing the d.c. the particle re- 


verses its translatory movement, but does not turn 


around 180°. (One has to maintain a suitable ratio of 


the magnetic field strengths of the field furnished by 
the constant and the alternating electric current.) 

This experiment shows that such a particle reverses 
the direction of its translatory movement in the mag- 
netic field with the reversal of the field, although its 
dipole axis has not changed its orientation in relation to 
the magnetic field and the illuminating beam of light 
during the last two phases of the experiment. 

The author, assisted by E. Votava, also investigated 
a series of other metals also dispersed in an electric arc 
in alr. 
* Copper and aluminum did not show the motion in 
the magnetic field of A or B. No directional moment on 
needle-like particles could be detected. Silver showed 
the same behavior, but made an intensive light positive 
photophoretic movement. (All observations have been 


’ 





Fic. 3. Photo-micrograph of particles of Stubbs steel describing 


ee ee 


As 


Fic. 4. Photo-micrograph of a particle of Stubbs steel. Time of 
exposure, approximately 10 sec. Path 0-1: motion in the field of A. 
Path 1-2: motion of the same particle in the field of B. (Path 0-1 
coincides almost with the ‘axis of the illuminating beam of light.) 


helical paths in the magnetic field of A. Time of exposure, ap- 
proximately 20 sec. Path 1-2: right to left. Path 2-3: left to right, 
current in A reversed. Path 4-5: another particle crossing the 
field of view after reversal of the magnetic field. 





MOVEMENT OF SMALL METAL PARTICLES 


made in the light of an arc lamp.) Particles of the above- 
named metals did not show helicoidal movements. 

Particles of nickel and cobalt showed a pronounced 
movement in the magnetic field of the electric current, 
which was reversible with the reversal of the current. 
It is remarked that only a small percentage of the 
particles showed such movements. Particles of nickel 
frequently showed helicoidal motions. In a few cases, 
particles of cobalt also could be observed making a 
helical movement. For both materials, a distinct 
movement in the geomagnetic field exists, but no par- 
ticles showing dipole behavior have been observed. 

Finally, the author investigated the movement of a 
fine grained iron powder. The powder used was Fer 
Omega of French provenience. It was suspended by 
means of compressed air and then brought into the 
observation chamber. The particles showed a remark- 
ably smooth and quiet movement (compared with the 
movement of particles of Stubbs steel dispersed by 
means of an electric arc). The picture in the dark field 
showed that most of them must be of a highly sym- 
metrical form. Microscopic tests proved that a high 
percentage of the particles were of spherical shape. Fer 
Omega particles could be observed following the lines 
of force of the geomagnetic field in both directions. 
After the current in A or B had been cut in, they showed 
also a horizontal component of movement in both direc- 
tions due to the fields of A or B, This component was 
reversible with the reversal of the field. 

As yet helical movements have not been observed, 
and it has not been possible to find Fer Omega particles 








Fic. 5. Schematic diagrams illustrating different types of 
motion of Stubbs steel particles. (Solid arrows represent steady 
magnetic fields; dashed arrows, fields due to alternating current.) 
1. Particle in the field of gravity (geomagnetic field compensated). 
2. Particle in the horizontal magnetic field of the constant electric 
current (movement, e.g., right to left). 3. Particle in the horizontal 
magnetic field of the constant electric current, the current being 
reversed. 4. Particle in the horizontal magnetic field of the alter- 
nating electric current (small oscillations within the range of the 
dotted lines). 5. Situation as in 4. Constant magnetic field of the 
constant electric current (direction as in 3) again superimposed, 
Movement left to right as in 3. 


which behave like magnetic dipoles. The percentage of 
Fer Omega particles showing the above described phe- 
nomena is small in comparison to particles of Stubbs 
steel. 

These investigations have been carried out in the 
I. Physics Institute of the University of Vienna, 
Austria, and the author is very thankful to the Director 
of this institute for his kindness during the investiga- 
tions. 
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An Elaboration of the Schrédinger Formalism with 
Applications to Nuclear Physics 


J. W. CALKIN 


The Rice Institute, Houston, Texas, and Los Alamos Scientific 
Laboratory, Los Alamos, New Mexico 


July 29, 1949 







T has been observed that much of nuclear phenomena can be 
discussed without a detailed potential-theoretic description of 
the forces between particles, but rather by boundary conditions 
imposed on the wave functicn on a surface in configuration space 
which contains the region in which nuclear interactions between 
the particles takes place.'? It is our purpose here to describe a set 
of postulates for the wave mechanics of such systems, which give 
rise to such conditions naturally, as part of the definition of the 
Hamiltonian operator.’ For brevity, we consider simply the 
problem of two bodies, whose intrinsic spin states are known. The 
extension of the basic ideas to the case of several bodies, the 
introduction of spin coordinates, etc., are readily carried out, and 
will be treated in more detailed discussions in the near future. 
Separating the coordinates of the center of mass, we have to 
deal with wave functions ¥(x) of the relative vector x, which is 
defined only in the region R exterior to a spherical surface S, 
centered at the origin, with radius ro. Since /k|y|?dR is then the 
probability of finding the “exterior” particle in the region R, it 
is clear that we must have, for a bound state, /r|y|*dR+/), where 
p is the probability of the particle being interior to S. We now 
make the basic assumption that p is to have no radial dependence, 
but simply an angular dependence describing the relative orien- 
tation of the particles interior to S. To achieve this we assume 
that the states of the system are described by two-component 
wave functions t= {y, ¢}, where y is the same as above, and gis a 
function defined on S alone. We take for the inner product 
(ti, tte), Seviv2+dSse¢ig2dS. The constant d has the dimension 
of a length. We next postulate that the average value of the 
kinetic energy T is defined only if has the form {y, Ys} where 
Ws is the value of y on S. We take this average value to be 


ie 
P=" | f° \grady|aR+af. |zradsys|*45], 


where grads is the gradient on S. According to Green’s formula, 
we have also 


t=—* | f yvvynar+ fv(%+evs7s)as], 


where Vs? contains only the angular terms of V7. Thus the operator 
for T is —(h?/2m) {V?, d-1(8/dr) | r=ro+Vs?}. It obviously has the 
requisite Hermitian character; it also has a unique spectral reso- 
lution.? Further, the above modification of the usual kinetic 
energy operator permits a corresponding modification of operators 
representing other forms of energy, and operators applying only 
to the second component of y are well suited to express short-range 
interactions. We thus obtain a Hamiltonian by adding appro- 
priate operators to the above 7 and arrive at the system of 
equations 


he , ¥Y _,Oy ) 
—~V¥+Vy=EyinR, ——\d"—+4Vs¥ ]+Wy=Ey on S, 
2m 2m or 
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for the energy levels of the system. Here V is an operator repre- 
senting the Coulomb or other field interactions, and W an operator 
associated with the short-range forces. In the simplest case W 
may be a constant; it can of course also be given the properties of 
an exchange operator. Its analagon after the introduction of spin 
coordinates can also be given a spin dependence. Indeed, a pro- 
cedure entirely similar to the above can be developed for the 
Dirac equation. This fact and its possible consequences will be 
discussed later. 

1E. P. Wigner, Am. J. Phys. 17, 99 (1949), and references cited there. 

2G, Breit and W. G. Bouricius, Phys. Rev. 75, 1920 (1949). 


3 For mathematical concepts pertinent here, see J. W. Calkin, Proc. Nat. 
Acad. Sci. 25, 201 (1939), and 26, 708 (1940). 









Fourth-Order Corrections in Quantum Electro- 
dynamics and the Magnetic Moment 
of the Electrons 


RoBERT KARPLUS* AND NORMAN M. KrRo.i** 
Institute for Advanced Study, Princeton, New Jersey 
July 27, 1949 


ECENT success in the evaluation of second-order radiative 

corrections in quantum electrodynamics and the removal of 
divergences by means of charge and mass renormalization has led 
to the question of whether higher order corrections would also 
be finite and subject to a consistent and unique treatment. A 
procedure for carrying out such calculations to any order, to- 
gether with a proof that the observable effects are always finite, 
has, in fact, been given by Dyson.! It has been deemed desirable, 
however, to test his procedure by applying it to a specific fourth- 
order calculation: first, to verify that no unforseen and insur- 
mountable difficulties occur, and second, to obtain a quantity 
which could be subjected to comparison with experiment. We 
have chosen the magnetic moment of the electron because it 
promised to present the least difficulties of computation while it 
does contain most of the points of theoretical interest; also, it 
seems most accessible to experiment. This project has now been 
completed. 

The magnetic moment was computed by evaluating the fourth- 
order corrections to the energy of an electron in a weak quasi- 
homogeneous electromagnetic field. For convenience the matrix 
element involved was divided into various transition schemes, the 
classification being that of Feynman and Dyson which groups 
together emission and absorption processes and electron and 
positron states. Individual terms arising in this way contain both 
ultraviolet and infra-red logarithmic divergences. These may be 
interpreted as effects in the fourth order of the second-order charge 
and wave function renormalizations on the seeond-order cor- 
rection to the magnetic moment. On combination, the wave func- 
tion renormalization effects vanish, as they must, leaving only the 
easily recognized ultraviolet divergent charge renormalization 
arising from the vacuum polarization. Actually, to avoid am- 
biguities arising from the cancellation between infinite integrals, 
we have followed the prescription of Dyson, who removes all 
renormalization effects from each term. A non-vanishing photon 
mass was introduced at this stage in order to identify and avoid 
infra-red divergences which remain in certain of the transition 
schemes. As soon as the terms are combined, however, all loga- 
rithmic dependence on the photon mass disappears, so that this 
quantity may safely be set equal to zero. The now finite integrals 
over the momentum spaces of the virtual particles were reduced 
by Feynman’s techniques? to integrals over fine auxiliary variables. 
This final integration is straightforward but tedious. We have 
found the correction to the magnetic moment to be 


— (a2/x*) {9(95/288) —3(17/36)x?+-9x? In2 


— 18 fo'([In(1-+-«) P/x)dx— (47/4) So(Cin(1— x) P/x)dx} 
Bohr magnetons= —2.973(a?/x?) Bohr magnetons, 
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This is approximately one and one-half percent of the second- 
order correction® and of the opposite sign, thus decreasing the 


moment. 


* Frank B. Jewett, Postdoctoral Fellow. 

** National Research Council Postdoctoral Fellow. 
1F, J. Dyson, Phys. Rev. 75, 1736 (1949). 

2 Private communication from Professor Feynman. 
3 Julian Schwinger, Phys. Rev. 73, 416 (1948). 





Hyperfine Structure of 4*P—4*D of the 
Spectrum of Al II 


S. Suwa 
Institute of Science and Technology, Komaba, Meguroku, Tokyo, Japan 
July 27, 1949 


HEN the separations of a term multiplet in an atomic 
spectrum are so small that they are comparable | with or 
smaller than the hyperfine splittings which are caused*by the 
interaction between nuclear spin and outer electrons, the hyperfine 
structure“exhibits‘an anomalous feature,! which has not yet been 
fully accounted “for. In order'to clarify this problem, study of the 
hyperfine structure "of the group of lines of Al II (4*P—4 *D) at 
6243, 6231 and”6226 has been undertaken. The structure of 
these lines was studied previously by Paschen,' but his resolving 
power does not seem to be sufficient for our purpose. 

The spectrum was excited in a water-cooled aluminum hollow 
cathode discharge tube filled with neon of a few mm Hg pressure. 
The hyperfine structure was examined by the use of a glass 
Lummer plate (thickness=4.7 mm), a quartz Lummer plate 
(thickness = 4.4 mm) and a Fabry-Pérot etalon. The result of the 
measurements is given in the upper part of Fig. 1. The main com- 
ponents of 46243 and 6231 were so strong and broad (this is 
shown in Fig. 1 by shaded lines) that their positions relative to the 
other weaker components were less definite than the mutual 
distances of the weaker components. 

The hyperfine splittings of the final levels, 4 *P» 1,9 are known 
by the work of Heyden and Ritschl;? they obey the usual rule on 
hyperfine structure. In order to explain the structure of the above- 
mentioned lines theoretically, we need only consider the structure 
of 43D and the transition probability from each level of 4*D 
to that of 4*P. The total Hamiltonian is given by 


H=H(j)+A(I+s), 


where I and s are the spin of the nucleus and the 3s-electron re- 
spectively, and A is their coupling constant. Taking into account 
both the multiplet and the hyperfine splitting simultaneously 
from the outset of the calculation of the energy levels of 4D, 
secular equations were set up for each value of F, the hyperfine 
structure quantum number, in the scheme in which J? is diagonal. 
These secular equations involve three parameters, A, a= Ho(*D3) 
—Ho(?D1) and B=Ho(*D2)— Ho(*D;). a and B are differences of 
the diagonal elements of Ho and represent the magnitudes of the 
triplet separations of 44D. Assuming that A=0.172 cm™,? the 
secular equations were solved numerically for various values of 


TABLE I. Hyperfine separations of the terms 4 *D3,2,1. 
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F(11/2) 
" F(9/2) 
F(7/2) 
F(S/2) 
F(3/2) 
F(1/2) 


0.187 
0.017 
0.008 
0.004 





F(7/2)(2D1) —F (9/2)(D2) = —0.210 cm= 
F(1/2)(3D2) —F(11/2)(?Ds) = —0.080 cm7! 











A624 3 ops, 


isin 


0.306 0408 0567 O79cv'y— 
0.498 








tis 
0 


| “ [. 1 
0.235 0333 054 0,64cw' 
y- 


AE22 gas. 


Becenn 
-0.59 -0.49 


ae 


0 0102 Q175 cui’ 














A623 leat. 
6 10 
[_ligos 





2.6226 care. 








0 01 02030405 06070809 1011 








1.2 cw" 
yu 





Fic. 1. Hyperfine structure of \\6243(4 °P2:—4 "D). 6231 (43P:i—4 3D), 
and 6226 (4 %Po—4 8D) of Al 


a and 8, and at the same time the intensities of all hyperfine com- 
ponents were calculated.* The best fit for a and 8 was found to 
be —0.70 cm™ and —0.31 cm™, respectively. The calculated 
separations of the hyperfine levels of 4*D are given in Table I, 
and the hyperfine structure of the three lines obtained by this 
numerical calculation is given in the lower part of Fig. 1. Agree- 
ment between observation and theory is satisfactory within the 
limit of our resolving power. 

The values of a and @ thus found are indeed of the same order 
of magnitude as the hyperfine structure constants, A, and the 
group of lines of Al II 4*P—43D has proved to be a typical 
example in which the ordinary multiplet character is strongly 
perturbed by the hyperfine splittings, resulting in an unusual 
structure. 

In conclusion the author wishes to express his sincere gratitude 
to Professor Murakawa for his cordial and continued guidance in 
this work. 

1F, Paschen, Sitz. Preuss. Akad. Wiss. 33, 502 (1932). 


2M. Heyden and R. Ritschl, Zeits. f. Physik 108, 739 (1938). 
3 P, Giittinger and W. Pauli, Zeits. f. Physik 67, 743 (1931). 





Nuclear Spin and Magnetic Moment of 
Cg135 and Cs}37 * 


DARRAGH E. NAGLE 


Physics Department and Research Laboratory of Electronics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts 


July 11, 1949 


N atomic beam magnetic resonance apparatus with a mass 
spectrometric detector was used by Luther Davis, Jr., to 
measure the nuclear spin and magnetic moment of Cs 137.1 This 
letter reports similar measurements made on a second aliquot of 
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TABLE I. F =4, (—4=mp¢>mp = —3). Resonances in Cs 133 and Cs 137. 


TABLE II, F =4, (—4=mp< mp = —3). Resonances in Cs 133 and Cs 135. 








Observed frequency 


saunanyeien ear."* Computed h.f.s. Av (137) 


(uz positive) 





~ f133 f137 megacycles -sec.~! 
45.092 +0.020 44.934 +0.020 10197.0 +250 
49.338 +0.010 49.162 +0.015 10110.0+130 
80.289 +0.013 79.842 +0.026 10129.5 +80 
360.56 +0.04 352.30 +0.04 10123.3+12 


Weighted average 10,125+9 megacycles -sec.~! 
#I =2.833 +0.01 nuclear magnetons 








the original sample of fission product cesium (supplied by the 
Isotopes Division of the AEC), but with the mass discrimination 
of the spectrometer improved to the point that resonance transi- 
tions could be observed for Cs 135 in the presence of the 133 
carrier, as well as the 137 transitions. 

The apparatus is arranged to detect those atoms in the beam 
which satisfy the conditions: (1) They belong to the alkali family, 
and have specified mass number. (2) They undergo a change in 
state in the transition field which corresponds to a change of +1 
in the quantum number m; for strong magnetic fields. Condition 1 
identifies the isotope unequivocally. Condition 2 coupled with the 
selection rule Amr=-+1 identifies the observable low frequency 
line as belonging to the transition 


F=I+}, [mr=—([+})?-—(—))=mr]. 
In weak magnetic field the frequency of the line is very nearly 
1.400H/(I+4) megacycles-sec.— 


where H is the magnetic field in gauss and J the nuclear spin.” * 

Figure 1 exhibits the refocused beam intensity observed when 
the magnetic field is held constant and the oscillator frequency 
varied. With the mass spectrometer set in the 133 position the 
curve labeled 133 was obtained, and so forth. The background in 
the 133 position is principally due to fast 133 atoms in:the pe- 
numbra of the beam. In the 137 position fast 137 atoms and 
residual ions in the spectrometer account for the background. In 
the 135 curve the fast 135 atoms and residual ions in the spec- 
trometer account for part of the background, and the rest is due 
to 133 atoms incompletely discriminated against, as shown by the 
smaller maximum at the resonance frequency of the 133. The 
fact that all the peaks occur at nearly the same frequency shows 
that the spin of Cs 135, like that of 133 and 137, is 7/2. 

The displacements of the 135 and 137 peaks from the 133 
resonance frequency are due to differing values of the hyperfine 
structure separation, and permit calculation of the h.f.s. Av and 
the nuclear magnetic moment. The method is similar to that used 
by Zacharias.‘ It is assumed that yu; is proportional to Av; this 
might give rise to small errors in wy but to much smaller ones in 
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Fic, 1. Low frequency resonance transitions in Cs 133, 135, and 137, 


Observed frequency Computed h.f.s. Av (135) 





F133 F135 “I positive BI negative 
45.092 +0.020 44.996 +0.020 9777.0+240 10800 +240 
49.338 +0.010 49.235 +0.010 9717.0+100 10600 +100 
80.289 +0.013 79.998 +0.026 9769.0 +80 10290 +80 

360.56 +0.040 355.55 +0.040 9732.149 9824+9 
408.36 +0.040 402.19 +0.040 9717.047 9795 +7 


Weighted average 9724.0+8 megacycles -sec.~! 
pv =2.721+0.01 nuclear magnetons 








Av.® Using the values of Kusch, Millman, and Rabi,® namely, 


Avi33=9192.6 megacycles:sec., 
#4isz3=2.572 nuclear magnetons, 


the values of Avis5 and Avis7 which best fit the Breit-Rabi formula? 
are computed from the observed resonance frequencies. This has 
been done for a number of values of magnetic field. 

Table I presents the results for 137, which agree with the 
earlier ones.! Table II presents the results for 135, calculated 
alternatively for positive or negative u;. uz must be taken positive 
in order to obtain consistent values of Av. The weighted average 
of the h.f.s. is computed to be 9724.08 megacycles-sec.~! and 
the nuclear magnetic moment 2.721 nuclear magnetons. 

I wish to acknowledge the assistance of Hin Lew and the other 
members of the atomic beam laboratory. 


* This work has been supported in part by the Signal Corps, the Air 
Materiel Command, and the ONR 

1 Luther Davis, Jr. Phys. Rev. 76, 435 (1949). 

2G. Breit and I. I. Rabi, Phys. Rev. 38, 2082 (1931). 

ty ~ Driscoll, and Hipple, Phys. Rev. 75, 1481 (1949). 

4J. R. Zacharias, Phys. Rev. 61, 270 eg 
5S. Millman and P. Kusch, Phys. Rev. 60, 91 (1941). 
6 Kusch, Millman, and Rabi, Phys. Rev. tS 1176 (1939). 





The Energy Distribution of Fission Fragments 
from Pu??? 


D. C. BRUNTON AND W. B. THOMPSON 


Chalk River Laboratories, National Research Council of Canada, 
Chalk River, Ontario, Canada 


August 1, 1949 


HE energy distribution of fission fragments from Pu?® has 
been measured as a continuation of the work on U** and 

U?83, reported previously.! The experimental arrangement was 
very similar to that previously described. The results, in particular 
the nature of the “gated” distributions, were similar to those in 
the other fissile materials. A comparison of these results with those 
of Deutsch and Ramsey? is shown in Table I, in which the frag- 
ment energies are uncorrected for source and collimator losses for 
proper comparison. The corrected values obtained in the present 
experiment are 94.6 and 65.2 Mev for the light and heavy frag- 


TABLE I. Comparison of present experiment with Deutsch 
and Ramsey for fission in Pu? 











Deutsch* 
Present* and 
experiment Ramsey 
Most probable energy of light fragment (Mev) 93.3 93 
Most probable energy of heavy fragment (Mev) 63.9 65 
Ratio of most probable energies 1.47 1.43 
Most probable mass ratio (from an equal ratio 
interval curve) 1.35 1.32 
Width at half-maximum of high energy peak (Mev) 13.6 13 
Width at half-maximum of low energy peak (Mev) 24 21 
Ratio of minimum to high energy peak percent 23 i 11 ” 
1. Si 


Ratio of peak heights 











* Values uncorrected for source and collimator losses, 
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Fic. 1. Fission modes in Pu¥*. Contour lines 
indicate relative frequency of occurrence of the 
fission modes. 


ments, respectively. The contour diagram for Pu?® is shown in 
Fig. 1, where, as before, the contour lines represent the relative 
frequency of occurrence of the fission modes. The most probable 
total kinetic energy was found to be a maximum at a mass ratio 
of 1.2 in agreement with the range measurements of Katcoff, 
Miskel, and Stanley.® 

The mass diagram derived from these energy measurements is 
shown in Fig. 2 This curve is derived from the ratio of the 
energies of the two fragments with assumption of a total mass of 
240 for the compound nucleus and the conservation of linear 
momentum. The mass curve obtained from chemical identification 
of the decay chains is shown for comparison.‘ It has been shown 
by Wilson® that the neutrons are evaporated from the fragments 
while in flight. As pointed out by Deutsch and Ramsey’? the recoil 
from neutron emission gives rise to a spread in the fragment 
energies which results in a broader mass curve than that derived 
by chemical means. It is readily shown however that the energy 
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Fic. 2. Mass curves for Pu%®. Solid line is coincident fragment 
experiment; dashed line is chemica! analysis, 
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ratio is changed on the average by less than 1 percent by neutron 
evaporation. Consequently, the masses obtained from a coincident 
pulse experiment are the primary masses before neutron emission 
while the chemical identification occurs after neutron emission 
For this reason a shift of several units would be expected between 
the two curves. The shift apparent, however, in Fig. 2 is only in 
the heavy fragment curve leading to the conclusion that neutron 
emission occurs predominantly from that fragment. This result is 
however contrary to the results of de Benedetti, Francis, Preston, 
and Bonner on the angular correlation of fission neutrons. We 
find it difficult to account for this discrepancy by any instru- 
mental effect but we feel that the inherent limited accuracy of 
our experiment leaves some doubt in our result. This effect has, 
however, been consistently observed with the three fissile materials 
studied. It is possible that a variation in w, the electron volts per 
ion pair for different fragments, may cause this discrepancy. 
However, a comparison of fission energies by ionization and 
calorimetric experiments shows the w is nearly the same for 
a-particles and fission fragments. Although accurate measure- 
ments are not available, it is, therefore, felt that this is an unlikely 
source of error in the mass curve presented. 

1D. C, Brunton, and G. C. Hanna, Phys. Rev. 75, 990 (1949). 

2M. Deutsch and M. Ramsey, MDDC-945 (1945). 

3 Katcoff, Miskel, and Stanley, Phys. Rev. 74, 631 (1948). 

4 Steinberg, Seiler, Goldstein, and Dudley, MDDC-1632 (1947). 


5 R. R. Wilson, Phys. Rev. 72, 189 (1947). 
6 de Benedetti, Francis, Preston, and Bonner, Phys. Rev. 74, 1645 (1948). 





Altitude Dependence of Mesons of Energy 
between 224 and 255 Mev* 


MARCELLO CONVERSI** 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
August 1, 1949 


N a series of B-29 flights recently undertaken, experiments 

have been carried out in order to investigate the nature of 
ionizing particles slowed down after penetrating a certain thick- 
ness of lead. Part of the results, as well as a short description of 
the apparatus employed, has been published in two previous 
papers.! A counter telescope, realized by means of double coin- 
cidences, (AB) (resolving time ~2ysec.), selected a beam of 
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ionizing particles. In the.measurements at different altitudes here 
reported, 15 cm of lead were interposed in the counter telescope. 
A 10-cm thick block of graphite was used as an “absorber” for 
the particles of the beam which penetrated the 15 cm of lead. The 
observed mesons, stopped in the absorber after traversing 15 cm 
of lead, had energy in the range of 224 to 255 Mev. A group of 
counters, C, surrounding the absorber and covering the solid angle 
of the counter telescope, were at the same time in “delayed coin- 
cidence” and the “anti-coincidence” with respect to the coinci- 
dences (AB). In this way, mesons responsible for the greater part 
of the observed delayed coincidences could be separated from 
other penetrating particles, responsible for part of the anticoin- 
cidences observed at high altitude (see next letter). The delayed 
. coincidences were registered by four “channels” of the same 
“time width,” A@ (2.8 usec.), so that four points of the decay 
curve corresponding to mesons stopped in the absorber were 
obtained. The values of A@ and of the “time distance,” 6 
(0.98 ysec.), between each channel and the next one, were fixed 
by delay lines. The value of the minimum delay, 0», (1 14 usec.), 
for which a coincidence was registered in the first channel, was 
obtained by a method analogous to the one described in a pre- 
vious paper.? For the apparatus employed, practically all 
spurious delayed coincidences occurred* for random events in 
which a particle traversing the counter telescope, but failing to 
discharge counters C, was followed after a short time by another 
particle discharging counters C. The fraction of these spurious 
coincidences in the first channel was 0.5 percent near sea level 
and 19 percent, at the highest altitude (36,000 feet). 
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Fic. 1. Decay curves obtained at several altitudes for mesons slowed 
down in 10 cm of graphite after traversing 15 cm of lead. Each point of the 
decay curves is due to the contribution of mesons disintegrating between 
the instant ¢ of the corresponding abscissa and t+A0 (A@ =2.8 usec.) 
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TABLE I. Results of measurements at several altitudes. The 
errors of M include the error on p. 











Altitude (ft.) 600 2100 22,500 30,000 36,000 
Average geomag. 

latitude 51°N 42°N 50°N 49°N 40°N 
N (events/hr.) 6.95+0.27 8.50X0.33 53.043.5 79.543.6 120+8 
M (mesons/hr.) 34.842.9 42.543.5 265429 398435  600+65 








The value of the lifetime of the ordinary meson, deduced from 
an analysis of all the measurements so far performed near sea 
level, is r=(219+0.07) usec. The results of measurements of 
delayed coincidences performed at several altitudes are graphically 
represented in Fig. 1. All the disintegration curves are consistent 
with a decay constant of 2.2 usec. An analysis of all measurements 
performed at 30,000 feet including those previously reported! 
gives for the decay constant the value (2.14++0.12) usec. By extra- 
polation to the zero time of the “most probable”’ 2.2-usec. decay 
curve corresponding to each series of measurements, the number 
of mesons per hour, N, stopped in the absorber and then disin- 
tegrating within 2.8 usec. (A@) into electrons striking counters C, 
is obtained (Table I). The number of mesons per hour, M, stopped 
in the absorber after traversing the counter telescope, is then 
given by 


M=N/p[1—exp(—A6/r)], (1): 


where is the average value of the probability for a meson stopped 
in the graphite absorber to disintegrate into an electron discharg- 
ing counters C. 

* Events were registered: as anticoincidences when no anticoin- 
cidence counter fired within 11 msec. before or 7.8 usec. after a 
coincidence (AB) occurred. If the percentage of mesons decaying 
after 7.8 usec. is neglected, the contribution given by mesons to 
the intensity, J., of the “true anticoincidences” (difference 
between the anticoincidences registered with and without ab- 
sorber) is (1—) M. Results of measurements taken in Chicago 
(not reported in this letter) show that the ratio N/I, does not 
vary appreciably under thicknesses of material greater than 20 
cm of lead. This indicates that at sea level the percentage of 
particles different from mesons slowed down after traversing 
more than 20 cm of lead is negligible. In these conditions, there- 
fore, it may be written 


I,=(1—p)M. (2) 


From the results of the Chicago measurements the value 0.28 
+0.015 is obtained for » through Eqs. (1) and (2). By knowing 
the numerical values of », A@ and 7, the absolute number of the 
observed mesons can be deduced for each series of measurements 
from Eq. (1) (see also next paper). 

As ‘shown in Fig. 1 of the next paper, the number of the ob- 
served mesons (range between 100 and 117 g/cm? of air equivalent) 
decreases with the atmospheric depth, x, approximately as 
exp(—x/L), with L~280+10 g/cm*. Within the experimental 
errors an exponential dependence upon altitude but with 
L=220 g/cm?,‘ has been found for mesons having range between 
5 and 83 g/cm? of air equivalent.5® The lower rate of increase with 
altitude in the present case may be due, at least in part, to the 
more narrow angular definition of the apparatus here employed 
(35° maximum permitted zenith angle). The information about 
the production spectrum of mesons, which may be obtained from 
the interpretation of these results will be discussed elsewhere. 

* Supported by the Joint Program of the ONR and AEC. 

** On leave from the University of Rome, Italy. 

1M. Conversi, Phys. Rev. 76, 311 (1949) and Phys. Rev. 76, 444 (1949). 

2M. Conversi and O. Piccioni, Phys. Rev. 70, 874 (1946). 

8 The delayed coincidences registered in the 1st channel at 30,000 and 
36,000 feet have been also corrected (on the basis of measurements taken 
without absorber) for spurious coincidences due to the lags of counters C. 


A detailed account of all corrections will appear in a complete report of 
this research. 

4B. Rossi, Rev. Mod.. Phys. 20; 547 (1948). 

5 Rossi, Sands, and Sard, Phys. Rev. 72, 120 (1947). 

6 M. Sands, Phys. Rev. 74, 1237 (1948). 
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LETTERS TO THE EDITOR 


Altitude Dependence of Penetrating Particles 
Slowed Down after Traversing 15 Cm of Lead* 
MARCELLO CONVERSI** 


Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
August 1, 1949 


N addition to the measurements of the delayed coincidences 

reported in the previous paper, measurements at several 
altitudes of the anticoincidences have been taken simultaneously, 
with and without the graphite absorber. As stated in the previous 
letter, the “true anticoincidences,” registered near sea level 
(Chicago) under more than 20 cm of lead, are very likely to be 
due only to mesons stopped in the absorber and not disintegrating 
into electrons which discharge within 7.8 usec. the anticoincidence 
counters. At high altitude, however, a contribution, X, is given 
to the intensity J, of the true anticoincidences from particles 
different from mesons. Equation (2) of the previous paper must 
be substituted, therefore, by Ja=(1—p)M+X. 

The values of X obtained at different altitudes from this rela- 
tion, on the basis of the observed counting rate of the delayed 
coincidences and of the anticoincidences, are reported in Table I. 
The intensities 7, have been obtained as a difference between the 
counting rates of the anticoincidences measured with and without 
absorber. By multiplying the values of M (see Table I of the 
previous paper) and of X by the factor 1.1X10~’, the absolute 
number (per sec. cm? sterad.) of mesons, m, and of “X-particles,” 
x, traversing in the vertical direction 15 cm of lead and stopped 
by an additional g/cm? of graphite, are obtained for each series 
of measurements. In graphically representing these results (Fig. 1), 
the points at 30,000 and 36,000 feet have been referred to the 
geomagnetic latitude (50°N) of the point at 22,500 feet. The cor- 
rection has been introduced by using the latitude curves obtained 
at 30,000 feet, with the same apparatus, for the meson and the 
X-component,! and assuming an approximately equal latitude 
dependence at 36,000 feet. 

As to the nature of the X-component, the following observa- 
tions can be made: (1) Its large latitude effect, at 30,000 feet,! is 
comparable as far as magnitude only to the one observed, at the 
same altitude, for the neutron component and for “bursts.’” 
(2) Its altitude dependence may be approximately represented by 
an exponential law, with a “mean free path,” L, of about 150 
g/cm? (Fig. 1); this value is comparatively close to the value 
obtained for “bursts’’’ and for star-producing radiation ;**5 (3) No 
appreciable percentage of the observed anticoincidences should be 
due to electrons; it appears, in fact, very unlikely that a large 
electronic shower, able to penetrate the 15 cm of lead interposed 
in the counter telescope, would end in the absorber without 
striking any of the anticoincidence counters. (4) Previous results 
obtained with the same equipment® indicate that the excess of 
positive ordinary mesons at 30,000 feet would be smaller than at 
sea level (~20 percent) if more than 13 percent of the delayed 
coincidences observed with graphite absorber were due to locally 
produced positive x-mesons, slowed down in the absorber and 
disintegrating, within a fraction of ysec.,” into ordinary mesons 
of very short range;® hence, no large contribution should be given 
to the anticoincidences by negative w-mesons captured in the 
absorber unless the cross section for production of a #-meson is 
considerably larger, at the energies involved, for a negative than 
for a positive -meson. These arguments lend good support to 
the view that the X-component is of nucleonic nature and made 
up essentially of protons. If the X-particles were protons they 


TABLE I. Results of measurements at several altitudes. 








Altitude (ft.) 2100 22,500 30,000 36,000 





Average geomagnetic latit. 42°N 50°N 49°N 40°N 
Antic. p. hr. with absorber 90.8+0.9 1350+19 2835418 3986+40 
True antic. p. hr. (Ja) 36.8241.7 563427 985430 1136+89 
X-particles per hour 6.243.0 372434 638439 704+101 
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Fic. 1. Altitude dependence at 50° north geomagnetic latitude of mesons 
and of X-particles (protons?) stopped after traversing 15 cm of lead. The 
observed mesons have momentum between 315 and 348 Mev/c. If the 
X-particles are protons they have momentum between 985 and 1043 Mev/c. 


would have momentum in the range 985 to 1043 Mev/c; evidence 
for the presence of protons of such momentum at 30,000 feet has 
been given recently.® It is worth while observing also that the 
absolute number of X-particles interpreted as protons [(2.1-+0.13) 
X 10-5 per sec. cm? sterad., Mev/c of momentum] is in agreement 
with the absolute number estimated” on the basis of the findings 
of the Anderson group. Additional points would be necessary for 
a more exact determination of the shape of curve x, which has 
been represented in Fig. 1 as an exponential; the number of 
protons at sea level obtained by extrapolation of such an ex- 
ponential is likely to be in excess. 

It is a pleasure for the author to acknowledge the kind hos- 
pitality of Professor M. Schein in his laboratory, the numerous 
facilities granted by Professor S. K. Allison, the help of Mr. B. 
Jackson and the cooperation of Major W. A. Gustafson, Mr. C. L 
D’Ooge and of the B-29 crew through the entire period of the 
flight 

* Supported by the Joint Program of the ONR and AEC. 

** On leave from the University of ron y. 

1M. Conversi, Phys. Rev. 76, 444 (1949) 

2 J. A. Simpson, Jr., Phys. Rev. bo! 1389 (1948); J. A. Simpson, Jr., and 
R. B. Uretz, Phys. Rev. 76, 569 (1949). 

3H. Bridge and B. Rossi, Phys. Rev. Th. a (1947); ey % Say and 
Williams, Phys. Rev. LN 257 (1947); H. E. Tatel and J. A. Van Allen, 
Phys. Rev. 73, 87 (1948 
187 Bernardini, Cortini, cas Manfredini, Phys. Rev. 74, 845 (1948); 74, 

5 J. J. Lord and M. Schein, Phys. oe. in 1956 (1949). 

6 M. Conversi, Phys. Rev. 76, 311 (19 

7J. R. Richardson, Phys. Rev. 74, 1720 1948). 

8 Lattes, Occhialini, and Ag Nature 160, 486 (1947). 

® Adams, Anderson, Lloyd, Rau, and Saxena, Rev. Mod. Phys. 20, 334 


ey! ——. Anderson, and Cowan, Rev. Mod. Phys. 21, 562 (1948). 
B. Rossi, Rev. Mod. Phys. 20 20, 562 (1948). 
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On the p-Meson Capture 


M. TAKETANI, Tokyo, Japan, 
S. NaAKAMuRA, Tokyo University, Tokyo, Japan, 
AND 
M. SASAKI, Tokyo Bunrika University, Tokyo, Japan 
July 25, 1949 


UPPLEMENT is made to the work, “On the two-meson 
theory” previously published.! It concerns the process of 
mu-meson capture: Firstly, Z-dependence of the capture proba- 
bilities; secondly, excitation energy of the nucleus after mu-meson 
capture; and thirdly, possibilities of interaction schemes between 
mesons, leptons, and nucleons. 

The theories of mu-meson capture have already been given by 
various workers,?-* and the capture probabilities are shown to 
depend on, at least, the fourth power of Z. In our paper,! using 
the formula for K-electron capture. 


1/ty-cap.a(aZ)*S4, S=(1—o2Z%)t 


which seems to be proportional to the third power of Z. However, 
if we take into account the Z-dependence of the unknown nuclear 
matrix elements, which may certainly be proportional to, at 
least, the first power of Z, the current result will be derived. 

On the other hand, if we assume that the nuclear wave is 
described as a plane wave inside the nucleus and zero amplitude 
outside, the transition probability that the nucleon acquires the 
momentum (k, k+dk) and the neutrino is emitted with the 
momentum (p, p+dp) will be given as follows (in the case of 
scalar coupling) : 

8(1/ty-cap.)~Z9(y)P'dQppr, y=|k+p—ko|R (1) 


where ko is the average momentum of the initial protons and R 
is the nuclear radius. f(y) =(y~4J3(y))? has the value ~0.70 at 
y=0, and decreases rapidly as y increases, with exp(—¥?/4). 
Thus, the region where (1) has appreciable magnitude is confined 
in the small interval of y<4. Further, the average initial mo- 
mentum of protons and that of the neutrino do not depend on Z, 
since the latter carries away the greater part of the available 
energy, which enables one to put |p|=«, where x=m,c*/h. 
Accordingly, the region which contributes mainly to the prob- 
ability may depend essentially on & and thus is proportional to 
R™-. Since the final level density of k, px, is, however, proportional 
to R*, the integration with respect to the final level is almost 
independent on Z. The only factors which show the charge de- 
pendence are the volume concertration of mu-meson in the 
K-orbit, together with the number of protons Z. From these facts 
we can roughly estimate that the total probability would behave 
as the fourth power of Z. 

Next, if the integration with respect to angle is done, the total 
probability will be given as a function of nucleon momentum k. 
This curve has a sharp maximum at %o, and the shape around the 
peak is given approximately by exp[—}R?x"(x—2»)?], where 
x=k/x’, «’=((p+xo)*)ayt~2«. The value of Rx’ is fairly large, 
excepting the light nuclei, and the maximum point, %, is given, 

x= 1 / tanh} R?x’, Xo. (2) 


For large Z, the value of xo is nearly equal to unity and increases 
slowly as Z decreases. Since the peak is sharp, we may safely 
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Fic. 2. Alternative interaction 
scheme proposed by others. 





























Fic. 1, Suggested interaction scheme 
between elementary particles. 
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identify this x» with the average value of momentum of the 
excited nucleon, which is given as gener 


RAC/2Mx— B=x2/2°— (3) 


where £ is the average kinetic energy of the alia in the ground 
state and is 0.14 in the unit of m,c?¥100 Mev. From (3) we can 
see that the excitation energy is 6 Mev for large Z, and ~14 Mev 
for small Z, and slowly varying between these two values for the 
intermediate Z. 

Finally, possible interaction schemes between elementary par- 
ticles will be discussed. We have suggested a model given in 
Fig. 1. Alternative models, such as those shown in Fig. 2, are put 
forward by various workers. In the latter, a pi-meson may decay, 
through virtual nucleon pairs, either into leptons or into a 
mu-meson and a neutrino. Whereas the direct coupling between 
nucleons-leptons or nucleons-mu-mesons are shown to be the 
same,? the final momentum density is larger for leptons than for 
mu-mesons, which will make the lifetime of pi-mesons for pi-elec- 
tron decay essentially faster than that for pi-mu-decay.” This 
seems to be at variances with the recent experiments of Berkeley 
Therefore the model given in Fig. 2 should be ruled out. 

 Taketani, Nakamtra, Ono, and Sasaki, Phys. Rev. 76, 60 (1949). 

A. Wheeler, Phys. Rev. 71, 320, 462 (1947); Rev. Mod. Phys. 21, 
133 (1949). df Tiomno and J. A. Wheeler, Rev. Mod. Phys. 21, 153 (1949). 
L. Lopes, Phys. Rev. 3 1722 (1948). 
‘ Epstein, Finkelstein, and Oppenheimer, — Rev. 73, 1140 (1948). 


5 M.N. Rosenbluth, Phys. Rev. 75, 532 (1949). 

6R. E. Marshak, and H. A. Bethe, Phys. Rev. 72, 506 (1947); R. E. 
Marshak, Phys. Rev. 75, 486 (1949). 

7T. Inoue, and S. Ogawa, Prog. Theor. Phys. x 319 (1948). 

8S. Hayakawa, Prog. Theor. Phys. 3, 200 (1948). 

®Y. Tanikawa, Prog. Theor. Phys. 3, 314, 315 (1948). 

10 Of course, this conclusion may suffer some ambiguities due to divergent 
difficulties of present field theory and varieties of interaction types between 
elementary particles. Private discussions by H. Fukuda and Y. Miyamoto. 





Statistical Mechanics of Mixtures of He’ 
and He‘* 


J. DE BoER* 
University of Amsterdam, Amsterdam, Netherlands 
August 3, 1949 


HE measurements! of the vapor-liquid concentration ratio 

of dilute solutions of He* and He‘ show that for tem- 
peratures above the d-point these solutions behave as “perfect 
solutions” leading to the validity of Raoults law: 

CY /C“=P,/P2, (1) 
where P;° and P,? are the vapor pressures? of the pure substances 
He? and. He‘. 

If the mixture of He* and He‘ were a perfect mixture at all 
temperatures and concentrations, the expression for the free energy 
for a perfect mixture 


F=(1—«)F+2F9+RT {x Inx+(1— 2) In(i—2) }. (2) 


F, and F being the free energies of the pure substances and x 
being the relative concentration N3/(N3+N.) of He’, leads to 
the conclusion that the temperature of the transition of phase I 
into II is independent of concentration (¢7/dx=0) and that the 
transition remains second order (x!=x!1) at all concentrations. 
According to Taconis and Beenakker® the vapor-liquid con- 
centration ratio deviates from Rauoult’s law at temperatures 

below the d-point, being given by 
C¥/Ch= (1/y)(P/PO), @) 


where y= N,"/N, is the ratio of the number of molecules in the 
“normal” state to the total number of molecules of He‘, a result 
which is in agreement with experiments of Daunt ef al.45 showing 
that the molecules of He® do not take part in the superflow of 
liquid helium II. This was explained by assuming that the He* 
molecules only mix with the normal part of He‘. If this assumption 








oOo s -§ =e! 


it 
n 


io 


ot 





LETTERS TO 





Th 


“LO 
0.8} 
06 
04 


02+ 








t°) 








0 OF a2 a3 04/05 a6 a7 aso 10 


Fic. 1. Variation of concentrations x! and x!! with temperature. The ex- 
perimental points were measured by Abraham, Weinstock, and Osborne. 


could be generalized to the hypothesis, that He? and He‘ behave 
like a perfect mixture of He* in the normal component of He‘, 
then the free energy (2) must be replaced by 


F=(1—x)Fo+2F 2+RT(x/xa) {Xa Inxe+(1—xe) In(1—%a)}, (4) 


where x is the “apparent” concentration; N3/(N3+N,"), 
y=N,4"/N, as before and where the connection between xa, x and 
y is given by xa=x/(y+x(1—y)). 

The equations of equilibrium: w3!=3!! and us!=,!! for the 
thermodynamic potentials of the components 3 and 4 in both 
phases I and II, derived from (4), lead to the result: 


tal=xq!1, (Sa) 
In(1— xo") = — (F2'— FO) /RT(y!—y?}). (Sb) 


It is assumed that y is a function of temperature only and inde- 
pendent of concentration as it should be for a perfect solution. 
For the high temperature phase I, y!=1; whereas in the low tem- 
perature phase II, y!!=N4"/N4=(T/T))’ with v=5.6. Equation 
(5a) shows that the concentrations of He; in phases I and II are 
no longer equal. Therefore, the transition is no longer of the second 
order but becomes of the first order, the relation between the con- 
centrations being x!=x1!!/(y!14+x211(1—y!1)). The actual calcu- 
lation of the concentrations x! and x!! as a function of the transi- 
tion temperature depends on the extrapolation of the free energy 
curve of the high temperature phase I below T=7). In Fig. 1, 
the results have been plotted extrapolating the entropy curve of 
the phase II, linearly to r=0, as has been suggested by Daunt and 
Mendelssohn.* The broken curve corresponds to a linear extra- 
polation of the free energy curve, as suggested in the liquid He II 
model of Gorter. In both cases the concentration of He; in the 
liquid phase at lower temperatures is extremely small, its value 
being approximately x!'=xly!1/(1—x!). The experimental 
points in Fig. 1 were measured by Abraham, Weinstock, and 
Osborne.” 

The general formula for the vapor-liquid concentration ratio is 
given by 


CV /Ch=(1/y)(1— xa) 7 (P3°/P,’) (6) 


approaching to Taconis and Beenakker’s formula at low concen- 
trations. 

The first-order character of the transition of phase I into phase 
II, which is demonstrated in Fig. 1, leads to interesting con- 
clusions. The fact that below temperatures of about 0.57) the 
value of x!! is approximately zero makes it possible to speak in 
this temperature region of a pure phase II of He‘ which is in 
equilibrium with an ideal mixture of He* and He? in phase I 
If a mixture of He* and He‘ of concentration x is cooled down, 
pure liquid He‘ starts to be formed in a separate phase II at the 
transition temperature determined by x=x1(T). When the tem- 
perature is decreased still more, the amount of pure liquid He‘ 
in phase II increases, the total fraction of substance, which at a 
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temperature T is left as a perfect mixture in phase I, being 
x/x11(T). 

Of course, the present remarks must only be considered as a 
possibility, which is based entirely on the hypothesis that He® 
only mixes as a perfect mixture with the normal part of He‘ and 
that the interpretation in terms of the free energy expression (4) 
is true. A more detailed account will appear in Physica. The author 
is indebted to Dr. Daunt for many stimulating discussions on this 
subject. 


* Currently visiting professor at Ohio State University, Columbus, Ohio. 

** The author is very much indebted to Dr. Osborne for putting these 
data at his disposal before publication. 

1 Fairbank, Lane, Aldrich, and Nier, Phys. Rev. 71, 911 (1947); Daunt, 
Probst, and Smyth, Phys. Rev. 74, 495 (1948). 

2 Sydoriak, Grilley, and Hammel, Phys. Rev. 75, 302 (1949). 

3’ Taconis, Beenakker, Nier, and ‘Aldrich, Phys. Rev. 75, 1966 (1949). 

4 Daunt, Probst, Johnson, Aldrich, and Nier, Phys. Rev. Ln! a (1947). 

5 Daunt, Probst, and Johnston, J. Chem. Phys. 15, 759 (19 

6 J. G. Daunt and K. Mendelssohn, Proc. Roy. Soc. A 185, re (1945). 

7 Abraham, Weinstock, and Osborne, Phys. Rev. 76, 864 (1949). The 
a sen is indebted to Dr. Osborne for putting these data at his disposal 

fore publication. 





The Beta-Spectrum of Tritium 


S. C. CurRAN, J. ANGUS AND A. L. COCKROFT 


Department of Natural Philosophy, University of Glasgow, 
lasgow, Scotland 


July 27, 1949 


N continuation of the investigation of the 6-spectrum of H* 
reported elsewhere,! a more detailed study has been made of 
the shape of the spectrum near the end point. The proportional 
counter technique previously described? has again been used with 
a photographic method of recording and analyzing the output 
pulses. 

This study was designed to increase the accuracy of the deter- 
mination of the shape of the spectrum close to the end-point 
energy Eo, and also to obtain a more accurate estimate of the cor- 
rection which must be made to the spectrum in view of the experi- 
mental limitations resulting from the finite resolution of the 
instrument. 

Energy calibration was provided by a beam of Kg x-rays of 
molybdenum (17.4 kev). The half-width for half-intensity for this 
line was 900 ev (~5 percent), and the parts of the theoretical 
Fermi curves shown in Fig. 1 have been modified to allow for the 
spread arising from a resolution corresponding to this line width. 
The curves have been calculated for true upper energy limits 
(Eo) of 18.0 and 18.6 kev with a neutrino mass u=0 kev, and for 
Eo=18.0 kev and w=1 kev. They may therefore be compared 
directly with the observed experimental points. For u.=0 the 
points lie between the two curves for Zo= 18.0 and Eo= 18.6 kev, 
which brings our results into rather close agreement with those of 
Hanna and Pontecorvo;? the higher energy value would also give 
slightly better agreement with the theoretical Fermi curve over 
the whole energy range previously investigated.’ Alternatively, 
for Eo= 18.0 kev, it may be assumed that yu lies between 0 and 1 
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Comparison of experimental and theoretical Fermi curves for 
tritium near the end point. 
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kev, in agreement with our earlier interpretation. It appears, 
however, that the line width is too large to allow a significant 
differentiation between these two cases; it has been pointed out 
already** that this line width arises principally from variations 
about the average number of ion pairs produced by the §-rays in 
the initial ionization process, and it is unlikely that the uncertainty 
will be resolved by relatively slight increases in the accuracy of 
measurement. 

We should like to take this opportunity of thanking Professor 
P. I. Dee for his advice throughout the work and we are indebted 
to Dr. W. B. Lewis for a number of helpful comments and sug- 
gestions. 

a Curran, Angus, and Cockroft, Nature 162, 302 (1948); Phil. Mag. 40, 

“weal Angus, and Cockroft, Phil. Mag. 40, 36 (1949). 


3G. C. Hanna and B. Pontecorvo, Phys. Rev. 75, 983 (1949). 
4 Hanna, Kirkwood, and Pontecorvo, Phys. Rev. 75, 985 (1949). 





On Positive Excess of Meson Component 
near Sea Level 


P. Bassi, E. CLEMENTEL, I. FILOSOFO, AND G. PuppPI 


Centro per lo Studio degli Ioni veloct del CNR, Istituto Fisico dell’U niversita 
di Padova, Italy ; 


August 3, 1949 


HE scarcity of experimental data concerning the distribution 

of positive excess in the meson spectrum and the common 

opinion that the positive excess is closely related to the meson 

production by the V component, lead us to perform an experiment 

at sea level, in which positive and negative mesons are separated 

by means of a magnetic field of 14,000 gauss in air. The experi- 
mental apparatus is shown in Fig. 1. 

The upper telescope consists of five channels of double coin- 
cidences 1—1, 2—2---5—5, which limits a not strictly con- 
vergent beam of cosmic rays traversing the central region of 
magnetic field. The field focuses particles of pe=2 2-108 ev which 
are revealed by counters CDE; C’D’E’. 

Putting in S 4.7 cm of lead, fivefold coincidences register only 
mesons, the fourfold, besides mesons, protons and electrons. The 
absorber T has the object of degradating the energies of incident 
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Fic. 1. Counter arrangement. 
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TABLE I, Experimental results for coincidence rates. 




















Absorber 
thickness Counts 
(g/cm? Pb) per hour r) [IV-v] - [IV-V]* 
290 g/cm? 1.18 +0.06 0.16 +0.10 0.13 +0.03 0.04 +0.02 
540 g/cm? 1.36 +0.06 0.22 +0.12 0.10 +0.06 0.02 +0.04 
1150 g/em? 1.14+0.05 0.25+0.07 0.20 +0.04 0.04 +0.05 

















particles. Experimental results and their probable errors are 
reported in Table I. 

In the second column counts per hour are shown, they agree 
with the Wilson spectrum. In the third column, the excess as 
commonly defined by 









Ni-N_ 
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Nit+N- 







is indicated. 

The first two plots are in a good agreement with the previous 
data by Nereson! and Conversi, Pancini, and Piccioni;? the value 
of the excess in the third plot, on the contrary, is remarkably 
high, and indicates that, at least for energies up to 2 Bev, the 
excess does not decrease. This is in agreement with a recent 
isolated result by Brode*® who finds an excess about 0.3 for energies 
from 1.4 to 2 Bev. The fourth column indicates the number of 
negative particles per meson whose energies are about 2.2 108 
ev and which do not penetrate 4.7 cm of lead. They should in the 
first line be interpreted as knock-on electrons. The fifth column is 
concerned with positive particles that we may explain as protons, 
but the last data are less significant because of large errors. 

The present results may be explained in terms of multiple meson 
production with the existence of two sources distributed in the 
atmosphere, of which the first formed by mesons created in the 
first collision by primary protons is substantially responsible for 
the excess A detailed paper will be submitted for publication in 
Nuovo Cimenio. 

1N. Nereson, Phys. Rev. 73, 565 (1948). 


2 Conversi, Pancini, and Piccioni, Phys. Rev. 71, 209 (1947). 
3R. B. Brode, Phys. Rev. 76, 468 (1949). 






























Heat Flow in Metals below 1°K and a New Method 
for Magnetic Cooling 
C. V. HEER AND J. G. DAUNT 


Mendenhall Laboratory, Ohio State University, Columbus, Ohio 
August 8, 1949 


EASUREMENTS have. been made of the thermal con- 

ductivities of tin and tantalum both in the superconducting 
and normal states in the temperature range 0.2° to 1°K and 
experiments have been carried out on the question of thermal 
contact by heat flow through superconductors in this temperature 
range. The preliminary results of these experiments may be of 
interest in connection with two stage magnetic cooling methods, 
such as have been proposed for the study of nuclear paramag- 
netism! and consequently are reported herewith. In addition the 
experiments have led to a convenient method for adiabatic mag- 
netic cooling. 

The general experimental arrangements consisted of two 
chromium potassium alum ellipsoids (one approximately five 
times the volume of the other) separated from one another by a 
distance of about 10 cm and connected thermally by the super- 
conducting metal specimen under investigation. The salt-metal 
connection was made by high pressure molding of the salt powder. 
The salt ellipsoids were differentially cooled to low temperatures 
by the magnetic method,? and the thermal conductivity of the 
metal link between them calculated from observations of the rate 
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Fic. 1. Sample warm-up curve for a 3 cc chromium potassium alum ellipsoid. 


of warm-up of the ellipsoids. Temperatures were calculated from 
ballistic mutual inductance measurements of the susceptibilities 
of the ellipsoids as described in previous publications.? 

The thermal conductivity of both Sn and Ta was found to be 
considerably smaller in the superconducting state than in the 
normal state; for example for Ta the ratio of these conductivities, 
K,/Kn, was found to be somewhat less than 1/60 at 0.55°K, and 
for Sn, K,/K,<~1/40 at 0.65°K. It appeared that below 1°K the 
thermal conductivity of two different samples of Sn of the same 
purity could be expressed by K,=cT* with c=1.1X 10 watt- 
unit. The results both for Sn and Ta were approximately such as 
would be expected if K,/K,=(T7/T.)’, a relationship that can be 
deduced if at these low temperatures the thermal resistance is 
largely due to impurity scattering. Our measured values of K./Kn 
below 0.6°K were higher than those given theoretically by Heisen- 
berg.® 

By extrapolation our results to lower temperatures (<0.1°K) it 
would appear the ratio K,/Kn would become very small, e.g., for 
Sn at 0.01°K, K,/K,<~7X10-°, effectively describing the super- 
conducting state as a thermal insulator.‘ Heat contact could 
therefore be made or broken, as process necessary for example for 
a two stage magnetic cooling system,! by having a metallic link 
either in the normal or superconducting state, a change that can 
easily be affected by the application of small external magnetic 
fields. : 

In experiments with magnetic cooling systems, it has been found 
sufficient to connect thermally the paramagnetic salt with the 
helium bath by a fine wire of superconducting material having a 
high transition temperature and dispense with the usual exchange 
gas. During magnetization at 1°K the wire is in the normal state 
and effectively conducts to the bath the heat of magnetization. 
On demagnetization the metallic link between the paramagnetic 
salt and the helium bath becomes superconductive and forms a 
satisfactory insulating support. Such a technique not only has the 
advantage of dispensing with exchange gas and its attendant 
equipment, but also the long periods of magnetization, which are 
generally required in order to pump out exchange gas, are con- 
siderably reduced. As an example of the effectiveness of this pro- 
cedure we give in Fig. 1 a warm-up curve for a 3 cc chromium 
potassium alum ellipsoid thermally connected to a helium bath at 
1,13°K through 56 cm of 0.017-cm diameter tantalum wire. From 
minute 0 to minute 9, the wire was in the superconducting state 
and the heat influx to the ellipsoid was approximately 7.3 ergs/sec. 
From minute 9 to minute 11 the Ta wire was transformed into the 
normal state by the application of a transverse field of 600 gauss. 
As a result the temperature of the ellipsoid rose immediately to 
0.71°K, corresponding to a heat gain of 1.510‘ ergs. At minute 
11 the wire being again in the superconducting state the heat 
influx to the ellipsoid fell back again to 6.7 ergs/sec. 


855 


The new technique outlined here would become still more 
effective if heat barriers composed of additional salt systems were 
employed® and experiments are now being carried out on this 
extension of the technique. 


1Simon, Reports of Conference on Magnetism at Strasbourg, 1939 
(Institut International de Cooperation Intellectuelle, 1940), Vol. III, p. 1. 
(oun further detail see J. G. Daunt and C. V. Heer, Phys. Rev. 76, 715 

3W. Heisenberg, Zeits. f. Naturforschung 3a, 65 (1948). 

4 A discussion of these possibilities has been made also by Casimir, Oak 
Ridge Conference on Nuclear Physics and Low Temperatures, August 7, 


1948. ; 
5 Cooke and Hull, Proc. Roy. Soc. 181, 83 (1942). 





Ion Source for Mass Spectrography 
R. F. K. HERzoG AND F. P. VIEHBOCK 


I. Physics Institute, University of Vienna, Vienna, Austria 
August 1, 1949 


T is known that the cathode material of a canal-ray tube 
sputters during the discharge. In this case neutral molecules 
or negative ions only can leave the cathode because positive ions 
are strongly linked to the cathode by the electric field. Those few 
neutral molecules only, which are ionized by accident on the axis 
of the discharge tube, especially near the anode, may leave the 
tube in form of canal-rays, if they are not scattered by gas 
molecules. Though the number of these particles may be very 
small and therefore the intensity low, this process has been 
successfully tried in many investigations in mass spectrography. 

We have improved this method very materially: 

(1) There are two electric fields: First the electric field in the 
canal-ray tube (A), (see Fig. 1) which is completely separated 
from the electric field immediately in front of the trial-substance 
(C). The first one produces the beam (B) of canal-rays, which 
causes the sputtering. The second one has the right direction to 
remove and accelerate the positive ions of the trial-substance 
for analysis in a mass spectrograph. It is produced by the 
cylinders (D) and (£), which are at different voltages. 

(2) The sputtering takes place in a high vacuum, because the 
gas-filled canal-ray tube (A) is separated by the narrow canal (XK) 
(which has a large gas-current resistance) from the space in front 
of the substance. This space is connected with a pump of high 
pumping speed. Hereby, losses by scattering on gas molecules 
can be avoided almost completely. 

(3) All ions will be produced on an electric equipotential-surface 
and will be accelerated by the same voltage. Therefore the ions 
get a uniform energy. Hence of producing a mass spectrogram a 
magnetic field alone is sufficient, which is a great advantage. But 
it is an advantage too for mass spectrographs with energy-focusing, 
































Fic.1. Schematic diagram of suggested ion sources. 
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if the ions have already a nearly uniform energy, because the 
losses may be avoided, which always otherwise arise, if the rays 
hit the screen, which limits the small interval of energy. 

(4) The electric field between the cylinders (D) and (£), which 
accelerates the positive ions of the substance, will be formed so 
that it works as an electron-optic lens and produces a nearly 
parallel beam of rays. 

We have tried out such an arrangement, and found it to work 
most satisfactorily. The intensity is dependent on the trial- 
substance and was large for metals and smaller for salts. The 
analysis in the parabola-spectrograph shows the ions of the trial- 
substance and the ions of the primary canal-ray discharge, all 
having the same energy. 





On the Spin of u-Mesons 
J. Tiomno* 


Palmer Physical Laboratory, Princeton, New Jersey 
August 8, 1949 


HE known processes resulting from the interaction of 
u-mesons with other elementary particles: 


(1) 


™—>u+pMo, 
u—pote+y, (2) 
P+u—>N+p0 (3) 


give very little indication on the spin of u-mesons. We can only 
say that w and yo have both integral or half-integral spin. 

As in all these processes u appears together with yo we shall 
assume that they are two different states of charge of the same 
particle and thus that they have the same spin. 

The possibility of a spin 4 for these particles has been already 
considered! (in particular if wo is a neutrino). Although the hy- 
pothesis of 4 being a neutrino is very appealing, it seems that one 
should not neglect the other possibilities, in particular that it has 
an integer spin. From the analysis of the frequency of bursts 
produced by cosmic-ray mesons at sea level (mostly u-mesons), 
Christy and Kusaka? excluded the value 1 for the spin of these 
mesons. If we exclude values higher than 1 (which may eventually 
result from an extension of Christy-Kusaka’s calculations) we are 
left only with the values 0 and 3. 

We want to show here that a zero spin for the u-meson with a 
special type of coupling with electron, neutrino and nucleons is in 
good agreement with the experimental results. 

Let us consider first the u-decay. We describe u and wo mesons 
by scalar (or pseudoscalar) fields, respectively complex (®) and 
real (yg). In order that y-decay be a first-order process we take the 
interaction Lagrangean bilinear® in the mesonic fields; the most 
general one that can be formed using at most first derivatives‘ of 
the mesonic fields and of the electron-neutrino wave functions 
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(y)5 is: 
Lin=0 [¢ ret Hy Yo 


dg OP 
# = 2 | r_+¢.¢. hy, (4) 


where x=yc/h and Yp¢=i(yp¥e—Ye¥p), T— being an operator that 
transforms an electron into a neutrino. The probability per second 
of u-decay in which the electron is produced with a momentum 
in the interval ~,., p-+dp, is then proportional to: 


apc esl2h(22)+ lelp(22)+ leste(2) 
+5(euge*— g28:" Sf (£2). * (5) 


The functions f are shown, for uo=0 as consistent with the experi- 
mental results,*’ in the upper left part of Fig. 1; the experi- 
mental points of Anderson and co-workers? are also plotted in an 
arbitrary scale. It is seen that the only one of the simple couplings 
which gives a spectrum in agreement with the experimental points 
is the one in g2.8 This agreement may be emphasized if one com- 
pares the integral spectrum (~E,'[2uc?—3£,]) with the experi- 
mental points, as is done in the lower part of Fig. 1. 

If we consider now the capture of a u-meson by a nucleus we 
calculate the nuclear excitation as in case of spin 3,! using for the 
interaction of u, wo-mesons with nucleons an expression similar to 
(4); we then obtain a spectrum of nuclear excitation very similar 
to that of the case of spin } and, then, also the result that the 
probability for star production is very small.® 

One then concludes that the possibility of spin zero for uo-mesons 
is in good agreement with the experimental results and should not 
be disregarded for the moment. 

We are grateful to Drs. J. L. Lopes and L. L. Foldy for helpful 
discussions. This work was assisted by the joint program of the 
ONR and the AEC. 

* Rockefeller Foundation fellow of the University of Sao Paulo, Brazil. 

1J. Tiomno and J. A. Wheeler, Rev. Mod. Phys. 21, — oa (1949). 

?R. F. Christy and S. Kusaka, Phys. Rev. 59, 414 (9 

’ The possibility of a coupling of wu, uo with the pcr ‘neutrino field, 
linear in each mesonic field is easily excluded in view of the impossibility 
of making the process (2) significantly more probable, then: 

poe tye t+ut+hy. 

4 We exclude terms with two time derivatives of ¢, g and y as they lead 

to difficulties in the application of the usual Hamiltonian formalism. 


5 Terms with derivatives of y are, to first order, equivalent to terms of 
the kind considered in (4). 

eC; . Lattes, Phys. Rev. 75, 1468 (1949). 

7 Leighton, Anderson, and Seriff, Phys. Rev. 75, 1432 (1949). 

8 A rough agreement can also be obtained with gs=0, g1 =igs. 

‘It should be pointed out that assuming that the interaction of spinless 
u-mesons with nucleons is through an intermediate x-meson we obtain f 
lifetime for the +—y-decay of the order of 10-8 sec. as shown by A. S. 
Lodge (Nature 161, 809 (1948)), R. Latter and R. F. Christy (Phys. Rev. 
75, 1459 (1948)) and others. 





Analysis of Delayed Coincidence 
Counting Experiments 


DANIEL BINDER 
Sloane Physics Laboratory, Yale University,* New Haven, Connecticut 
August 8, 1949 


HE use of the delayed coincidence method for measuring 
short half-lives by several investigators!" makes a re- 
examination of the basis of the experiment desirable. The coin- 
cidence counting rate versus delay curves exhibit two regions. The 
first is affected by the random delays in the counter itself, and the 
second is a pure exponential decrease determined by the radio- 
active decay. Van Name*5 analyzed the combination of these 
effects by assuming a triangular distribution for the delays in the 
counter but found it necessary to divide the range of artificial 
delays into six regions. A Gaussian distribution will be used here, 
and a fairly simple relation will result, 
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Consider a fast particle passing through both counters of a 
two-channel circuit at the time ¢=0. We assume that the prob- 
ability that a pulse is formed between ¢ and t+d¢t is 
————— & [-* |e 
(2m) At) PL 2(At)yel°? 


where (At)y is the r.m.s. deviation from the mean time 7. If i: 
and tz, are the mean statistical delays in channels 1 and 2, and tp 
is the artificial delay introduced in channel 1, then, assuming the 
resolving time 7 of the electronic circuit to be small compared to 
(At) the relative coincidence rate is 


C=2r f~ wi(twald)adt, 


w(t)dt= 


where F 
(¢—ti— sey) 
? 


ait 2Al)w? 


(2m)At)wy PL 
and 


1 = [- saa 
(2m)KAt)w PL 2(At) aed” 


w2(t) = 


Integration gives 


CW) =~ exp - (YI, (1) 


D=tpt+i—ie. 

An excellent fit is obtained in Fig. 1 between Eq. (1) and the 
data of W. J. MacIntyre of this Laboratory for (At)ay= 1.85 10-* 
sec. The zero of delay is, of course, arbitrary in any measurement. 
The experimental points are for a proportional counter and a 
polystyrene scintillation counter with a P® source. A similar fit 
is obtained for two proportional counters, supporting the as- 
sumption in the following work that (Af)a, is the same for the two 
types of counters. 

Now consider two particles emitted in cascade, the first entering 
the counter of channel 1 and the second, the counter of channel 2 
a time ¢’ later. Then the coincidence rate is 


T D-t ¥ 
mnt a 
0, iat OL Baie 
The probability thar the second particle is emitted between ¢’ and 
t’+dt’ seconds later is 


where 


w(t’)dt’ =re"'dt’, 
where \ is its decay constant. Thus the relative number of coin- 
cidences as a function of D and ) is 
T D-t ¥ 
yee 2 
ae rr la bk C77 
Finally we have 
D 

C(D, \)=A >of 1—a(a At | 

where 


A=A)r exp[A*(At)a? ]= const. 
and 


(2) =, f° exp(—y*dy. 


Note that Eq. (2) predicts a pure exponential decrease in C(D, d) 
for large D since approaches —1. It may be used to find the 
value of D at which the curve becomes exponential when (Af)sy 
is known. 

Equation (2) agrees well with MacIntyre’s data‘ for the 2.3 
X10- sec. metastable state of Hg as shown in Fig. 2. Ten per- 
cent variations in the reported value of \ of 310" sec.! cause 
marked differences in the theoretical coincidence rate for positive 
delays, thus supporting the 10 percent accuracy claimed by 
MacIntyre. 

Equation (2) may also be used to find the shortest half-life 
detectable by an asymmetry in the C versus D curves. Computa- 
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Fic. 1. C(D) versus D with experimental points for a proportional 
and a polystyrene scintillation counter. 


tion shows that an asymmetry can still be observed with the above- 
mentioned equipment for a half-life of 1 10-* sec., and that this 
disappears for 0.7 < 10- sec. 

When 7 is not small compared to (A#)sy, a calculation similar to 
that given by Bradt and Scherrer‘ for the integral curve method 
may be performed. Here we have 


c(D) =f" aT [~ wiwst—T)at 
=|?) 0? )] 


A=3.0x 107 sec-! 
a233x10? 
—-— A27« 10T 
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Fic. 2. C{D, ) versus D with experimental points for the Hg! 
metastable state. 
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and 


C(D, 0) =C(D) + 4e2*!* {0211 — (x1 +-$a)] 
=e eon 1 b P(x2— 





3a) ]}, (4) 








where 
#1 (r—D)/2(At)w, %2=(7+D)/2(At)m, 
a=2)(Al)ay. 
Equation (4) also approaches a pure exponential decrease for 
large D. 





The author would like to thank Mr. William J. MacIntyre for 
the use of his data and Professor Howard L Schultz for many 
discussions concerning coincidence techniques. 







* Assisted by the joint program of the ONR and the AEC. 

1S. D. Benedetti and F. K. McGowan, Phys. Rev. 74, 728 (1948). 
2 P. T. Bittencourt and M. Goldhaber, Phys. Rev. 70, 780 (1946). 
3F, W. Van Name, Phys. Rev. 75, 100 (1949). 

4W. J. MacIntyre, Phys. Rev. 76, 312 (1949). 

5F. W. Van Name, Ph.D. dissertation. 

6H. Bradt and P. Scherrer, Helv. Phys. Acta 16, 251 (1943). 





















On the Half-Life of Na?? 


L. JACKSON LASLETT 


Institute for Atomic Research and Department of Physics, 
Iowa State College, Ames, Iowa* 


August 8, 1949 








HE radioactivity of Na”, first discovered by Frisch,! has been 
described by the present writer** as producible by the 
deuteron bombardment of magnesium and the half-life estimated 
as 3.0 years.* More recently, Saha‘ has given a value of 2.8 years 
for the half-life of this activity. During the past three years the 
decay of a Na™ sample has been followed in this laboratory and 
it is the purpose of the present note to report the value obtained 
for the half-life. 

The Na* sample used was produced in 1937 by the bombard- 
ment of magnesium metal with deuterons produced by the cyclo- 
tron in Professor Lawrence’s laboratory at Berkeley. The mag- 
nesium target was subsequently mounted in the recess of a brass 
plate, covered with a mica sheet hermetically sealed to the brass, 
and, by means of a Lauritsen electroscope,' its activity was com- 
pared at intervals with that from a standard uranium oxide source 

The resultant decay curves, for two different source positions, 
are shown in Fig. 1 and indicate a half-life of 94° days or 2.6° 
years.® It should be mentioned that diffusion of the active material 
from the surface into the magnesium metal would, if appreciable, 
result in an underestimation of the half-life, since the greater 
portion of the activity measured was readily absorbable (posi- 
trons). Some confirmation of the belief that diffusion and similar 
processes played no significant role in the present work is afforded, 
however, by the observation that absorption curves taken at the 
beginning and end of the measurements (curves 1 and 2 of the 
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Fic. 1. Logarithmic decay curves of Na” activity, measured with respect 
to that of an uranium oxide standard, for two source positions. Insert: 


Aluminum absorption curves (logarithmic scale of ordinates) taken (1) at 
the beginning and (2) after completion of the decay measurements. 











THE EDITOR 









insert, Fig. 1) appeared entirely similar and were in agreement 
with one obtained* shortly after the sample was first prepared. 

It is a pleasure for the writer to indicate once again his gratitude 
to Professor Lawrence for the privilege of using the cyclotron in 
connection with the preparation of the sample used in the work 
reported here. 


* Contribution No. 80 from the Institute for Atomic Research. Work 
at. % % at the Ames Laboratory of the AEC. 
10. R. Frisch, Nature 136, 220 (1935). 
re as ‘Laslett, Phys. Rev. 50, 388(A) (1936). 
L. J. Laslett, Phys. Rev. 52, 529 (1937). 

iN. K. Saha, Trans. Bose Res. Inst. (Calcutta) 14, 57 (1939-41): cited 
in Chem. Abstracts 42, 450i (1948). 

5 The electroscope,. manufactured by the F. C. 
(Pasadena), was used to measure the ionization in a chamber approximately 
2} inches in diameter and 3 inches long, into which the radiation passed 
through an aluminum window of 1.2 mg/cm? surface density. The surface 
density of the mica covering the source was 5.2 mg/cm?. We are indebted 
to Dr. A. F. Voigt for making available to us this electroscope in its 
modified form. 

6A value of 2.6 years was provisionally communicated to Dr. G. T. 
Seaborg during the course of this work and has subsequently appeared in 
the review article of Seaborg and Perlman (Rev. Mod. Phys. 20, 585 (1948)). 
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Microwave Spectrum of CF;Cl 


D. K. CoLes AND R. H. HUGHES 
Westinghouse Research Laboratories, East Pittsburgh, Pennsylvania 
August 1, 1949 


HE CF;Cl rotational transitions between J=2 and 3 and 
between J=3 and 4 have been observed in the microwave 
regions around 20 kmc and 27 kmc. Thirty-one linés were mea- 
sured, including five lines which are attributed to molecules in an 
excited vibrational state. The hyperfine structure spacing yields 
quadrupole coupling constants of 78.05+0.2 and 61.44+0.4 mc 
for CF3Cl®* and CF;Cl*’, respectively. 

At a pressure of 0.1 mm, the line widths were approximately 
5 mc, corresponding to a molecular collision cross section of 
1400A?. 

The values of Bo for CF3;Cl** and CF;Cl*’ were found to be 
3335.56 and 3251.51 mc, respectively. From these values one may 
calculate that the distance of the Cl nucleus from the center of 
mass of the CF; group is 2.129A, and that the moment of inertia 
of the CF; group about an axis through its center of mass and 
perpendicular to the symmetry axis is 46.31 mass units times 
angstroms. 

If one assumes tetrahedral angles, one then obtains for the 
internuclear distance C—F=1.323A and C—Cl=1.765A. These 
are quite consistent with electron diffraction values on similar 
fluorochloromethanes. 





Hyperfine Structure of Fe 57* 


JEAN BROSSEL 


Spectroscopy Laboratory, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 


August 1, 1949 


SEARCH for the hyperfine structure of Fe 57 was carried 

out by means of a Fabry-Perot interferometer, crossed with 
a 35-foot concave grating in the Wadsworth stigmatic mounting 
(the blaze being in the second order). 

The wave-length scale covered extended between 6000A and 
2400A. No structure, broadening, or asymmetry was found. The 
resolution obtained would have revealed any over-all structure 
greater than 25-10-* cm™ between 6000 and 4000A and 50-10-* 
cm™ near 2500A. The discharge tube was a hollow cathode cooled 
with liquid nitrogen, the carrier being argon with a trace of 
helium. The spectrum was very extensive and was readily photo- 
graphed. At least 400 lines were examined. Among others, the 
following electron configuration of Fe I were involved: 3d"4s, 
3d*4s4p, 3d°4s4d and 3d%4s5s, 3d%4s?, 3d74p. It was not found pos- 
sible to excite Fe II by changing widely the conditions of the 
discharge. 
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A’meas. 
10-3 cm! 


Avcalc, 


IN Classification 10-3 cm= 


a®F2 —25D2° 
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3125 -653 
2970 -106 








The above results are in agreement with those reported recently! 
and similar to those concerning Ni 61. 

A point which might be of interest that was noticed during the 
course of the research was the resolution of a few lines coinciding 
accidentally that have not been reported before. These lines are 
listed below with Russell’s? classifications, the separations cal- 
culated from the term analysis, and the separations actually 
observed (see Table I). (Av>0 means that the weak component 
has a higher frequency than the strong component from which it 
is measured.) 

There is agreement with the Zeeman effect data of D. W. 
Weeks.” 

The sample of Fe 57, enriched to 68 percent, was provided by 
the AEC. 

* Assisted by the joint program of the ONR and the AEC. 

1M. Gurevitch and J. G. Teasdale, Phys. Rev. 76, 151 (1949). 


wae Moore, and Weeks, Trans. Am. Phil. Soc. 34(II) (December 





Energetic Events in Emulsions at High Altitude* 
J. HORNBOSTEL AND E,. O. SALANT 


Brookhaven National Laboratory, Upton, Long Island, New York 
August 4, 1949 


N Eastman NTB3 emulsions, exposed with planes vertical at 
93,000 feet for 6 hours near Cuba (31° geomagnetic north; 
vertical cut-off 8 Bev'), many stars show straight, light tracks of 
minimum and near-minimum grain density, in addition, of course, 
to the heavy prongs visible in ordinary, less sensitive emulsions. 
While the light tracks can be safely ascribed to fast particles, of 
relativistic and near-relativistic kinetic energies, and are thought 
due at least in part to mesons, the portions of tracks within the 
emulsions are too short to decide from their appearance whether 
the particles are electrons, mesons or protons. Near-minimum 
grain densities refer to kinetic energies between 0.2 and 0.6 rest 
energy. 

Out of 124 stars with light tracks, 76 showed, in the hemisphere 
above the star, a minimum ionization track, which i is takeri to be 
that of the incoming particle initiating the disintegration, either 
a primary proton or, in possibly a third of the events, a secondary 
of comparable energy, ejected from the thin (15 g/cm*) atmos- 
phere above the plates. 
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Fic. 1. Disintegration with 4 minimum ionization tracks within 43° and 
4 heavy prongs. Between a and 6 are 3 min.-ion tracks within 20°, one 
dipping out of focus. Fourth track c is within 43° of a. Background removed. 


Figures 1 and 2 are microphotographs of stars with some charac- 
teristic features of the light tracks (arrow indicates track of 
incident particle). Selecting the 47 events with 4 or more light 
tracks, 35 of them show 3 or more light tracks fanning out down- 
ward, roughly in the direction of the incident particle, giving the 
appearance of a broom. But in 10 of the broom, the handle, i.e., 
the incident particle, is missing, and while a few misses could arise 
from possible closeness to the inconvenient normal to the plate, 
the rest are attributable to non-ionizing radiation, presumably 
energetic neutrons. In the remaining 12 events, the fast particles 
appear uncollimated. 

Outgoing light tracks in these brooms number 6 on the average, 
extending up to 12, and 120 of the 210 tracks have minimum 
ionization, the angles of near-minimum tracks being widely and 
rather uniformly spaced. In 27 of the brooms, there are usually 
3 or 4, sometimes as many as 9, minimum ionization tracks, con- 
tained within a narrower broom, with angular spread generally 
between 50° and 100°. In 8 of these events, about the same number 
of minimum ionization tracks are in a still narrower core, of less 
than 20° spread. Thus it appears that the relativistic particles are 
more closely collimated than the near-relativistic and their angular 
spreads tend to fall into two groups. There is also evidence, though 
not yet statistically sound, for some fast particles to be created in 
pairs, within a few degrees of each other. 

Considering, now, the stars’ heavy prongs (uncollimated), 70 
out of 90 of those stars with enough heavy prongs to be assigned 
to disintegrations of the heavy nuclei Ag, Br and I show emission 
of relativistic or near-relativistic particles. Very energetic stars, 
with up to 36 heavy prongs and 7 light tracks are observed. Even 
with an average of 35 Mev per prong found by Harding, Lattimore 
and Perkins? (likely to be higher at our latitude and altitude), over 


Fic. 2. Disintegration with 12 heavy prongs, 12 min. and near-min. 
tracks within 100°. Between a and 5, 52° apart, are 8, and between c and d, 
10° apart, are 5 minimum ionization tracks. 
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3 Bev of energy is dissipated in one such large star, if the light 
tracks are mesons and not electrons, and more if they are protons. 

Comparing Ilford C2 emulsions on this and on a similar flight 
at 57° geomagnetic north (vertical cut-off 2.8 Bev),! production- 
rates of stars of 5 or more prongs was found greater by a factor 
of 3.60.4 at the northern latitude; this figure includes production 
during ascent and descent but not at sea-level. 

We take great pleasure in acknowledging our gratitude to the 
Office of Naval Research for putting the balloon flight at our 
disposal, and to the officers and men of the USS Saipan and Mr. 
S. E. Golian of this laboratory, who were responsible for the success 
of this flight. 

* Research carried out at the Brookhaven National Laboratory under the 
auspices of the AEC 


1M. S. Vallarta, Phys. Rev. 74, 1837 (1948). 
2 Harding, Lattimore, and Perkins, Proc. Roy. Soc. A 196, 325 (1949) 





Conductivity Changes in Dielectrics during 
2.5-Mev X-Radiation 


F. C. ARMISTEAD, J. C. PENNOCK, AND L. W. MEAD 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
August 3, 1949 


RELIMINARY measurements of volume conductivity have 
been made on three plastic dielectrics during irradiation by 
2.5-Mev x-rays. : 

To measure the volume conductivity, a potential difference was 
applied across the sample and the resultant current was measured 
with an FP54 electrometer tube and Penick-type bridge circuit.! 
The sample, the electrometer tube, and the control grid leads 
were in a vacuum at 1 micron pressure in order to reduce parallel 
path ion current leakages and to establish easily reproducible 
pressure and humidity conditions at the sample. 

Figure 1 shows the data taken on a sample of Okoseal, polyvinyl 
chloride manufactured by the Okonite Company. The conduc- 
tivity of this material was found to increase very rapidly upon 
the start of irradiation and quickly reached an equilibtium value 
which was dependent on irradiation rate. This value was ap- 
proximately thirty times the original conductivity at an irradiation 
rate of about 400 R/min. Upon stopping the irradiation, the 
recovery was half complete in thirty minutes, nine-tenths complete 
in sixteen hours. 

A sample of Saran, vinylidene chloride manufactured by Dow 
Chemical Company, showed somewhat different characteristics. 
The conductivity increased slowly over a period of about two 
hours (2.7 10® R total irradiation at 2000 R/min.) until it was 
about three times the original conductivity. At this point the 
irradiation was stopped because of apparatus difficulty. The 
initial recovery rate was much lower than for Okoseal. After 
eighty-two hours recovery was complete to within the precision 
of measurement. 
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Fic. 1. Conductivity of Okoseal showing effect of irradiation. 
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A preliminary measurement on a sample of polystyrene showed 
that after a total irradiation of 5500 R at 1000 R/min., the con- 
ductivity had not risen to as much as 2X10-" (ohm-cm)-, 
Assuming an initial conductivity of 10-*° (ohm-cm)~', the change 
was by less than a factor of 210%. This result is in contrast to 
the report by Farmer* of a change by a factor of approximately 
10’ after a total irradiation of only 4000 R. 

The fact that the dielectrics become conducting during irradi- 
ation is to be expected by a mechanism such as that described by 
Mott and Gurney,’ whereby the passage of primary current (due 
directly to absorbed photons) changes the dielectric in such a way 
as to reduce the electrical barrier at the electrode-dielectric inter- 
face. However, the extent of change and the time constants are 
not readily predictable, and these measurements show that a 
considerable spread in the magnitude of these factors is to be 
expected among the various plastic dielectrics. 

The authors are grateful to Professor J. G. Trump and his 
associates, particularly the late Mr. A. M. Clarke and Mr. K. A. 
Wright, for use of the x-ray generator and for their cooperation 
in the experiments. 

This work was performed under Contract No. W-7405-eng-175 
with the United States Atomic Energy Commission in connection 
with the M.I.T. Metaliurgical Project. 

1D. B. Penick, Rev. Sci. Inst. 6, 115 (1935). 

2F, T. Farmer, Nature 150, 521 (1942). 


3 Mott and Gurney, Electronic Processes in Ionic Crystals (Clarendon 
Press, Oxford, 1940), pp. 185-188. 





Heavy Particles in Cosmic-Ray Stars* 
M. Brau, M. M. BLock, AND J. E. NAFE 
Columbia University, New York, New York 
July 25, 1949 


N scanning nuclear emulsions exposed for three hours at an 
altitude of 93,000 ft. in Minnesota (A=55°N) the authors have 
observed stars with heavy particles. Although we have obtained as 
yet no statistics on the relative frequency of their occurrence, we 
have observed at least 6 stars with heavy particles (Z=3) 
originating in stars both in vertical plates with no absorber 
and in horizontal plates under Pb (11.3 g/cm?) and Cu (11.2 
g/cm?) absorber. We believe these to be secondary particles of 
the kind previously reported by Bonetti and Dilworth! and by 
Hodgson and Perkins.? 

The star with three heavy particles shown in Fig. 1 is interesting 
in connection with publications on stars produced by heavy par- 
ticles*-§ and stars in which heavy particles are emitted. The 
three tracks A, B and C have 6-rays and are ascribed to particles 
with Z=3. This star was found in a 70u Eastman Kodak NTB 
emulsion impregnated with Bi in colloidal form.* The plate was 
exposed in vertical position without absorber. The orientation of 
the star in the emulsion is indicated by the arrow pointing to the’ 
zenith. Tracks A and B are collinear within the accuracy of our 
measurements and track C is inclined at about 30° to the direction 
of B. The track D of a light energetic particle lies almost parallel 
to B. Extensions of the tracks A and C were found on the adjacent 
identical plate but none of the tracks ends in the emulsion. 

From the point of view of orientation A is the only one of the 
heavy particles which can be incoming. At first glance, therefore, 
the star of Fig. 1 resembles one of the type described by Bradt 
and Peters® where part of the incoming nucleon is sheared off in 
the collision and the remainder continues with the original 
momentum as a compact nucleus of reduced charge. However, the 
presence of the heavy particle C at a large angle (30°) to direction 
of A, with Z&5 and with a minimum energy of 220 Mev indicates 
that the event of Fig. 1 is different. Particles B and C cannot be 
primary particles as can be seen from the orientation of the stars. 
Careful 5-ray counts made independently by two observers show 
that A cannot be a primary particle but must be leaving the disin- 
tegrating nucleus. Although particle A does not end in the emul- 
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Fic. 1. A microphotograph of a star with three outgoing 
heavy particle tracks. 


sion, the increase of the number of 6-rays per 100u is higher by 
100 percent in the last 600 of the track than in the 600u nearest 
to the star center. The particle A is therefore near the end of its 
range. Using the criterion of 5-ray counts for NTB plates we find 
for this particle Z~6 a minimum energy of 560 Mev and a 
momentum of 3510 Mev/c. The energy and momentum of particle 
B have been evaluated approximately by the following considera- 
tions. The faint track D has a grain density (estimated from 
B-particles visible near the star) corresponding to a proton of 
about 140 Mev. To permit approximate calculations it is assumed 
that the particle B and the particle D have equal energy, for the 
alternative assumptions of equal momentum and equal energy 
per nucleon lead to results not consistent with 6-ray count and 
grain density. The 6-ray count of particle B corresponds then to a 
value of Z3. A minimum energy for particle C may be found by 
choosing the smallest Z consistent with the 4-ray count and by 
adding to the observed length of the track an amount sufficient 
to bring the 6-ray count down to zero. The Z=4 or 5 for particle C. 

To estimate the energy and momentum of the incident particle 
only the kinetic energy of the particles A, B, C, and Dis taken into 
account and the energy of the other particles of the star and all 
binding energies are neglected.** It is assumed that these low 
energy particles are isotropically distributed and contribute 
nothing to the momentum. The estimated minimum values of 
energy and momentum of the particles A, B, and C are given in 
Table I. 

If the particle C is assumed to have Z=5, the sum of the energies 
is 1060 Mev and the resultant momentum is 955 Mev/c. If it is 
assumed also that the kinetic energy of the incident particle is 
1060 Mev, the energy transfer is of the same order as the momen- 
tum transfer indicating a relativistic particle passing through the 
nucleus. On the other hand if 1060 Mev is taken to be the total 
energy of the incident particle, the energy and resultant momentum 
are compatible with the assumption that a 7-meson has been 
captured by the nucleus. Then from 


F Etotai= Exinetiot MC 
an 
P=(1/c)((Evotai)*— (MC*)*)4 


TABLE I. Estimated charge, energy, and momenta of the particles 
A, B, C, and D in the star of Fig. 1. 








Momentum 
(Mev/c) 


3500 
1260 


2040 
530 


Energy 
(Mev) 


560 


Delta-rays per 100u 





13 (near star center) 
2 (at end of track) 


9 220 








861 


the rest energy of the meson is found to be ~460 Mev and the 
mass ~880 electron masses. If particle C is assumed to have Z=4 
instead of 5, the meson mass=~1170 electron masses. 

The total charge freed in the star is ~25e and the exploding 
atom could be bromine or silver. However, it is not impossible that 
the explosion occurred in a Bi atom for the black spot shown in 
Fig. 1 is a Bi speck. The star is an illustration of Perkin’s “Fission 
Hypothesis” ’ assuming that heavy splinters break away from 
the nucleus if the energy of the incident particle is comparable 
with the binding energy of the nucleus. 


* Work done under subcontract to Brookhaven National Laboratory 
which is operated under a prime contract with the AEC. 

_ ™The line of reasoning which follows might be changed if minimum 
ionization particles were present. However, in our experience such particles 
are raed accompanied by particles of lower energy observable in this 
emulsion. 

1 Bonetti and Dilworth, Phil. Mag. 40, 585 (1949). 

2 Hodgson and Perkins, Nature 163, 439 (1949). 

3 Freier, Lofgren, Ney and Oppenheimer, Phys. Rev. 74, 1818 (1948). 

4H. L. Bradt and B. Peters, Phys. Rev. 74, 1829 (1948). 

5H. L. Bradt and B. Peters, Phys. Rev. 75, 1779 (1949). 

6 The authors wish to thank Dr. H. J. Webb and Dr. J. Spence of the 
——— Kodak Company for supplying them with this specially prepared 
emulsion. 

7 Harding, Lattimore, and Perkins, Proc. Roy. Soc. 196, 325 (1949). 





The Disintegration Energy of Al? * 
L. SEIDLITz, E. BLEULER, AND D. J. TENDAM 
Purdue University, Lafayette, Indiana 
August 4, 1949 


HE particular stability of nuclear systems with proton or 
neutron numbers 2, 8, 10, 20, 50, 82, and 126 has been ex- 
plained by the occurrence of closed shells. The configurations 
proposed are, up to Ca*®: (1s)9(2)®(2s)2(3d)?° (e.g., Feenberg and 
Hammack,! Nordheim?). No shell closure would occur between 
Ne?° and Ca*® and a regular variation of masses and decay energies 
with Z is expected for a sequence of nuclei of the same symmetry. 
A serious deviation from this behavior has been found by Bleuler 
and Ziinti* in the case of the transition Al*—Si*. The upper curve 
of Fig 1, essentially copied from a note by Barkas,* shows the 
disintegration energies of the sequence in question. The value for 
Al* seems about 1.3 Mev too high. Comparison of the masses of 
Al* and Si® with the values calculated by Barkas® indicates that 
the anomaly is due, most probably, to a low mass, i.e., a high 
binding energy, of Si. Closure of a shell at Z=14 could be ex- 
pected, if an alternate configuration scheme, based on strong 
spin-orbit coupling, is assumed (Haxel, Jensen, and Suess,*® 
Mayer’). The same shell closure should manifest itself in the 
decay A]?9—Si?*. However, the value of 2.5 Mev given by Bethe 
and Henderson? for the upper limit of the B-spectrum of AlP®, with 
no y-radiation, would be only slightly higher than expected from 
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Fic. 1. Decay energies of nuclei of the same isotopic spin T; =(N —Z)/2, 
Upper curve: N!6 to Cl86, lower curve: N!? to S%, 
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Fic. 2. Decay scheme of Al. 


the sequence of similar nuclei. It seemed interesting, therefore, 
to redetermine the decay scheme of Al?*. 

Al*® was produced by bombarding Mg with the 18-Mev a-par- 
ticles of the Purdue cyclotron. The absorption curves for single 
counts and By-coincidences were obtained by following, for each 
absorber, the decay curve together with that for a standard 
absorber and analyzing them into the 2.30-min. and 6.56+0.06- 
min. periods of Al® (from Mg**) and Al**, Contrary to previous 
measurements,® the absorption curve shows a y-background. The 
analysis indicates a complex 6-spectrum, consisting in the simplest 
case of two components of 2.5 Mev and 1.4 Mev (~30 percent). 
All 8-transitions are followed by y-radiation: the ratio of By-coin- 
cidences to single 8-counts is constant from about 200 mg/cm? to 
at least 1000 mg/cm?; its value indicates (after calibration of the 
arrangement with Na*™ that the 2.5-Mev #-spectrum is followed 
by a y-ray of 1.2+0.2 Mev. For thinner absorbers Ngy/Ne 
increases slightly, corresponding to the higher y-energy coupled 
with the low energy partial 6-spectrum. In addition, the y-ray 
energies were measured directly by coincidence absorption of the 
secondary electrons. Two components of 2.3; Mev (~20 percent) 
and 1.2; Mev can be distinguished. 

The decay scheme compatible with these data is given in Fig. 2. 
Both §-transitions are allowed with ft=1.6-105 (2.5 Mev) and 
2-104. Cascade y-radiation, with an intensity less than 10 percent, 
cannot be excluded. While the decay scheme might be subject to 
modifications, the total disintegration energy of 3.75+0.25 Mev 
seems well established. The lower curve of Fig. 1 shows the decay 
energies of the nuclei N” to S**. The value for Al? is seen to be 
about 1.7 Mev higher than expected from the neighboring members 
of the sequence. This may be interpreted as confirming evidence 
for an especially stable structure of Si# (and Si?*), due possibly to 
a shell closure at Z= 14. 

* Supported by -¥ ONR. 

1E. Feenberg and K. C. Hammack, Phys. — 75, 1877 (1949). 

2L. W. Nordheim, Phys. Rev. 75, 1894 (194 

+E. Bleuler and W. Ziinti, Helv. Phys. a 20, 195 (1947). 

4W. H. Barkas, Phys. Rev. 72, 346 (194 

5 W. H. Barkas, Phys. Rev. 55, 691 (193 

* Haxel, Jensen, and Suess, Phys. Rev. 3 "1766 (1949). 


7M. G. Mayer, Phys. Rev. 75, 1969 (1949) 
8H. A. Bethe and W. J. Henderson, Phys. Rev. 56, 1060 (1939). 





On a New Conception of the Interaction 
between Charges and Electromagnetic 
Field 


LouIs DE BROGLIE 
Institut Henri Poincaré, Paris, France 
August 3, 1949 


OR the past fifteen years, I have tried to develop a form of 
quantum electrodynamics which I have named “wave 
mechanics of the photon.” This theory has been set forth in 
several books.! In 1935, at the beginning of these investigations, a 
hypothesis was emphasized in order to avoid an infinite value for 
the self-energy of a charged particle. The wave mechanics of the 
photon discriminates between the coordinates of the charge X, 
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Y, Z (vector R) and the variables of the field x, y, z (vector r). For 
the interaction between charge and field in a frame of reference in 
which the particle is at rest, the following expression is found: 


S J viee(R)a(e—R)araR, (t) 


where 6 is the Dirac function. This expression gives, as usual, an 
infinite value for the proper energy of the charge. I have sug. 
gested* that we might replace the 6-function in (1) by a function 
f(r—R) in the form of a very sharp, but not infinitely sharp, 
needle. This substitution, which would express a kind of uncer- 
tainty for the point of application of the field on the charge, would 
lead to a finite value of the self-energy. 

Unfortunately, this idea meets difficulties from the viewpoint 
of relativistic invariance. Let us adopt the multi-temporal theory 
which introduces distinct times ¢ and T for the field and the charge. 
The correct relativistic variance of the expression (1) is shown by 
the fact that one can write it in amy reference frame: 


: . _ 1 ad) 
i i 2 Aule, ¥, 2 Din(X, ¥, Z, n( dnc at 


X dudydzdXdYVdZ (2) 


t=T', 
where D(0) is the form for 4o=0 of the invariant singular function 


D(k:)= — 5 f SE a 3) 


with k?= |k|?+-£o?. Indeed, for all values of ko 


1 dD(ko) 

yy Wg 4r5(r—R). (4) 
But if we will substitute for the 5-function in (1) a function in the 
form of a sharp needle, we cannot see how the correct relativistic. 
variance can be preserved. 

I have been recently lead to a new investigation of this problem 
by recent papers of R. P. Feynman. Guided in my choice by the 
suggestions of Feynman and others,' I will start from the following 
form of Wentzel potentials (in non-rationalized units) : 


Ault, y, % t, X, ¥,Z,T)=—ef "[D(0)—D(be) MX, (5) 


e being the electric charge of the particle. Then we have 


y= kite f* D(bo) dX; 5,2 eLD(0)—Dika)}. 6) 





Starting from the usual definition of the field in terms of potentials, 
we can easily find for the “electric field” E the relation 


divE=—* <[D) —D(hi) thief" Dik)deT). (7) 


If one makes 7'=¢ (equalization of the times), one finds by (4) 


divE=he'e| [" D(to)d(cT)|_ (8) 
2 Tat 
The calculation in a frame of reference where the charge is at 
rest gives 
_expl—holr—RIJ 
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Therefore, we see by (8) and (9) that we can replace the point 
charge ¢ localized at R by a continuous distribution of total charge 
e with the density 


= exp[— ko|r— R|] 
| 
It is noteworthy that o has the form of a Yukawa potential. More- 
over, one can easily verify that the electrical distribution (10) 
gives at the point r (R being at the origin) the scalar potential 
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equal to the difference of a Coulomb potential and a Yukawa 

tential. We are then lead to substitute in (1) the function 
f(r—R) defined by (10), and this is consistent with our 1935 
assumption. 

We can summarize our conclusions by saying that the interac- 
tion between electrical charges takes place with the simultaneous 
intervention of a photon field and a meson field, each charge 
reacting in an opposite manner with these two fields (more pre- 
cisely, the meson charge 7 is equal and opposite to the electric 
charge ¢). If we abstract the meson field, we are obliged to replace 
the point charge by the continuous distribution (10). 

We have obtained our results by the multi-temporal theory. 


Now, using the equations of the wave mechanics of the photon, | 


we will find them again in a very instructive manner. 

In the general theory of particles of spin 1 (mere generalization 
of the wave mechanics of the photon) one finds‘ that the “electric 
field” of the particle with a proper mass mo=hko/2mc verifies the 
equation 


divEko= —ke Vko, (14) 


Vko being the corresponding “scalar potential.” The wave me- 
chanics of the photon supposes that the photon possesses an 
extremely feeble, but not quite zero proper mass uo=hy/2mc, so 
that we have 


divE, = —7y’Vv. (15) 


Let us imagine a field which is the superposition of a photon field 
with a constant y and a meson field with a constant ko>y. We 
will find for the total “electric field”’ 


divE=divE,+divEko= —7V_y—ke Vio. (16) 
The wave mechanics of the photon proves that the photon poten- 
tial created around it by a charge placed at the origin of coor- 
dinates is® 
ew ¢ 
= ——i(r). 17 
Vyme—— 580) (17) 
The first term is a quasi-Coulomb potential which for y—>0 gives 
the usual Coulomb potential. I have named the second term, 
which is characteristic of the wave mechanics of the photon, the 
“coincidence potential.” 
For the meson potential, we have similarly 


e7 kor 
Vko=1 
r 





7 

a8) (18) 
and we assume as before that »= —e. Then, substituting (17) and 
(18) in (16), we find 


ey e kor 
divE= —e&——+e8(7) thie—— —6(r) 


Reo? e hor 2 ) 
=4mr [#2 ———]. (19 
‘lan rf 4a (19) 
We can therefore overlook the meson field if we replace the point 
charge by a continuous distribution 


€ e7*or er 
a er 
4n r r 


For y—>0, we find again the expression (10). 

We must point out how the terms 4(r) disappear in (19). It is 
the presence of the coincidence potentials in (17) and (18) which 
makes possible the elimination of these terms. Now, in its usual 
form, the quantum electrodynamics assumes that the proper mass 
of the photon is rigorously equal to zero (y=0) and consequently 
ignores the coincidence potential in (17). The foregoing argument 
shows that, of course, the coincidence potential plays a very 
important part, and this seems to supply a serious reason for 
believing that the proper mass of the photon is not quite rigorously 
zero. 

Finally, let us note that a many-meson field could be considered 
in the interaction, but only if the sum of all the meson charges 7; 





(20) 
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is equal to —e. This relation between the charges of a particular 
particle could be of importance in the theory of nuclear fields.® 


1L. de Brogie, Une nouvelle théorie de la Lumiere: la Mécanique ondulatoire 
du photon (Hermann and cie, Paris, 1940-42), Vol. 2; Théorie générale des 
particules & spin (Gauthier-Villars, Paris, 1943); La Mécanique ondulatoire 
du photon et la théorie quantiche des champs (Gauthier-Villars, Paris, 1949). 

2L. de Brogie, Comptes Rendus 200, 361 (1935). 

*R. P. Feynman, Phys. Rev. 74, 939 (1948). A complete bibliography of 
the question is found in this paper. 

4L.de Broglie, Mécanig dul 

5 See reference 4, p. 172. 

6 If the relation is valid for a neutral particle, the sum of all its meson 
charges must be zero. 





toire du photon, see reference 1, p. 38. 








Atmospheric Ozone Temperatures As Determined 
by Spectroscopic Observations from Below 


WILLIAM M. BENESCH 
Physics Department, Johns Hopkins University, Baltimore, Maryland 
July 21, 1949 


HE moon at dichotomy provides a light source with a con- 
tinuously variable surface temperature suitable for mea- 
suring the effective temperature of atmospheric ozone in the 
manner of the line reversal method for flame temperatures. If a 
relatively cold area of the lunar light source is focused on a 
spectrometer slit, the 9.6% ozone band will appear as an emission 
band when that region of the spectrum is scanned. On the other 
hand, if a relatively hot strip of the moon is used, the ozone band 
will appear as an absorption band. That lunar strip which fails to 
reveal the ozone band has the same temperature, radiatively 
speaking, as the ozone. I am indebted to Professor Strong for 
suggesting the use of this method. 

To facilitate observations, a hot area on the moon was used at 
all times and adjusted to cover just that fraction of the slit which 
would “wash out” the ozone band. This modification makes 
observations possible using the full moon or even the sun. The 
ozone temperatures obtained were determined from spectral 
intensities on the long wave-length side of the 9.64 band when the 
slit was so covered that the band was “washed out.” These inten- 
sities were converted to equivalent temperature by substituting 
local calibrating black bodies for the moon in front of the moon- 
follower mirror. 

Figure 1 shows three typical spectra. They were taken with 
(a) excess, (b) matching, and (c) deficient lunar energy. 

The following ozone temperatures were obtained in this manner: 


April 9, 1949 —47°C 
April 11, 1949 —46°C 
May 8, 1949 —43°C. 


It is to be noted that the precision to which temperatures could 
be read in these observations was considerably less than is indi- 
cated by the consistency of the data above, owing to the inferior 
sensitivity and resolving power of the dispersing and detecting 
system. Furthermore, these “effective ozone temperatures,” 
however carefully measured, are restricted in meaning by the 
effect of pressure broadening on the individual lines of the band. 
That is, the results obtained here are only representative of the 
ozone as seen from below, from which aspect the lower layers tend 
to obscure those at greater altitudes. 


—laAo>> 





(a) (b) {c) 


Fic. 1. Three typical spectra with (a) excess, (b) matching, 
and (c) deficient lunar energy. 
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I am grateful to Project NSori-166, Task Order V at Hopkins, 
for the equipment used and for help in carrying out these. ob- 
servations. 





Lambda-Temperatures of He’—He‘ Mixtures 


B. M. ABRAHAM, B. WEINSTOCK, AND D. W. OSBORNE 
Argonne National Laboratory, Chicago, Illinois 
July 29, 1949 


T has been shown! by comparing the isothermal flow of liquid 
He? and of liquid He* through a small channel or superleak 
that no superfluid flow occurs in pure He’, at least down to 1.05°K. 
These experiments have been extended to mixtures of He* and He‘ 
in order to study the feasibility of concentrating He* by means of 
a superleak and to determine the effect of composition on the 
lambda-temperature. 

The first experiment was made in an attempt to separate the 
He? from approximately 10 cc of a mixture containing 92.1 percent 
He? and 7.9 percent He‘. Subsequently, experiments were made 
with 2.4 percent He* and with mixtures prepared by diluting a 
portion of the 92.1 percent He* with He‘. 

The He*—He‘ mixture was condensed in the capillary tube 
leading to the platinum-glass superleak used previously,'! which 
was immersed in a bath of ordinary liquid helium whose tem- 
perature was regulated by pumping. The rate of isothermal flow 
through the superleak was then determined at successively lower 
temperatures by observing the rate of pressure rise in a large 
volume on the exit side of the leak. The starting material, the 
portion which flowed through the leak during the course of the 
measurements, and the residuum were analyzed by means of a 
mass spectrograph. 

With the 92.1 percent He* it was found that the a of flow 
decreases monotonically as the temperature is lowered to 1.05°K, 
and it is therefore concluded that the lambda-temperature of this 
mixture is lower than 1.05°K. With pure He’, as well as with the 
other mixtures tested, the curve of flow rate versus temperature 
rises sharply below a temperature which is characteristic of the 
liquid. With pure He‘ this rise begins at the lambda-point, 2.19°K, 
and hence the point at which the sharp rise begins is considered 
to be the lambda-point of the mixture. The breaks in the curves 
for the mixtures were located with an estimated uncertainty of 
0.05°K. 

The lambda-temperatures determined in this way and the mass 
spectrographic analyses are given in Table I. It is believed that 
there was little change in composition until the temperature was 
reduced below the lambda-point of the mixture, so that the 
lambda-temperatures tabulated correspond to the composition of 
the starting material. 











ag 























x, mole froction He 


Fic. 1. Lambda-temperatures of He? —He‘ mixtures. Points determined 
with a superleak. Curve calculated (see text). 
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TABLE I. Lambda-temperatures and composition changes of He?—Hes 
mixtures, as observed in stperleak experiments. 








Mole percent He’ 
Starting 
Effluent 


material 


2.4 0.32 
10.7 2.7 
20.3 
28.2 
92.1 


Residuum 





8.2 
13.8 
43.7 
93.6 


10.9 
91.0 








In Fig. 1 the experimental lambda-temperatures are plotted 
against composition, along with a curve calculated by J. W. Stout 
as described in the following letter.2 The agreement is within the 
estimated experimental error. 

It is seen from Table I that large changes in He® concentration 
can be effected by isothermal flow through a superleak at tem- 
peratures below the lambda-point of the mixture. A slight change 
in concentration will occur above the lambda-point if the amount 
of gas above the liquid on the entrance side of the leak is appre- 
ciable. Since the concentration of He’ is higher in the vapor phase 
than in the liquid,* the liquid flowing through the leak, even with- 
out fractionation by superfluid flow of He‘, has a slightly lower 
He* concentration than the starting material. This effect is 
sufficient to account for the concentration change observed with 
the 92.1 percent He® but is far too small to account for the 
changes observed with the other mixtures. 

The limit of He* concentration attainable by any of the various 
methods of separation*® which depend on the superfluid flow of 
liquid He‘ and the lack of superfluid flow of He? can be predicted 
approximately from Fig. 1. Thus, the concentration limit at a 
temperature of 1.8°K is about 14 percent He’, and the limit at 
1.5°K is about 30 percent He’. 

It is planned to extend these measurements to lower tem- 
peratures obtained by adiabatic demagnetization, and to measure 
the He®/He‘ ratio of the material as it issues from the superleak 
by means of a mass spectrograph directly connected to the 
apparatus. 

1 Osborne, Weinstock, and Abraham, _ Rev. 75, 988 (1949). 

2J. W. Stout, Phys. Rev. 76, 864 (194! 

3 Taconis, Beenakker, Nier, and ‘Aldrich Phys. Rev. 75, 1966 (1949). 

4 Daunt, Probst, and Smith, Phys. Rev. 74, 495 (1948). 


( * Reynolds Fairbank, Lane, McInteer, and Nier, Phys. Rev. 76, 64 
1949), 





Solutions of He’* in He‘ 


J. W. Stout 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
July 29, 1949 


N order to represent their measurements of the liquid-vapor 
equilibrium in dilute solutions of He* in He‘, Taconis, 
Beenakker, Nier, and Aldrich! suggested that below the lambda- 
point the fugacity of He? in the solutions is given by Raoult’s law 
counting only that fraction of the He‘ atoms which on the two- 
fluid model of liquid helium are in the normal state. From this 
picture one can calculate thermodynamically the change of the 
lambda-temperature of He*—He?‘ solutions to compare with the 
observations of Abraham, Weinstock, and Osborne,” reported in 
the preceding letter. 

The number of normal atoms of He‘ may be approximately 
represented® by n=m4(7/T))®. m4 is the total number of atoms of 
He‘ and 7) is the temperature of the lambda-transition. Then the 
fugacity of He’ is given by 

fa= (fens) /[ns+na(T/Ty)*]= (faox)/[xt+ (1—2)(T/T)*]. (1) 


f# is the fugacity of pure He? at the same temperature and «x is 
the mole fraction of He®. We shall assume that above the lambda- 
point the solutions are ideal. 

The necessary thermodynamic equations have been given pre- 
viously ;* the same notation is used here. If the transition remains 
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second order then the mole fractions, x, will be the same for the 
two phases in equilibrium at the transition temperature and it is 
further necessary that the 7) in Eq. (1) be the transition tem- 
perature of the solution rather than that of pure He‘. By dif- 
ferentiating Eq. (1) one obtains, along the transition curve, 
AS,—AS;=6R 

and - 

ACps= —6R(1—x)(1+6x). 
We shall assume that AC’p, remains equal to its value in pure He‘ 
which is given by Keesom’ as —7.6 cal. mole deg.—'. From Eq: 
(11) of the previous paper* 


dT /dx= T)(AS,—AS3)/ACp 
= —T)/[x(1—x)(1+6x)+(1—2x)7.6/6R]. (2) 

The curve of 7) against x as calculated from Eq. (2) is shown 
and compared with the experimental points in Fig. 1 of the pre- 
ceding letter by Abraham, Weinstock, and Osborne.? The curve 
asymptotically approaches T=0 as x approaches 1. 

If one assumes that the parameter 7) in Eq. (1) is not a function 
of x but is always equal to its value in He‘ then the transition 
must change to first order upon addition of He’. The initial slope 
of the change in transition temperature with x is the same in 
both phases® and is —6.8 deg. per mole fraction. This is just 
twice the initial slope given by Eq. (2). Although the experi- 
mental data at present do not permit a clear decision as to whether 
the transition remains second order or changes to first order upon 
the addition of He* it seems probable that the former is true. 

1 Taconis, Beenakker, Nier, and Aldrich, Phys. Rev. 75, 1966 (1949). 

2 Abraham, Weinstock, and Osborne, Phys. Rev. 76, 864 (1949). 

3W. Band and L. Meyer, Phys. Rev. 74, 386 (1948). 

4J. W. Stout, Phys. Rev. 74, 605 (1948). 

5 W. H. Keesom, Helium (Elsevier Publishing Company, Inc., Amsterdam 


and London, 1942), Chapter V. 
6 See reference 4, Eq. (12). 





Proton-Proton Scattering at 5.11 Mev* 


R. O. BoNnpDELID, P. G. BOHLMAN, AND K. B. MATHER 
Physics Department, Washington University, St. Louis, Missouri 
August 8, 1949 


COINCIDENCE type of scattering chamber, to be de- 

scribed in a later paper, was used to examine the scattering 
of 5.11-Mev protons produced by the Washington University 
cyclotron. The protons were scattered by a foil of polyethelene 
terephthalate. Only the scattering that occurred from the protons 
in the foil was observed as recording was accomplished by two 
proportional counters connected in coincidence and set at 90° 
relative to one another. 

The number of hydrogen atoms per cm? of foil was determined 
in the following way: A section of the foil whose area was accu- 
rately determined was weighed on a microbalance. The percentage 
of hydrogen in the specimen was then determined by chemical 
analysis. Finally, a comparison of the analysis with the manu- 
facturer’s composition formula was made. The resulting figures 
were: 

(1.46+0.01) x 10° H atoms/cm? in foil A, 
and 
(1.75+0.01) x 10! H atoms/cm? in foil B. 


The number of incident protons was determined by collecting 
the beam, after it had crossed the scattering chamber, in a 
Faraday cage connected to a standard mica condenser, and 


reading the voltage with a Compton electrometer. After correc-, 


tions for leakage, and calibration, the charge collected was 
estimated to be known to within a probable error of +0.75 percent. 
The proportional counters collecting the scattered and recoil 
protons were set at the desired angles to within 0.05 degree. For 
each angle setting, a minimum of 5000 coincidence counts was 
obtained on each of the two foils. In some cases the number 
exceeded 20,000 counts. Because of the excellent performance of 
the Washington University cyclotron in producing a beam of 60 
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TABLE I. Cross sections for proton-proton scattering. 











6 B oom X 10% Sobs/o Mott 
29.9 59.8 0.0998 39.9 
34.9 69.8 0.104 75.4 
39.9 79.8 0.106 115.2 
44.9 89.8 0.108 136.7 
49.9 99.8 0.107 117.6 
54.9 109.8 0.102 75.0 
59.9 119.8 0.102 41.8 








to 70 microamperes of protons, the large number of counts could 
be obtained in a relatively short time. It may be of interest to 
add that the cyclotron produced these intense proton beams by 
acceleration of molecular hydrogen without change from its 
normal deuteron adjustments. 

The results obtained are shown in Table I. In the table, @ is the 
angle between the incident proton beam and the line from the 
scattering foil to the slit defining the solid angle. The column 
headed contains the same angle when transformed to center-of- 
mass coordinates. The third column contains observed cross 
sections in the center-of-mass system, and the fourth column 
contains the ratio of observed to Mott cross sections. These ratios 
are believed to have a probable error of approximately +2.5 
percent. 

Details of equipment and procedure will be described in forth- 
coming papers as well as a more extensive analysis of results. 

The assistance of Dr. R. N. Varney is gratefully acknowledged. 
The highly successful performance of the cyclotron is attributed 
to Mr. A. A. Schulke, cyclotron engineer, whose assistance has 
been indispensable. 


* Assisted by the joint program of the ONR and the AEC. 





Decay of a Heavy <-Meson into Three Lighter 
Mesons 


S. PowER* 
Institute for Advanced Study, Princeton, New Jersey 
July 29, 1949 


VIDENCE for the existence of a heavy 7-meson, with mass 
about 900 m, where m is the electron mass, is very meager, 
consisting almost wholly of three photographs,' each representing 
a different event. It is regarded with some scepticism, since no 
further evidence has been forthcoming. Yet the three pieces of 
existing evidence seem quite convincing. In particular, the very 
beautiful picture of Powell and his co-workers, of the disintegra- 
tion of a r-meson into three lighter mesons seems hardly to admit 
of an alternative interpretation. 

The r-meson, assuming it exists, must be created by the primary 
protons of cosmic rays, which suggests that it is coupled to nucleons 
at least fairly strongly; w-mesons we also know to be strongly 
coupled to nucleons. Therefore, it has seemed worth while to 
consider the disintegration process r—>37, assuming the virtual 
creation and annihilation of intermediate nucleon pairs. 

We consider both the r- and x-mesons to be pseudoscalar par- 
ticles, each being coupled to nucleons with pseudoscalar coupling. 
The method of computation is that of the Feynman diagrams, 
which is equivalent to the older perturbation method. As is usual 
in such calculations, the matrix elements contain an integral, with 
an infinite upper limit, over the momenta of the intermediate 
nucleons, which for this process, leads to a logarithmic divergence. 
This divergence is dealt with here by means of the introduction 
of a Pauli “regulator” function. The use of Pauli’s regulators, or 
subtraction fields in meson decay problems has been dealt with 
in detail in a recent paper by J. Steinberger.” Of the six conditions 
for the masses of the subsidiary fields, which he enumerates as 
being necessary to make finite the infinite integrals occuring in 
such calculations, two are necessary here, viz. : 


(a) =C;=0. 


(b) =C; logM; =(0, 
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Apart from this, it will be sufficient here to give results only. 
Taking the mass of the r-meson to be 900 m, and that of the 
x-meson as 285 m, the process r*—>x-+2++-2* is found to have 
a reciprocal lifetime 


6 2 
qtee.£o.5 10"!-sec.-1, (1) 


Nothing is known of the value of g,?/hc, except that it cannot be 
very small compared to unity; gx?/hc we now know to be of the 
order of unity :* therefore, Eq. (1) seems a fairly reasonable result, 
in keeping with experimental lower-limit for the lifetime, r 2 10-" 
sec. suggested by an analysis of Powell’s photograph. Nakamura 
has calculated the lifetime for this process, by the former per- 
turbation method. Assuming both + and x to be spin —1 particles, 
his preliminary results suggest a somewhat shorter lifetime for the 
decay. 

The alternative process of disintegration suggested by Powell, 
viz. r—>1+u-+uxn, has also been considered by the same methods. 
Here + and x are considered to be spin —0, pseudoscalar particles, 
as in the previous case; the u-mesons, which it is now known are 
very weakly coupled to nucleons, are considered as spin —} 
particles, which are coupled to nucleon pairs by a Fermi-like 
interaction of the form: _ 

BY (2) F192); (2) 
y being the nucleon wave-function, and g the u-meson wave- 
function, and y=y*8 where y* is the usual complex conjugate 
transpose, and 8 is the usual Dirac operator. We assume, following 
Tiomno and Wheeler,’ as coupling constant, the Fermi g~2.2, 
10-” ergs cm®. This process again leads to a logarithmic divergence 
in its matrix elements. When dealt with as before, by the intro- 
duction of a “regulator,” and with the same conditions (a) and 
(b), it gives a reciprocal lifetime for the process t—>a~+-y*+y- 


rade ae -1 
ites fe 2, 10? sec. 

which seems rather too long. There is also a rather severe criticism 
against this second viewpoint, which is that the form of the 
interaction (2) fixes the relative sign of the charges of the r- and 
x-meson, in fact here they must be of the same charge. From the 
photograph, however, they appear to be oppositely charged. The 
7-meson appears to be positively charged, since, if negative, it 
would almost certainly have been absorbed by a nucleon during 
its passage through the plate, and have given rise to a star, as in 
Leprince-Ringnet’s photograph, rather than to this spontaneous 
disintegration. The x-meson, which subsequently gives rise to a 
star, is certainly negative. Thus the most likely process would 
appear to be r*->a2~+y*++y"*. This cannot be dealt with by a 
simple interaction of type (2); it is a higher order process: there- 
fore, interaction (2) seems to impose too severe a restriction on 
the process considered. 

Finally, it is interesting, though rather puzzling to compare the 
lifetime for r->3x-decay with those of the competing processes: 
(i) rt>at+_, 

(ii) r++>at+7, 
(iii) 9 r*>xt+2y. 
If we consider only pseudoscalar mesons, with pseudoscalar 
coupling, process (i) is forbidden. If, on the other hand, we con- 
sider the x°-meson as a scalar particle, this process would be 
permissible; it would again give rise to a logarithmic divergence, 
which would be regulated as in previous cases. Its lifetime would, 
of course, depend on what mass we assume for the °-meson; 
there is no experimental evidence for this, but if we take it as 
being almost the same as that of r*, this process would have a 
reciprocal lifetime of the order 
a1 880 80 eur cae -1 
T (he)? 10 sec.—, 


Process (ii) is forbidden. Process (iii) gives a reciprocal lifetime 


2 2 
rin 4 10" sec -, 
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if one takes the r-meson as scalar, with scalar coupling, and the x 
as pseudoscalar, with pseudoscalar coupling. This process is con- 
vergent in this case. Taking both mesons pseudoscalar, again 
leads to a logarithmic divergence. When regulated in the usual 
manner, it gives a slightly larger probability for this process, by 
about a factor 10? or so. In any case, this process and the r—>3z- 
decay seem to have roughly the same order of probability, process 
(iii) being a little more frequent; and yet this process has not yet 
been observed experimentally. 

I wish to acknowledge my indebtedness to Professor J. R. 
Oppenheimer and the Institute for Advanced Study for their kind 
hospitality; and to Doctors A. Pais, J. Steinberger, and Professor 
H. Yukawa for their very generous help. 

* On leave from University College, Dublin, Ireland. 

1 Brown, Camerini, Fowler, Muirhead, and Powell, Nature 163, No. 4133 
(1949); L. Leprince-Ringuet, and M. Lhénitien, Comptes Rendus 219, 618 
(1944); L. Leprince-Ringuet, Rev. Mod. Phys, 21, 42 (1949). Rochester and 
Butler, Nature 20, 855 (1947). 


2 J. Steinberger, Phys. Rev. (to be published). 
3 J. Tiomno and J. A. Wheeler, Rev. Mod. Phys, 21, 144 (1949), 





A New Formulation of the Variational 
Principle for Scattering Problems 
Su-SHu HuANG 


Yerkes Observatory, University of Chicago, Williams Bay, Wisconsin 
July 27, 1949 


INCE the stationary property of the phase shifts for a two 
particle collision was first established by Huithén,! various 
authors? have derived variational principles for determining the 
wave functions belonging to the continuous spectrum. In recent 
communications the present author® has generalized these for- 
mulations to the case of electron scattering where more than two 
particles are involved in each encounter. Moreover attention has 
also been called to the relative merit of the different formulations 
of the variational method. The very general nature of Hulthén’s 
method suffers from the defect of being very cumbersome in 
practical applications, since it involves a process of successive 
numerical approximation in which at each stage of the approxi- 
mation we have to solve a set of simultaneous equations. On the 
other hand, in spite of its relative simplicity, Tamm’s method is 
restricted by the use of a trial wave function of a very special type. 
However it appears that a formulation of the variational principle 
can be given which combines the merits of the methods of Hulthén 
and Tamm without, their disadvantages. 
Considering the head-on collision of two particles, we have the 
wave equation 


(Py /dr)+[— V(r) W(r) =0. (1) 
Substituting 
¥(r)=f(r) sinkr+g(r) coskr . (2) 
in Eq. (1), We obtain the pair of equations: 
(@f/dr*) —2k(dg/dr)-Vf=0 (3) 
and 
(@g/dr*)+2k(df/dr) —Vg=0. (4) 


The boundary conditions for f(r) and g(r) are that lim,..f(r) 
and lim,..g(7) exist; also f(0) should be finite, and g(0)=0. 

It can now be shown that Eqs. (3) and (4) are the Euler equa- 
tions of the following variational problem: 


6 fF, 81; f, 83 r)dr=0, (5) 


F=fi+gr+2k(fgi—sh)t+VP+s), (6) 


and subscripts denote differentiation with respect to r. 
Once the variational problem has been solved, the phase shift 
no can be obtained from the relation 


tanyo= limyoLg(r)/f(r)]. (7) 


where 
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The foregoing method is not limited to head-on collisions only. 
For collisions with higher angular momenta, we assume the wave 
function to be of the form: 


ilr) = f(r) (hr /2)4F 44(hr) + g(r) (whr/2)4J_14(kr), (8) 


where J.(144)(r) denotes the Bessel function of order +(/+-$). 

Substituting Eq. (8) into the wave equation, we can derive 
after suitable transformations a variational integral of the type 
given by Eq. (5). Thus for /=1, we find 


F=[1+(1/k*) (f+ g:2) + 2k(g fi — fei) 
+[1+(1/kr*) ]V (+2). (9) 


From this we infer that the functions f(r) and g(r) for the case 
J=1 must be of order at least r? for r—>0. 

The foregoing method can also be generalized for the S scat- 
tering of electrons by a neutral hydrogen atom. We now assume 


v= (e-"1/re) f(r, r2, riz) sinkre+g(r1, r2, 712) coskre]. (10) 


Substituting this form for y in the appropriate wave equation in 
the variables r:, r2 and ri2, we find that the resulting pair of dif- 
ferential equations obtained by putting the coefficients of sinkrs 
and coskr2 equal to zero, are the Euler equations of the variational 
problem 


co rytr: 
sf dr; 0 arf" Aria: F(ft, fa, fir Bry 82, 812 f, 8571 72,712) =, 
(11) 
where 


Fs (71/722) [rire ie fe+fert+2fie+ gi?+ g2?+2¢12*) 
tre(r2—re?+ ris?) (gigiet fifi2) +ri(r2—ri2-+ri2*) 
X (fefi2+ 2812) + 2krir or i2(gof — fog) 
+kri(r?—r2+riz?) (gi2f — gfi2) —2ri(ri2z—r2) (f?-+ 8) ], (12) 


and fi, f2 and fiz are derivatives of f with respect to ri, re and ri2, 
respectively. 

The advantage of the variational principle in the form derived 
here is its simplicity for practical applications. Examples of the 
application of this formulation will be given in a later paper. 

Finally I should like to express my sincere thanks to Professor 
S. Chandrasekhar for valuable discussions. 


1L, Hulthén, K. Fysiogr. Sdllsk. Lund Férhandl. 14, No. 21 (1944); 
eu Ast. o. Fys. 35A, No. 25 (1948); W. Kohn, Phys. Rev. 74, 
1 s 

2 J. Schwinger, Phys. Rev. 72, 742 (1947); I. E. Tamm, J. Exper. Theor. 
coun. a 18, No. 4 (1948); J. M. Blatt and J. D. Jackson, Phys. Rev. 

3S, S. Huang, Phys. Rev. 75, 980 (1949); 76, 477 (1949). 





Finite Relativistic Charge-Current 
Distributions 


D. Boum, M. WEINSTEIN, AND H. Kouts 
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey 
August 1, 1949 


ITHERTO, it has been supposed that Lorentz’s theory of 

the non-point electron could not be made covariant without 
either: (a) making electrodynamics non-linear, or (b) taking into 
account the effects of non-electromagnetic forces which are 
assumed to hold the charge together. We wish to report here 
preliminary results concerning a method of making Lorentz’s 
theory covariant, without resorting to either of these alternatives. 
The principal difficulty is that one must describe the change of 
shape of the electron as it accelerates and simultaneously preserve 
conservation of charge-current without which Maxwell’s equations 
become inconsistent. Let the world line of the center of the electron 
be parametrically described by the 4 vector é,(s), and let the 
shape be described by another 4 vector, v,(s), which may be, but 
is not necessarily the same as dé,/ds. (A criterion for correct 
equations of motion is that the two should tend to be the same 
for steady motion.) The following charge-current distribution is 
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found to be conserved identically. 
iH (or) = uk eS, FE 
ia) =f dsF rar) GN G1 —2 


where ra = %q— &q, F and g are arbitrary functions and the integral 
is over the whole world line. This expression contrasts in two ways 
with the ordinary expression! 


jui(a)= fds 1g (2a Ea). @) 


First, the 5-function kernel is replaced by F(rar®)g(rav%/(v,07)}) 
so that the charge distribution is spread out. Secondly, there is 
added to the current a spin-like term involving the anti-symmetric 
tensor, #v’—v’v*=S*’, This latter turns out to be essential for 
conservation of charge. The present theory differs from that of 
MacManus and Peierls? in that now the charge associated with 
a given center can be localized in time as well as in space. The 
theory of MacManus and Peierls results in convergence factors 
which are functions of w*—k®, where w is the angular frequency of 
the electromagnetic wave and & is its wave number. Thus, for a 
light wave, it leads essentially to a point electron. It is able to 
yield finite self-energies in classical theory, but the effects of 
quantum field fluctuations would not in general be affected. The 
localization of the charge in time, as well as space, would remove 
all infinities. 

To obtain the equations of motion, one adds to the usual free 
particle Lagrangian the term 


SJ ile A" eats, (3) 


where j, is evaluated from (1). Variation of this Lagrangian leads 
to covariant and finite classical equations of motion. We have not 
investigated these equations in detail nor have we succeeded as 
yet in quantizing them. We believe, however, that quantization 
will inolve methods closely related to those proposed by Yukawa.* 

The “shape variables,” », can be described in an alternative 
way which suggests a close relation to Dirac’s equation. In three 
dimensions, a rigid body is described by three rotations, which 
may, for example, be specified by the three Euler parameters. In 
four dimensions, one needs three more complex rotations, repre- 
senting the Lorentz transformations needed to transform the 
electron to the shape it has when at rest. These six rotations are 
conveniently represented in terms of the eight quantities cor- 
responding to real and imaginary parts of a 4 component Dirac 
spinor, among which there are two covariant relations, leaving six 
independent quantities. Representing such a classical spinor by 


¥(s) one then obtains 
Paytyy (4) 


with y*y= +1, y*7*y=0. The y’s are now the basic coordinates 
replacing the v’s. We are now investigating the possibility that 
the Dirac equation wave equation is an approximation to the 
lowest quantum state of this system. If this were so, then the 
“Zitterbewegung” could be related to quantum fluctuations in 
the shape of the electron. 

1P, A, M. Dirac, Proc. Roy. Soc. 167, 148 (1938). 


2H. MacManus, Proc. Roy. Soc. 195, 323 (1948). 
3H. Yukawa, Phys. Rev. 76, 300 (1949). 
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Note on the Variational Method for Finding 
Extrapolated Endpoints* 


H. Hurwitz, Jr. 
General Electric Knolls Atomic Power Laboratory, Schenectady, New York 
July 25, 1949 


VARIATIONAL method which can be used to treat integral 
equations of the form 


oo) 4-00 
fa)= J” fe)G(\2—-2'|)de ff G(\2|)dx=1 (1) 
has recently been described by R. E. Marshak,! 
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TABLE I. Comparison of the values of xo from Eq. (3) with the actual values 








H(r) xo(actual) xo from Eq. (3) 





ee. 0.7104* 0.7083 


4nr? 

e-T 

—_— 1 

4-r 
en7rt/4 
(4x)9/2 


1** 


0.8239*** 0.8192 








*To make this value of x0 comparable with those for the other two 
kernels, one should change the scale so that (r?)ay is the same. Thus, 0.7104 


should be multiplied by 4/3, giving 1.230. 
** In this case the constant trial function is the exact solution of Eq. (1). 
**& This value is due to G. M. Volkoff. An equivalent result has been 


obtained independently by S. Frankel and E. Nelson. 


He has observed that in the case of the Milne kernel a good value 
for the extrapolated endpoint can be obtained by using a constant 
trial function. This procedure, when applied to a general kernel, 
leads to a simple formula for the extrapolated endpoint which is 
of some value in physical problems where the kernel is not known 
analytically. The formula also indicates those properties of the 
kernel which are most important in determining the extrapolated 
endpoint. If the asymptotic solution of Eq. (1) is written in the 
form 


f(x) =a(x+20), 
where 2 is the extrapolated endpoint, we find 
—1(|2] 3 av , 1(|z| 2) ay 00 
x|")y= G(|x|)|x| "dx. (2 
Ect asin? (alm f= Gx) |x|ndx. (2) 
The kernel G(|x|) is sometimes given in terms of a “spherical 
geometry” kernel, H(r), by the relation 


G( |x|) =2r ‘ H(r)rdr. 





Then 
(rn Yaw oe 
(n+ 1) es 


so that Eq. (2) becomes 


(|x| "w= 


i H(r)r"rdr 


n= 1 (r?)w | 17? )av 
ne ?)ay 6f 
The accuracy of Eqs. (2) and (3) is indicated by Table I. 
For kernels obtained by the convolution of a “Yukawa” and 
“Gaussian” kernel, the values of xo, and the errors in (3) are 
intermediate between those indicated in the table for the two 
simple kernels. 


* Based on ie Atomic Power Laboratory Report A-4249 dated 


sR 5, 1947 
Be Marshak, Phys. Rev. 71, 688 (1947). 


(3) 





Microwave Magnetic Resonance Absorption 
in Nitric Oxide 
ROBERT BERINGER AND J. G. CASTLE, JR. 


Sloane Physics Laboratory, Yale University,* New Haven, Connecticut 
August 5, 1949 


E have studied the magnetic absorption spectrum arising 

from transitions between the Zeeman components of a 

single rotational state of NO. The apparatus and technique have 

been briefly described in connection With a similar spectrum! 
observed in Oz. 

As is well known, the NO molecule has a ?II-ground state, and 
the molecular paramagnetism arises from the upper or 7II3/2 
doublet component which is appreciably populated at room tem- 
perature. The spin-orbit coupling and doublet splitting are quite 
large in NO so that this coupling is not broken down by laboratory 
magnetic fields. Thus, in distinction to Oz, the main features of 
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the magnetic absorption in NO are as predicted by the ordinary 
Zeeman theory. This theory’ gives four magnetic levels separated 
by a constant energy interval (4/5)uoH erg, for the lowest, J=3/2, 
rotational state of the upper doublet component. H and yo are, 
respectively, the external magnetic field and the Bohr magneton. 
Magnetic dipole transitions, Amy= +1, would give rise to a single 
absorption line at about 8360 gauss for the experimental frequency 
of 9360 mc/sec. Similar transitions for the J=5/2 state lie above 
the available field strengths for this frequency. 

The observed spectrum consists of nine lines of about equal 
intensity arranged in a trio of triplets with an approximately 
constant spacing of 27 gauss between members of a triplet and an 
approximately constant spacing of 100 gauss between the triplet 
centers. The center of the pattern is at about 8660 gauss. The lines 
have equal half-widths of 4 to 5 mc/sec. at a pressure of 0.6 mm 
Hg. The measured absolute intensity of a single line is roughly 10—° 
when expressed as the imaginary part of the magnetic suscepti- 
bility. This is in agreement with theory. 

The nature of the nine-line spectrum has been tentatively 
explained as arising from a combination of molecular perturba- 
tions and nuclear spin effects. Hill has calculated the effect of spin 
uncoupling by a magnetic field for molecules in doublet states. 
This effect produces a general shift of the pattern by about the 
observed amount but does not cause differences in level separations 
as large as those observed. Hill has also indicated the effects of 
magnetic perturbations by nearby rotational states. This may be 
the largest source of the observed level separation differences. As 
for the nuclear perturbations, several kinds should be present 
since NV" has a spin of unity and both magnetic dipole and electric 
quadrupole moments. There will be a total of twelve hyperfine 
levels for the J=3/2 rotational state. The JJ coupling with N™ 
might be expected to be fairly large because of the resultant 
molecular moment but still quite small as compared with the JH 
coupling. JH and electric quadrupole coupling are quite small. A 
combination of the molecular perturbations and JJ coupling 
gives a nine-line spectrum similar to that observed. There is some 
suggestion of non-interval spacing due to quadrupole coupling, 
but our present magnetic field stability must be improved to 
determine this quantitatively. 

* Assisted by the ONR. 

1R. Beringer and J. G. Castle, Jr., Phys. nik . 1963 (1949). 


2F. H. Crawford, Rev. Mod. Phys. 6, 90 
3 FE. L. Hill, Phys. Rev. 34, 1507 (1929). 





A Particular Case in Einstein’s Generalized 
Theory of Gravitation 
V. V. NARLIKAR AND Ramyjt TIWARI 


Benares Hindu University, U. P., India 
March 22, 1949 


OLLOWING Einstein’s generalized theory of gravitation,! 
we have set up a total field of Hermitian quantities which 
reduced to the isotropic field of a point mass in classical relativity 
when the electromagnetic field is switched off, and which reduces 
to the uniform field of monochromatic radiation (E,y=H,=—¢, 
E,= E,= H,=H,=0, ¢=A cos24(x—t)/d) when the gravitational 
field is removed. For the Hermitian tensor g;;=a;;+(—1)4bi; we 
have 


2r 
2 ’ 3 m3 
am dat Sa 
be=a, b3=o+8, bu=v, 
bes=5, bu=e, bs=h+x. 
The electromagnetic potentials appear through 
a= —® 3—4H, 4) B+o—2mdo/r=G, st+®, 2) 
—y=H.—-G;, 6=—-@:—F,u, 4 
—e=F 3-H, —x—¢—2mo/r=G1—F,2, 


—hx}, *=1,2,3 


Au4=1— 
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where the normal notation is used. m and ¢ are of the first order 
of magnitude, a, 8, y, 6, x and « are of the second order, and the 
ten /;; are of the third order. To the second order of approximation 
the field equations satisfied by the electromagnetic potentials are 
found to be 


CPF+()(4m®/r), 14=8(m/r), 129, 1, 

CPG+()(4m®/r), 26=8(m/r), 26, 1—8(m/r), 1, 1, (3) 
CPH+()(4m®/r), 34= 8(m/r), 320, 1, 

C—O (4m®/r),4=0, 


where [? is QC) and ()=(0?/dx*)+ (#/dy*) + (@/d2*) —(#/d#), 
the equation of continuity to the second order of approximation 
being 

F1+G, 2+, 3+ «(1+4m/r)=0. (4) 
The ten /;;, which are of the third order, are given by 


RutL,1+¢(8+2¢, vy, s— (4m/r)o¢, 1—8(m/r), 16%, 1= 90, 

Rit L, 12+36L]5—¢, 1(a—€), s— (2m/r), 260, 1=0, 

Rist L, 13— 4G) —¢, 18 —x), s— (2m/r), 66, 1= 0, 

Rut L, 4—3¢L)6+x) —2¢, rvs t+ (4m/r)o¢, 1+ 6(m/r), 166, 1=0, 
Rot L, 2=0, (5) 
RostL, +40 {o(a—«) } =0, 

Rot L, 1 —43616+¢, 1(a— €), +260, 1(m/r), 2=0, 

RystL, 33+ DL=0, 

RutL, a+3 Gy) +4, (8 —x), s+ (2m/r), 366, 1=9, 

Rus tL, ao t+¢L)x+ 26, rv, 3—460, 1(m/r), 1+ (4m/r) 60, 14=9, 


where 
Oxkax! dAx'dx? adx*dx?. 


Phir 
= —1s795 —__ 
Ri 36 and => 





and 
L=$(8—x)—(2m/r)g*, == 4 —54—= —1, 

s4=0, ij. (7) 
It can be verified that the ten field equations of gravitation are 
subject to the four identities of the type, 


(8Ri1/dx)+ (@Ri2/dy) + (ARis/dz) — (ARis/dt) = —3(AR/dx). (8) 


It is believed that the derivation of Eqs. (3) and (5) in this par- 
ticular case of the unified field marks an advance in the under- 
standing of Einstein’s generalized theory of gravitation. A pre- 
liminary paper in this connection is in the press for the Proceedings 
of the National Institute of Sciences of India. 


1A, Einstein, Rev. Mod. Phys. 20, 35 (1948). References to the earlier 
papers on this theory will be found in the paper. 





Second Sound Velocity in Paramagnetically Cooled 
Liquid Helium IIt 
Joun R. PELLAM AND RUSSELL B. ScoTT 


National Bureau of Standards, Washington, D.C. 
August 8, 1949 


T# qualitative behavior of the velocity of second sound in 
the temperature range below 1°K has been experimentally 
observed. Although the present measurements are strictly of a 
preliminary nature, sufficient information is provided for a 
decision between certain aspects of the theories of Tisza! and 
Landau.? 

Cooling of the helium II to temperatures well below 1°K was 
attained by conventional demagnetization methods. Crystals of 
hydrated iron-ammonium-alum immersed in the liquid were sub- 
jected to magnetic fie: ': of up to 12 kilogauss under isothermal 
conditions (about 1°K starting temperature). Upon removal of 
the field the redistribution of entropy between the salt and the 
liquid provided the necessary cooling of the latter. 

The portion of the helium II bath not occupied by the salt 
contained apparatus for generating and detecting second sound 
by the pulse method.? The velocity was determined by observing 
the transit time of the second sound with an oscilloscope. Since 


TABLE I. Typical set of velocity values obtained during 
the warm-up process. 








Second sound velocity (m/sec.) 


Temperature (°K) (+1 percent) 
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the distance between the transmitter and receiver was fixed, the 
position of the second sound signal on the oscilloscope screen 
provided a direct visual indication of velocity. The velocity was 
thus continuously observed as the temperature of the helium II 
decreased following demagnetization. 

Because of the significance to theory of immediate qualitative 
results, the precise determination of temperature has thus far 
been set aside in favor of learning trends. 

The three essential facts to be drawn from the present experi- 
ments are: 

(1) The velocity increases markedly with decrease of temperature 
below 1°K. This is in line with the predictions of Landau. 

(2) At the lowest temperatures reached (where the velocity was 
nearly double the value at 1°K) the received d.c. pulse widths 
increased by a factor of from 3 to-5. This suggests either a possible 
frequency dispersion* or a gradual partial return to the classical 
diffusive type of heat flow. No observable decrease in signal 
strength occurred. 

(3) The velocity minimum of about 18.4 m/sec. previously 
reported by Peshkov‘ just above 1°K was verified** as the helium 
II bath was warming up from the lowest temperatures. 

Of these observations the velocity behavior is of primary 
interest. A typical set of velocity values observed during the 
warming up process is given in Table I, where velocities are listed 
in chronological order as the temperature rose. A maximum value 
of 33.9 m/sec. was observed for the lowest temperature reached 
This velocity represents a rise of 83 percent above the minimum 
near 1°K and greatly exceeds the previously known maximum® ** 
of 20.3 m/sec. occurring at about 1.65°K. 

Although the second sound velocity data are obviously incom- 
plete without accurate determinations of the corresponding tem- 
perature, at present we can offer only a rough guess as to the 
minimum temperatures reached. It was believed prior to the 
experiments that the low temperature reached following each 
demagnetization could be deduced from knowledge of the initial 
magnetic field strength, the geometry, and the known properties 
of iron-ammonium-alum.’ For instance for true isentropic con- 
ditions we should have obtained temperatures as low as 0.06°K. 
However, because of excessive heat inflow, only a fraction of the 
expected temperature drop was realized and its accurate estima- 
tion was precluded by the resultant non-equilibrium conditions 
following demagnetization. The helium reached its lowest tem- 
perature within 3 seconds after demagnetization, whereupon 


TABLE II. Maximum velocity following each demagnetization. 








Velocity at lowest 
temperature (m/sec.) 


Initial magnetic field 
(kilogauss) 





11.8 33.9 
11. 30.4 
11. 22.0 
11. 21.8 
10. 21.8 
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further cooling by the salt was more than offset by heat influx. 
Taking this into account, it is likely that the temperature cor- 
responding to the highest observed velocity of 33.9 m/sec. was 
above 0.3 or 0.4°K 

Due to this heat influx (and the relatively small dependence 
of velocity on temperature near 1°K) the marked velocity increases 
were observed only for initial fields approaching 12 kilogauss. 
This is illustrated in Table II where the maximum velocity fol- 
lowing each demagnetization is given for the corresponding initial 
field strength. 

As the result of the fundamentally opposite nature of Tisza’s! 
and Landau’s? expectations for second sound behavior in the 
extreme low temperature range, a choice on the basis of this 
present evidence is not difficult. Tisza predicted a systematic 
decrease in velocity with decreased temperature, setting in near 
1.5°K and presumably continuing toward zero velocity at ab- 
solute zero. Landau conversely predicted a strong increase in 
velocity as temperature is lowered below 1°K. This latter pre- 
diction appears thus far to be substantiated. 

This should not necessarily be taken as evidence against 
London’s® original hypothesis of helium II as a condensed Bosé- 
Einstein gas. In fact the recent experiments of D. Osborne e¢ al.” 
showing non-superfluidity in He* are exceedingly strong evidence 
for the condensation theory. Rather one would expect that a 
reformulation of Tisza’s second sound picture would be desirable, 
based on the Bosé-Einstein hypothesis, but with the assumption 
of no phonon entropy carried by the superfluid. Fundamentally 
Tisza’s and Landau’s formulations accrue from essentially the 
same thermodynamic relationship, the distinction lying in the 
manner of its interpretation. In the upper temperature range 
Tisza’s analysis appears completely adequate. 

In a recent paper Pomeranchuk® predicted that impurities in 
helium II (in the form of He*) might preclude Landau’s predicted 
sharp rise in velocity with decrease in temperature below 1°K. 
For the He’ concentration in our helium II (gas-well helium) this 
does not appear to be the case. 

By reducing the heat leak it is hoped that future measurements 
can be made at lower temperatures and under conditions which 
permit reliable temperature determinations. 

* Tisza! in fact has suggested that relaxation type dispersion should 
appear at temperatures well below 1°K. 

** This substantiates the doubts expressed by one of the authors? over 


the reliability of his own low temperature data in earlier second sound 
measurements. 

t+ Supported by the ONR, Contract Na-onr-12-48, 

1L. Tisza, Phys. Rev. 72, 838 (1947); also Phys. Rev. 75, 885 (1949). 

2L. Landau, J. Phys. U.S.S.R. 5, 71 (1941); also 8, 1 (1944); also Phys. 
Rev. 75, 884 (1949). 

3J. Pellam, Phys. Rev. 75, 1183 (1949). 

4V. Peshkov, J. Exp. Theor. Phys. U.S.S.R. * 951 (1948). 

4a V. Peshkov, J. Phys. U.S.S.R. 10, 389 (1946 

8 N. Kurti and F. Simon, Proc. Roy. Soc. a 149, 152 (1935). 

6 F, London, Nature 141, 643 (1938): Phys. Rev. 54, 947 (1938). 

7 Osborne, Weinstock, and Abraham, Phys. Rev. 75, 988 (1949). 

8 I. Pomeranchuk, J. Exp. Theor. Phys. U.S.S.R. 19, 42 (1949). 





On the Tripartition and Quadripartition of 
Uranium Nuclei 


R. CHASTEL AND L. VIGNERON 
Laboratoire de Chimie Nucléaire du Collége de France, Paris, France 
June 20, 1949 


WE have been surprised that several recent publications 
about tripartitions of uranium nuclei make no reference 
to the French results on this subject,! or make reference only to 
the preliminary results,? omitting the detailed report? published 
by Mr. Tsien San Tsiang, Mrs. Ho Zah Wei‘ and the writers. 
Therefore, we wish to point out that our work had been under- 
taken after the presentation at the Meeting on Fundamental 
Particles held in Cambridge (England) on July, 1946, by Green 
and Livesy of uranium fission tracks photograph showing the 
emission of long range light particles. We think we were the first 


THE EDITOR 


to publish a correct interpretation of this new fission process in our 
publication “Sur la tripartition de l’uranium provoquée par cap- 
ture d’un neutron.” 5 We were also the first to publish a mass 
determination of the light fragment. We published the first 
experimental evidence of quadripartition of uranium nuclei.’ A 
preliminary report of our work was given in English in a letter to 
the editor of the Physical Review® as well as in Nature;° in these 
two communications we announced that a more detailed report 
was to be published in the Journal de Physique et le Radium.? 
Mr. Tsien San Tsiang published a detailed theoretical inter- 
pretation of these phenomena in that same journal.’ 

The first photograph of nearly symmetrical tripartition (with 
fragment of masses: 127, 77 and 32 mass unit) was published in 
our paper in Nature on June, 1947.° 

1J. T. Dewan and K. W. Allen, Phys. Rev. 76, 181 (1949). 

2L. Marshall, Phys. Rev. 75, 1339 (1949). 

3 Tsiang, Wei, Chastel and Vigneron, J. de phys. et rad. 8, 165 (1947); 
8, 200 (1947). 

4 Both now at the National Tsinghua University of Peiping, China. 

5 Tsiang, Chastel, Wei, and Vigneron, Comptes Rendus 223, 986 (1946). 

6 Tsiang, Wei, Chastel, and Vigneron, Comptes Rendus 224, 272 (1947). 

7 Wei, Tsiang, Vigneron, and Chastel, Comptes Rendus 223, 1119 (1946) . 

8 Tsiang, Wei, Chastel, and Vigneron, Phys. Rev. 71, 382 (1947). 


® Tsiang, Wei, Vigneron, and Chastel, Nature 159, 773 (1947). 
0 Tsien San Tsiang, J. de phys. et rad. 9, 6 (1948). 





The Future Nuclear Interaction 


ALEx E,. S. GREEN 
Department of Physics, University of Cincinnati, Cincinnati, Ohio 
July 7, 1949 


N the future theory the energy of interaction of nucleons may 
be expressible in the form V=OJ where O is an operator con- 
taining the isotopic, Dirac matrix, and positional coordinates of 
the nucleons and J is the Green’s function of the field. Recently 
promising forms of J have been derived from a generalized linear 
field theory.! It remains, however, to fix O on a theoretical basis. 
In conformity with the second form of a proposed principle of 
generalization! we might seek an appropriate operator among the 
various developments of one-meson theory. To determine the 
suitability of the final result of such developments and to detect 
inadmissible assumptions we propose three tests to augment those 
previously formulated.? 

I. The interaction must be well-behaved in the limit of zero- 
meson mass, reducing to a reasonable Newtonian or Coulombian 
interaction. 

II. Dipole terms must have as co-factors a natural length which 
is characteristic of the nucleons, rather than the field, in corre- 
spondence with the classical case. 

III. The infinite self-energies and inadmissible interaction sin- 
gularities among static and relativistic terms must vanish when 
Yukawa’s potential is replaced by our generalized meson potential. 

In applying these tests to the four interactions derived by 
Kemmer* (Eq. (67a-d)) we find that the eight terms with factors 
x~? fail with respect to all three tests. Most of these defects may 
be removed, however, by a trivial modification of Kemmer’s 
development. We first assign the role of the classical potentials to 
the @’s in the scalar and vector cases and the x’s in the pseudo- 
vector and pseudoscalar cases and the role of the classical field 
strengths to the x’s and the @’s in the corresponding cases. With 
this identification we see that four of the interaction Lagrangians 
((39a), (39b), (40c), and (40d)) correspond to the classical inter- 
action of a pole with the field whereas the other four correspond 
to a dipole interacting with the field. In conformity with the 
corresponding principle in the latter cases we must associate with 
the coupling constants (fa, fo, ge and ga) a length a, presumably 
h/Mc,‘ which is characteristic of the nucleon. We may do this 
simply by multiplying these four of Kemmer’s coupling constants 
by ax, a step which does not disturb the subsequent development. 
The final explicit interactions are improved considerably by this 
modification and we are left with only two defective terms, one 
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each in V,° and V;*°. These terms have their origins in the more 
difficult and subtle questions connected with auxiliary conditions. 
In one development of these interactions by the writer they do 
not appear at all. In another they are replaced by innocuous 
terms. It must be noted that the uniform introduction of the 
factor ax in all coupling constants or the equivalent device com- 
monly employed,’ while giving interactions which satisfy tests 
II and III, is not permissible according to test I. In particular the 
Newtonian and Coulombian static fields then are lost in the limit 
of zero-meson mass. 

Assuming tentatively that the pi-meson is the principal nuclear 
force meson then (ax)?=(m/M)?~1/40. We come then to the 
important physical conclusion that only if the fine structure 
constants (ap for pole coupling and ag for dipole coupling) are 
related by aga~40a, will the static interactions arising from dipole 
coupling be of the same order of magnitude as the static pole 
interaction. Since ag is then greater than one we are forced to 
strong coupling for this part of the interaction. On the other hand 
if we assume ag~ap we find that the effects of dipole coupling are 
small compared to the static pole interactions and, in fact, are of 
the same order of magnitude as the relativistic pole interactions. 
Thus the assumption of simultaneous pole and dipole coupling is 
an undesirable complication. Indeed, the complication is even 
greater than indicated by Kemmer’s treatment which does not 
bring out the pole-dipole interference terms and which discards 
contact interactions.* We can, nevertheless, utilize the Kemmerian 
interactions, with the suggested modifications, by regarding them 
as eight distinct interactions four of which, the pole cases, have a 
more elementary nature. Three of these cases, the scalar-scalar, 
the vector-vector and the pseudovector-pseudovector’ have large 
static terms, but they are not promising nuclear interactions. The 
pseudoscalar-pseudoscalar, a synthesis of the first two,* and the 
four dipole cases give rise to more interesting interactions which, 
however, are too small in the case of a one-meson field for a<1. 
In a later communication we shall discuss the possibility that these 
latter interactions, in conjunction with a generalized multiple- 
meson field, may contain the correct nuclear interaction. 

1A, Green, Phys. Rev. 75, 1926 (1949). 

2 E. Wigner, Phys. Rev. 51, 106 (1937). 

3N. Kemmer, Proc. Roy. Soc. A166, 145 (1938). As usual the factor 
cx/4x has been removed and we consider for convenience the neutral theory. 

4 Admittedly a factor 27 would nullify some of the ensuing arguments. 

5G. Wentzel, Rev. Mod. Phys. 19, 3 (1947), Eqs. (1) and (2). 

¢L. Van Hove, Phys. Rev. 75, 1519 (1949). 


7 For some treatments of the auxiliary conditions. 
8 A. Green, Phys. Rev. 76, 460 (1949). 





Mass Assignment of Xenon Activities 
Produced in Fission 
SIGVARD THULIN, INGMAR BERGSTROM AND ARNE HEDGRAN 


Nobel Institute for Physics, Stockholm, Sweden 
July 25, 1949 


HE electromagnetic isotope separator! of this Institute has 
been used in order to ascertain the mass-numbers of the Xe 
isotopes produced in fission. The guseous fission products from 
neutron irradiated uranium oxide were fed to the ion source and 
the active isotopes collected on a thin aluminium plate. This 
method has recently been used by J. Koch, Copenhagen, in an 


TABLE I. Summary of results. 








Parent isotope 
(according to Seaborg’s 
tables and our 
Half-life measurements) 
~5.4d 
9.1 hr. 
3.5 min. 
30.0 min. 


Element 





187 22.0 sec. 
[88 5.9 sec. 
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_- IG. la. The activity of the 5.4 d and 9.1 hr. xenon isotopes. Dotted curve 
is the 5.4 d activity, measured 3 days after the 9.4 hr. activity and drawn to 
a 5 times larger scale. 


investigation of the Kr isotopes produced in fission (private com- 
munication). The method of determining the mass numbers, 
corresponding to the different activities, was the same as used for 
the mass assignment of 43™ Hg! ? and 534 Hg?93.1 


Xx, 57-35 i ) 























135 136 137 138 


Fic. 1b. The activity of the 3.5 min. Xe isotope measured immediately after 
separation and 8 minutes after stopping the cyclotron. 


Figures 1a, b, and c show the measured activity as a function 
of the position on the collector plate and the results are sum- 
marized in Table I. This confirms that the assignments of these 
isotopes in Seaborg’s tables* are correct (the mass numbers 137 
and 138 were classified as B and D). 
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Fic. ic. The activity of the 17 min. Xe and 33 min. Cs isotopes. 
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TABLE II. Summary of 8-spectrometer investigations. 








§-max. kev B-lines 


315 


Isotope 


Xeis3 





25.6 (Auger, medium) 
30.9 (Auger, weak) 
46.5 (K 1, very strong) 
59.3 (K 2? weak) 

77.9 (L 1, medium) 
200 (K 3 weak) 


214 (K) 
242 (L) 








The activities of Xe!%*, Xe!%5, and Cs! on the collector plate, 
were sufficient for 8-spectrometer investigations. The 8-spec- 
trometer data are summarized in Table II. 


1 Bergstrém, Thulin, Svartholm, and Siegbahn, Ark. fér Fysik 1, No. 11 
49), 


(19 
21. Bergstrom and S. Thulin, Phys. Rev. 76, 313 (1949). 
3 Koch, Kofoed-Hansen, Kristensen, and Drost-Hansen, Phys. Rev. 76, 


279 (1949). 





Second Sound and Classical Heat Flow* * 


JoHN R. PELLAM 
National Bureau of Standards, Washington, D.C. 
August 1, 1949 


A ape reversibility of the thermomechanical effect in liquid 
helium II and the inertial characteristics of the associated 
heat flow result in the true wave characteristics of second sound. 
In the portion of a second sound cycle where heat flows toward 
cooler regions, mechanical energy is stored as energy of internal 
convection. During the opposite half of the cycle heat flows 
toward warmer regions at the expense of this stored energy. The 
resulting average mechanical energy content of the wave provides 
a net mechanical energy flow or intensity in the direction of 
propagation. 

Considerations of second sound are simplified by assuming 
square wave pulses, logical justification lying in the known 
absence of frequency dispersion. This obviates the distinction 
between instantaneous and average values. If heat flow density 
H (cal./sec. cm*) is sustained by liquid helium II during the 
generation of a one-dimensional square wave heat pulse, the 
temperature is raised by 7 within a heated region which is 
progressing at the rate of second sound velocity v2. This requires!~ 
that ; 

H = pc y702, (1) 
where p is the density and ¢, the specific heat capacity per gram 
for helium II. The generation of this second sound actually requires 
slightly greater heat input than the heating rate H, to provide the 
kinetic energy of internal convection stored in the pulse. At the 
abrupt front of the temperature pulse heat flows continuously out 
toward the ambient temperature region, cooler by amount +r. 
According to the second law of thermodynamics** the rate of 
mechanical energy generation, or intensity +, is related to tem- 
perature by ; 
y/H=1/To, (2) 
where 7» is the ambient absolute temperature (°K). The intensity 


becomes*5 : 
y= 7H /To= pc pv2t?/T. (3) 


This expression*** is equally significant with respect to classical 


heat flow within ordinary materials. 
Finally, combining (1) and (2) the expression for total energy 
flow (thermal plus mechanical) becomes 


energy flow= pc ,ve7[1+7/To] (4) 


indicating the flow of mechanical energy within a second sound 
packet to be but the fraction 7/7 of the associated heat flow. 
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Second sound possesses a wave momentum and a radiation 
pressure. At a chosen position and instant, whichever fluid com- 
ponent happens to be moving in the direction of propagation 
possesses greater than ambient density, whereas the other com- 
ponent is necessarily retrogressing at less. Accordingly therefore, 
in the identical manner as for classical sound, the wave momentum 
flow J for the pulses equals the mechanical energy density divided 
by wave velocity, equal in turn to radiation pressure Prada. 


Praa=J = pe yt?/T9 (5) 


or twice (5) for reflection from a thermally non-conducting bar- 
rier.**** Although of second-order magnitude, this is the sole 
existent pressure for second sound! This should not be confused 
with the small amount of first sound coupled® to second sound by 
the thermal coefficient of expansion of helium II. (It should be 
noted that the method of deriving the expression automatically 
includes both kinetic and potential energy density ; for continuous 
waves a factor } would appear). Thus under appropriate experi- 
mental conditions there would be a “sound current” associated 
with second sound (as with ordinary sound) of velocity ¢y7?/v2T»o. 

Thermal boundary conditions early employed by the author 
(for setting up “thermal impedances”) in design of second sound 
systems were the continuity of temperature and heat flow density 
between liquid helium II and adjacent classical solids. Thus for 
second sound normally incident upon a classical barrier 


tittr= Tir; H:—H,=Ht,, (6) 


where the subscripts (z) and (r) refer, respectively, to incident and 
reflected second sound, (ér) to transmitted classical thermal waves. 
Employing (1) we obtain from (6) 


a, (7) 
where complex conjugates are not used since instantaneous values 
are desired. Equations (1) and (6) can also be employed to show 
that for most cases not all of the incident second sound energy is 
reflected; thermal impedance‘ r/H equals [pc»v2}“! for helium II 
[see (1) ] and is entirely real, and may for solid boundaries possess 
a real component as large as the imaginary component. The 
essence of (7) is therefore that the temperature wavef entering 
the solid possesses an intensity rH /T in the same manner as does 
second sound. (This is likewise required for the converse case of 
second sound waves in helium II being set up by thermal waves 
emerging from an adjacent solid.) But the well-known expression 
for classical thermal waves involves rapid damping, so that the asso- 
ciated energy thereby lost reappears in other forms. 

Certain speculations may be made in this regard. The “kinetic 
energy” density of the thermal pulse may tentatively be regarded 
as associated with the mass flow inherent to thermal conduction. 
Correspondingly “potential energy” density should be related to 
pressure alterations accompanying thermal flow. The second law 
of thermodynamics as given by (2) thus holds for thermal con- 
duction across a layer of classical material of thickness less than 
the thermal wave-length. Analysis based on the thermal impedance 
concept‘ reveals that second sound pulses should be transmitted 
without distortionff or appreciable loss through layers of classical 
material of such thinness immersed in liquid helium II, thus con- 
forming to conditions of complete reversibility. Arguments similar 
to those employed by Rayleigh’ for a classical sound pulse indicate 
that the mechanical energy flow rH /T> involved is shared equally 
between kinetic and potential forms, not only for second sound 
but also for classical thermal waves. 

When penetration of thermal waves into classical materials 
exceeds several mean-free-path lengths, the reversibility between 
heat flow and mechanical energy stated by (2) is necessarily 
affected by the natural collisions occurring between particles or 
between phonons. Accordingly the well-known damping sets in 
and converts the “mechanical energy” content of the thermal 
wave to acoustical or thermal forms, depending upon the geometry 
and the substances (thermal coefficient of expansion) involved. 
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For propagation along the x axis the “source strength” of such 
converted energy is just Re(d/dx)(tH/T»). 

Thus, whereas liquid helium II provides the only example of 
complete thermal and mechanical interdependence, the more 
limited thermomechanical properties of ordinary substances are 
evident from general thermodynamic considerations. Further 
implications are being investigated. 

The author expresses his sincere gratitude to Professor Philip 
M. Morse for helpful and stimulating discussions. 


s Supported by the ONR, Contract Na-onr-12-48. 

* Since this study was undertaken, related work by several other inves- 
tigators has appeared. Where overlap does now occur, the independently 
obtained results of the author are believed to present fresh viewpoints. 

** A particularly clear derivation of the velocity of second sound has 
been given by Peshkov (see reference 3) based on the use of the second law. 

*** Tn reference 5 the author gave the equivalent expression in mechanical 
terms. The thermodynamic properties of liquid helium II lead to a direct 
conversion between the two forms. 

*ee* We are indebted to H. W. Woolley for an independent derivation of 
a form equivalent to (5). 

+ Peshkov mentions in reference 3 that the expression applies to materials 
other than helium II but without interpretation or consideration of the 
inherent decay. 

tt The thermal impedance of a classical layer of thickness | backed by 
helium II is (twpecexc) 4 coth[(iwpece/xe)§l +coth(iwpece/Ke)*/pcvv2], where 
pe, Ce, and xe are, respectively, the density, heat capacity, and heat con- 
ductivity of the material. For a thin !ayer this approaches (pcvv2)“!+a/x, 
intependant of frequency and neariy equal to the thermal impedance of 
helium II. 

1D, Osborne, Nature 162, 213 (1948). 

2R. Dingle, Proc. Phys. Soc. London 61, 9 (1948). 

3V. Peshkov, J. Exp. Theor. Phys., U.S.S.R. 18, 857 (1948). 

4J. Pellam, Phys. Rev. 75, 1183 (1949). 

5 J. Pellam, Phys. Rev. 73, 608 (1948). 

6L, Tisza, Phys. Rev. 72, 838 (1947). 

7J. Rayleigh, The Theory of Sound (Dover Publications, New York, 

45). 





Nuclear Spin 5/2 for »Zr®? 


O. H. ARROE AND J. E. MAcK 
University of Wisconsin,* Madison, Wisconsin 
July 29, 1949 


N interference spectrograms** of a Zr*!-enriched sample of 

zirconium*** in a hollow cathode source,! the 4d?5s? #Po— 
4d*5s(??P)5p%S; line? at vizz7z presents the following structure, 
showing that the spin, J, of the interesting* nucleus 4oZr® is 
undoubtedly 5/2 units: 


(+1) 


even isotopes 


—0.0701+0.0010 cm™,* 
0.0000+0.0012 cm, 
+0.0273+0.0010 cm™, 
+0.0983+0.0010 cm™, 
I, from the Landé interval rule 269+} 
Details, including the structure of other lines, will be submitted 
later. 


(arbitrary) 


* Work done on Navy contract N7 onr-285TO #1, NR 019 107. 

** With auxiliary dispersion produced by a special Hilger spectrograph 
bought with funds granted by the University research committee. 

** Produced by the Y-12 plant, Carbide and Carbon Chemicals Cor- 
poration, and obtained by allocation from the AEC. 

10. H. Arroe and J. E. Mack, Phys. Rev. 76, 173 (1949). 
assas F. Meggers and C. C. Kiess, J. Research Nat. Bur. Stand. 9, 309 

3 E, Feenberg and K. C. Hammack, Phys. Rev. 75, 1877 (1949), especially 
pp. 1882 and 1893. 

4 The quantities preceded by the symbol + have been made larger than 
the spread of the data by amounts judged to be enough to make it highly 
improbable that the true values lie outside the ranges indicated. 





The Binding Energy of the Triton 


R. E. CLapp* 


Lyman Laboratory of Physics, Harvard University, 
Cambridge, Massachusetts 


August 8, 1949 


VARIATIONAL calculation of the binding energy of the H* 
nucleus has been performed using the Rarita-Schwinger! 
interaction (square well with tensor force), as modified to include 
a charge-exchange factor (—4}%;-t,). Except for the charge- 
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TABLE I. Computed triton binding energy. 








Trial functions 
(see text) 


D-states 


Triton binding energy 


In percent 


S-state In Mev of 8.3 Mev 





wae power series) 
I II 
I II, III, IV 
‘ (Extrapolated) 
I II 
I II, Ill, IV 
(Gerjuoy and Schwinger; 
S-state and D-state 


(Feshbach and Rarita) 
S-state alone 
S-state and D-state 
(estimated maximum) 








exchange factor, which has very small effect on the triton binding 
energy, this is the same problem as that studied by Gerjuoy and 
Schwinger? and by Feshbach and Rarita.* The same variational 
method was used here, but a much more elaborate trial function 
was inserted. The calculations are still in progress, but the results 
so far obtained (and reported in Table I) show that other D-states 
not included in the previous calculations** make a substantial 
contribution to the binding energy. 

The basis for the present method is the construction of a de- 
numerable series of orthogonal functions which form a complete 
set for the nuclear three-body problem. With the type of potential 
that was assumed, the triton ground state can include only a 
selected group of these functions, characterized by even parity, by 
J=}3 for the total angular momentum, by T=} for the total 
isotopic spin, and by 73= —} for the third component of isotopic 
spin (to denote two neutrons and one proton). This sub-set of 
functions may then be arranged in order of increasing kinetic 
energy (which is roughly equivalent to the order of decreasing 
importance) and introduced systematically into the variational 
principle. 

In setting up the system of orthogonal functions the usual 
relative coordinates, r:(r, 0, g) and @:(p, , ¥), have been trans- 
formed to a six-dimensional spherical coordinate system, with a 
single radial variable, 


R= (37+ $0*)4 (1) 


and five angular variables. The angular parts of the orthogonal 
functions are hyperspherical harmonics Yx,z which satisfy the 
defining equation: 


V*(R¥- Vx, 1)=0 (2) 
with 

V?=3V7+2V,?. (3) 
These harmonics can be classified by their value of L into S, P, D, 
etc., states, and combined with suitable spin and isotopic spin 
functions to give the admissible set of #54, ?Py, “Py, and 4D, triton 
functions. With each harmonic Yx,z there will also be a radial 
factor RX-f(R), where the function f(R) need be defined only for 
R>O and may therefore be written as a function of R?. The form 
chosen was a Gaussian multiplied by a power series: 


f(R) =e-#®*(a+bR?+cR*+ ---). (4) 


In Table I are listed the binding energies resulting from the 
successive inclusion of one 2S-state function (I) and three 4D-state 
functions (II, III, IV). The S-state is essentially the same as that 
used by Gerjuoy and Schwinger and by Feshbach and Rarita, and 
function II corresponds to their D-state, but functions III and IV 
contain D-states which they omitted. The binding energy is given 
in Mev and in percent of the experimental value which they used, 
8.3 Mev.** 

In the present calculations, the same Gaussian parameter u 
was used for all of the four functions. This does no harm if each 
power series is sufficiently long. The power series for functions I, 
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II, III, and IV contained 7, 5, 3, and 3 terms, respectively.*** 
There were thus 18 adjustable coefficients and one Gaussian 
parameter, or a total of 19 independent variational parameters. 
In order that the rate and degree of convergence might be esti- 
mated, most of the 18 terms in the variational function were added 
one at a time. From the regularities which appeared it was possible 
to extrapolate with some assurance to the binding energy which 
would have been computed from the same four angular functions 
if it had been possible to use infinite rather than finite power series 
in the radial factors. The extrapolated results are also given in 
Table I. The effects of other 2S and ‘D functions are being inves- 
tigated, as well as the (very small) contributions of P-state func- 
tions. A detailed report will be submitted later. Although only the 
Rarita-Schwinger potential has been used so far, the method of 
analysis is designed to handle any proposed potential and to test 
its ability to account for the properties of the triton. 
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This letter reports the results of research for a Ph.D. thesis 
written at Harvard under Professor Julian Schwinger. The writer 
is very grateful for discussions with Professor Schwinger, and with 
Professors Feshbach of M.I.T. and Rarita of Brooklyn College. 


* Coffin Fellow (General Electric Educational Fund), 1947-48; AEC 
Predoctorai Fellow, 1948-49. (The work reported on here extended over 
—_ years.) The writer is now at the Massachusetts Institute of Tech- 
nology. 

** The experimental triton binding energy given by L. Rosenfeld 
(Nuclear Forces II (Interscience Publishers, Inc., New York, 1949), p. 501) 
is 8.39 Mev. A still more recent value, 8.50 Mev, is based on the redeter- 
mination by Bell and Elliott of 2.235 Mev for the deuteron binding energy 
(Phys. Rev. 74, 1552 (1948)). The old value, 8.3 Mev, was used in Table I 
for comparison with the previous calculations. It should be noted also 
that the Rarita-Schwinger constants are based on the value of 2.17 Mev 
for the deuteron binding energy 

**k& To simplify the large secular equations, each power series was 
written as the sum of an equivalent series of orthogonal polynomials. 

1W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941). 

2 KE. Gerjuoy and J. Schwinger, Phys. Rev. 61, 138 (1942). 

3H. Feshbach and W. Rarita, Phys. Rev. 75, 1384 (1949). 
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MINUTES OF THE MEETING OF THE DIVISION OF FLUID DYNAMICS AT WHITE OAK, MARYLAND 
JUNE 30, JuLy 1, 1949 


HE third meeting of the Division of Fluid 
Dynamics of the American Physical Society 
and the first meeting of the Division without its 
parent Society took place at the Naval Ordnance 
Laboratory at White Oak, Maryland on June 30 
and July 1, 1949. The meeting was held in con- 
junction with the dedication ceremonies and sym- 
posia of the Laboratories which took place in the 
preceding three days. The Naval Ordnance Labora- 
tory proved to be an excellent host largely through 
the efforts of R. J. Seeger and his many assistants 
who organized the program and provided all the 
necessary arrangements. 
The program consisted of three symposia, (1) 


Aerothermodynamics, (2) Shock-Wave Phenomena, 
and (3) Turbulence, and five sessions totaling fifty- 
six contributed papers. The high quality of the 
papers delivered at this meeting was universally 
acclaimed, but the secretary was distressed by the 
many poor abstracts and vague titles which were 
submitted on the contributed program. 
The program follows. 


WALKER BLEAKNEY, Secretary 
American Physical Society 
Division of Fluid Dynamics 
Princeton University, 
Princeton, New Jersey 


Symposium on Aerothermodynamics 


Chairman: P. S. Epstein, California Institute of Technology. 

Transport Properties of Gases. J. O. HIRSCHFELDER, University of Wisconsin. 

Transport Phenomena In Dilute Gases. G. E. UHLENBECK, University of Michigan. 

The Effect of Relaxation on Shock Waves in Gasses. K. F. HERZFELD, The Catholic University 


of America. 


Study of Condensation of Components of Air at High Mach Numbers. L. LEEs anp S. M. 


BocponorF, Princeton University. 


The Aerothermodynamics of Sound Waves. P. S. Epstein, California Institute of Technology. 


Symposium on Shock-Wave Phenomena 


Chairman: K. O. FriEpRIcHs, New York University. 
Shock Wave Phenomena In Astronomy. Z. KopaL, Massachusetts Institute of Technology. 


The Flow Behind Stationary Shocks of Varying Strength. C. C. Lin, Massachusetts Institute of 
Technology. 

An Experimental Study of the Interaction of Shock Waves. W. BLEAKNEY, Princeton University. 

Shock Wave Phenomena: Water-Like Substances. R. J. SEEGER AND H. PoLAcHEK, Naval 
Ordnance Laboratory. 

Impact Shock Waves in Water. J. Howarp McMILLEN AnD R. L. KRAMER, Naval Ordnance 
Laboratory. 


Symposium on Turbulence 


Chairman: J. M. Burcers, Technische Hoogeschool, Delft, Holland. 

Spectral Tensor of a Homogeneous Turbulence. J. Kampf& DE FERIET, University of Lille, France. 

The Nature of Turbulent Motion at Large Wave-Numbers. G. K. BATCHELOR, University of 
Cambridge, England. 

Development of Heisenberg’s Theory of the Decay of Isotropic Turbulence. S. CHANDRASEKHAR, 
University of Chicago. 

Investigation of the Turbulence Characteristics of an Experimental Low-Turbulence Wind 
Tunnel. H. B. Squire, Royal Aircraft Establishment, South Farnborough, England. 

Some Remarks on Turbulent Diffusion. F. N. FRENKIEL, Naval Ordnance Laboratory. 


stresses vary only on this surface. In Saint Venant’s theory 
this surface is a hexagonal prism with the line 1: =02=¢3 as 
axis; in v. Mises’ theory it is the circular cylinder circum- 
scribed about this prism. In the plane problem, o;=0, the 
prism and cylinder intersect the x-y-plane in a hexagon and 
a circumscribed ellipse, respectively. v. Mises has also pro- 
stress hardening, there exists a limit surface, F(o1,02,03)=0 posed a “parabolic limit” consisting of parts of parabolas 
(with o; denoting the principal stresses) such that the plastic circumscribed about the hexagon. Any such limit condition, 
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Contributed Papers 
A. Plasticity, Mathematics, Theory of Mixed Flows 


Al. Two-Dimensional Problems of the Ideal Plastic Body. 
Hi_pa GEIRINGER, Wheaton College. (Introduced by R. J. 
Seeger. )—For an ideal plastic body, that is, a body without 
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together with the well-known equations of equilibrium con- 
stitutes a quadratic problem. These equations can, however, 
be replaced by two linear differential equations by an appro- 
priate choice of the dependent and independent variables 
(v. Mises). The equations exhibit a close mathematical analogy 
to the compressible fluid theory equations obtained by the 
hodograph transformation. The problem is hyperbolic for 
the parabolic limit, but ‘‘mixed’’ for the other limits. In various 
ways the two equations may be replaced by one linear equation 
of second order. This equation may then be reduced to a 
standard form to which Bergman’s operator method may be 
applied. In addition, useful particular solutions are obtained 
for the elliptic and for the parabolic limit. The characteristics 
for both problems are investigated, the fixed characteristics 
in the “stress plane” as well as those in the “physical plane;”’ 
the solution of the “initial value problem” is also discussed. 
The theory of simple waves is worked out including various 
examples. Since the parabolic limit seems to offer an efficient 
mathematical simplification in the two-dimensional case, the 
corresponding three-dimensional limit surface has been derived 
and studied. 


A2. Plastic Behavior of Stiffened Panels Subjected to 
Underwater Explosive Load. WoLFE Mostow, Naval Ord- 
nance Laboratory. (Introduced by R. J. Seeger.)—This paper 
contains an analysis of experiments conducted by the Bureau 
of Ships on stiffened rectangular plates subjected to side-on 
non-contact underwater explosive load. Sufficient instrumenta- 
tion was available from which to determine the deflection-time 
histories of a number of points on the stiffeners, strain dis- 
tribution over the panel, and shock wave energy (from pres- 
sure-time records) delivered to the structure. Hydrodynamic- 
ally, it was found that the energy in the primary shock wave 
was sufficient to account for the energy absorbed by the struc- 
ture in plastic deformation. Structurally, it was found that 
the stiffeners behaved, to a first approximation, like simply 
supported uniformly loaded beams deformed statically into 
the elasto-plastic range. The theory for the latter was de- 
veloped on the basis of the variational principle for the com- 
plementary energy which is known to apply to deformations 
outside the elastic range. Theoretical expressions derived for 
energy absorption, curvature distribution, and deflection con- 
tour are in good agreement with the observed data. 


A3. Non-Linear Transformations of Divergent and Slowly 
Convergent Sequences and an Example from Hydrodynamics. 
DANIEL SHANKS, Naval Ordnance Laboratory.—Some non- 
linear transforms of mathematical sequences are derived from 
an analogy between sequences and transients. Given a se- 
quence, A», one may pass a curve through every 2K +1 points 
(n,An) of = sequence, (V—K&n€£N+K), of the form 


Ay= Bryt 55 ‘wap with the 2K+1 unknowns Bxn, a;, and 


a;; and sie re the constant term By. This constant is given 
as the ratio of two K+1 order determinants whose elements 
are unity, the A, and their differences. Two non-linear trans- 
forms are Ay—>Byy and Ay—Bgw (with K fixed). As an ex- 
ample, the second-order transform, K=2, is applied to a 
divergent series of Goldstein for the drag of a sphere in a 
viscous fluid. One obtains a rational approximation for the 
drag in terms of the Reynolds’ number. 


A4. On Conformal Mapping of Multiply-Connected Do- 
mains.* GEORGE SPRINGER, Massachusetts Institute of Tech- 
nology. (Introduced by R. J. Seeger.)—The author gives a 
new method of determining the function w=w(z) which maps 
a given domain B of connectivity p(p>2) in the z-plane onto 
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a domain D in the w-plane when such a mapping is possible. 
eo 


Let Ka(s,t)= 2 ¢o(s\())w be the Bergman kernel func- 
v=l1 


tion of the domain B', the ¢, representing a complete set of 
orthonormal functions found by orthogonalizing 2” and 
(s—vs)~’, v=1,2,---, for suitably chosen points ys, s=1,2,---, 
p—1, using the scalar product SfB¢,(2)(ou(2))adxdy. If B is 
bounded by closed curves },, v=1,2,3,---p, the function 
Si,K (2,€)df, (the derivative of the harmonic measure) can be 
used to determine a critical point in B and in D which must 
correspond to each other under conformal mapping. Under 
translation, we may assume that these critical points are at the 
origin. Substituting in the relation Kg(z,2) = |dw/dz|*Kp(w,®) 
eo 


the function element w= % ans”, one can successively ex- 
ae 

press the coefficients a, in terms of the derivatives d"Kp(z,2)/ 
dz"J],.0 and d*Kp(w,@)/dw™]weo, m=1,2,---v. From these 
coefficients, one obtains an expression for w in terms of or- 
thogonal functions which converges in the entire domain, 
giving the mapping function in the large. Using the above 
solutions as a first approximation, subsonic flow patterns can 
be determined. 


* Work done under Contract NOrd 10-449, Task 3. 
1 See Memorial des Sciences Math. 106, 108, p. 30, 40, 51. 


AS. On Flows of a Compressible Fluid.* ** STEFAN BERG- 
MAN, Harvard. (Introduced by R. J. Seeger.)—The equation 
for the stream function y of a compressible fluid is non-linear 
when considered in the physical plane. If, however, it is con- 
sidered in the plane with the coordinates H= {pq™'dg and 0, 
where ge*® is the velocity vector and p=p(q) is the density, the 
equation assumes the form /(H)yee+yWxx=0, where /(H) 
= (1— M?*)/p?, M being the Mach number. It is advantageous 
to consider y in the H,6-plane, since the equation is linear. 
On the other hand, it implies the complication that the func- 
tion y which represents a regular flow in the physical plane 
may be multi-valued and possess singularities in the H,@-plane. 
In order to investigate functions of this kind, the author (in 
analogy with the representation of harmonic functions in 
terms of functions of one complex variable) represents solu- 
tions of the compressibility equation in terms of an atanty 
function f of one variable Z=\(H)+7i0, \(H)=—S7-07 
<[M—r)}dr in the form y=Im{fiitE(Z,Z Pe A 
—?#))dt/(1—#)+}. The function E (the generating function 
of the operator) is a fixed function which can be determined. 
In the case of a a pressure density relation, i in which 
case 1(H)=—CH, E=F(3,3,4,0Z/2d) where F is the hyper- 
geometric function. 

* Work done under Contract NOrd 10-449, Task 3. 


** The ideas expressed in this paper represent the personal views of the 
author and are not necessarily those of the Bureau of Ordnance. 


A6. A Representation of Transonic Flow Patterns around a 
Closed Body.* ARTHUR ZEICHNER, Harvard. (Introduced by 
R. J. Seeger).—x = ZibyX (5,0 ;n0),_y=Ziby™ VY (9,0 no), 
v =Zib,P™ (7,0 no) =constant where $™ (7,0 ;no) = Re {[i+10 
—no]’-+}, 7=logg, where ge® is the velocity vector, go is the 

n 


speed at infinity, 2= lim 2 xm and Y) are functions de- 
NO v= 
pending only on a parameter yo=loggo and where the 5,™ are 
arbitrary constants (subject to certain general conditions) 
represents a general formula for the stream function of a flow 
of an incompressible fluid in the x,y plane around a closed 
profile. Applying the Bergman integral operator (see Am. J. 
Math. vol 70, 869 (1948)) to the expressions [{—70]~4, the 
author obtains as the representation of a stream function, 
around a closed body of a compressible fluid, the expressions 
y= Zib,Y (9,0 no) =constant, x=ZibhYX(n,O;n0), y=Z 
ib, Y(n,8;no), where y”(n,0;n0) = Re {So(—n)-*FL3, 3,9 +4, 
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(¢—1n0)/(—2c)(—n)#]($—n0)""4}, $=[—e(—n)!+70], 9=n(M) 
a known function of the Mach number M. X” and Y™ are 
fixed functions depending only on 70, which may be determined 
once and for all. yno=(Mo) where Mo is the Mach number 
corresponding to the speed at infinity. These formulas hold 
for the case of the simplified pressure-density relation. (See 
v. Mises-Schiffer: Advances in Applied Mechanics, 1948, pp. 
270). Analogous formulas can be derived for the general adia- 
batic case, p=Ap*, k arbitrary. The author discusses the ap- 
plications of these formulas to the determination of flow 
patterns. 


* Work done under Contract NOrd 10-449, Task 3. 


A7. The Calculation and Use of Logarithmic Singularities 
in the Hodograph Representation of Isentropic Subsonic 
Compressible Flow. Hans Krart, General Electric Company. 
(Introduced by .R. J. Seeger.)}—Weinig has shown that the 
incompressible flow through profile lattices such as used in 
turbines and compressors can be represented by the addition 
of comparatively few logarithmic singularities. This composi- 
tion can be carried through in the hodograph plane as well as 
in physical coordinates. The linear differential equation of 
compressible flow permits the same procedure. Bergman has 
shown that solutions of this equation for a logarithmic singu- 
larity can be obtained. An effort is under way to obtain a 
large number of these fields. The computational difficulties 
are very large but can be overcome by the modern electronic 
computer. The result of this computation will be flux and 
potential function of source and vortex type singularities 
located at a large number of Mach numbers in the range be- 
tween 0.2 and 0.95. The simple addition of these fields in 
various constellations and scale will result in pictures of de- 
sired flow patterns. The equivalent procedure for the case of 
incompressible flow is also being developed and has already 
yielded important information. 


A8. On the Non-Existence of Limiting Lines and Their 
Relation to Shock in Viscous Gases. PRoressor M. Z. 
KRZYWOBLOCKI, University of Illinois and Naval Ordnance 
Laboratory. (Introduced by R. J. Seeger.)—The extension of 
Tollmien’s method to the case of viscous gases shows that, 
mathematically, the limiting lines exist also in viscous gases. 
The condition for the appearance of the limiting lines is the 
same as in the case of an irrotational, inviscid fluid: the 
vanishing Jacobian of the transformation. The extension of 
Friedrichs’ theorems on limiting lines to the case of viscous 
gases shows that limiting lines do not exist in an actual flow. 
The remaining possibility is that the shock is due to viscous 
forces and the corresponding hypothesis is presented by the 
author at the closure of the paper. 


A9. Inconsistencies in the Prandtl-Glauert Transformation. 
H. W. Srpert, University of Colorado. (Introduced by R. J. 
Seeger.)—It is proved that the Prandtl-Glauert transforma- 
tion for changing the linear differential equations for a com- 
pressible flow into differential equations for an incompressible 
flow is not a conformal transformation. From this fact it is 
demonstrated that the flow resulting from this transformation 
is not a true incompressible flow but one with the impossible 
characteristic of having two distinct streamlines through each 
point in space. Hence, the Prandtl-Glauert formulas, whose 
derivation is unwittingly based on this impossible incom- 
pressible flow, cannot have any valid theoretical basis. 


Al0. Approximate Method for Predicting the Form and 
Location of Detached Shock Waves. W. E. MOoOECKEL, 
N.A.C.A.—A simple form of the continuity equation is applied 
to the air that crosses the sonic line between a body and its 
detached shock wave. The assumptions are made that the 
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sonic line is straight and that the portion of the detached wave 
between its sonic points is adequately represented by an 
hyperbola asymptotic to the free-stream Mach lines. With 
these assumptions no limitations need be imposed on the mag- 
nitude or rotationality of the velocity components and the 
location of the detached wave relative to the body sonic 
point is determinable for plane or axially-symmetric bodies of 
arbitrary shape. Results of the procedure show good agree- 
ment with available experimental data. The method is also 
applied to the problem of predicting the relationship between 
shock location and the spillage around the cowling of super- 
sonic inlets. 


All. Shock Waves in Inhomogeneous Flow. Mac C. 
Apams, Cornell University. (Introduced by R. J. Seeger.)— 
It is of interest to determine the perturbed ‘“‘normal” shock 
that would result from small disturbances initiated in the 
supersonic flow field. By considering Mach numbers large 
enough to justify the linearized theory, a method is devised 
to treat the above problem to a first approximation in the case 
of two-dimensional disturbances. It is clear that a curved 
shock will generally result from any such inhomogeneity of the 
supersonic field, and thus the flow in the subsonic region will 
be rotational. It is easily determined that the vorticity is of 
the same order of magnitude as the velocity perturbations. 
The velocity components on either side of the shock wave are 
related by the Rankine-Hugoniot shock-wave equations; to 
the first order, this relation can be satisfied at the undeflected 
shock-wave location. The perturbation velocity components 
in the supersonic region are governed by the customary 
linearized potential equation; those in the subsonic region by 
a linear equation appropriate for rotational flow. Simultaneous 
solution of these equations leads finally to the slope of the 
shock wave and, by integration, its displacement. Two par- 
ticular upstream disturbance profiles are considered: (1) a 
sinusoidal disturbance, such as might be produced by an 
infinite wavy wall far upstream, and (2) a linear roof-top 
profile, such as would be produced by a parabolic bump of 
finite extent. In case (1), the shock wave assumes a sinusoidal 
shape, whose amplitude (for given amplitude of the wavy 
wall) diminishes with increasing Mach number. For very 
great Mach numbers the ratio of amplitudes approaches the 
value (y+1/2y)+ (approximately 0.925 for air). For any con- 
tinuous disturbance, the shape of the disturbed shock wave 
becomes similar to that of the generating wall at a Mach 
number of (y+3/2)+ (approximately 1.48), and at this Mach 
number the flow immediately downstream of the shock is 
rendered parallel but non-uniform. In case (1) the amplitude 
ratio for this Mach number is (y+3)+[2(7+1)]! (approxi- 
mately 2). 


B. Theory of Supersonic Flow; Turbulence 


Bl. Plane, Rotational, Prandtl-Meyer Flows. M. H. 
Martin, University of Maryland and Naval Ordnance Labora- 
tory. (Introduced by R. J. Seeger.)—The theory of Prandtl- 
Meyer flows, originally discovered among the irrotational 
flows of polytropic gases, is extended to rotational flows of 
a wide class of gases which includes polytropic gases as special 
cases. 


B2. Differential Relations of Rotationally Symmetric and 
Plane Supersonic Flows. P. ZETTLER-SEIDEL, Naval Ordnance 
Laboratory. (Introduced by R. J. Seeger.)—In order to evalu- 
ate the pattern of the above kinds of supersonic flow, one 
usually follows a network of characteristics. This procedure is 
simple in the case of a graphical method; for mere numerical 
evaluation (especially by high speed computing machines), 
however, it becomes rather complicated, and it is then de- 
sirable to follow a preassigned network suitable to the ge- 
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ometry of the problem. This is possible under certain restric- 
tions. Differential relations are derived from the characteristic 
equations which permit such procedure. Only ordinary points 
of the flow and boundary points with continuous slope are 
considered, shock waves not. Vorticity is included. 


B3. Numerical Computation of Three-Dimensional Super- 
sonic Flows with Vorticity. R. F. CLIPPINGER AND J. H. 
GIiEsE, Ballistic Research Laboratory. (Introduced by R. H. 
Kent.)—Thornhill! and Moeckel? have developed numerical 
methods to calculate non-linearized three-dimensional irrota- 
tional supersonic flows. This paper contains a method, in- 
tended for high speed computing machines with large mem- 
ories, to calculate non-linearized three-dimensional supersonic 
flows with vorticity, but no viscosity or heat conduction, 
about bodies with general conical noses and with attached 
shock wave. Such flows have two types of characteristic sur- 
faces: stream and Mach surfaces. The equations for velocity 
components and stagnation pressure can be transformed to 
characteristic variables with Mach coordinate surfaces, so 
that the body’s surface and the unknown shock wave have 
known plane maps, especially convenient for systematic com- 
putation. From initial data on a Mach surface extending from 
the body to the shock wave, the flow can be calculated step- 
by-step by solving the corresponding difference equations with 
initial data on a (1) non-characteristic surface; (2) Mach 
surface intersecting the body; or (3) Mach surface intersecting 
the undetermined shock wave. Moeckel’s method is used to 
compute the flow about the conical nose with attached conical 
shock wave to obtain the required initial data. The conver- 
gence of the numerical processes has not been established. 


1 Armament Research Establishment Rep. No. 29/48. 
2N.A.C.A. TN 1849. 


B4. Supersonic Flow with Vorticity about a Slightly Yawing 
Body of Revolution. W. C. CARTER, Ballistic Research Labora- 
tory. (Introduced by R. H. Kent.)—The method of numerical 
computation of three-dimensional supersonic flows with vor- 
ticity developed by Clippinger and Giese is adapted to com- 
pute the flow about slightly yawing bodies of revolution which 
may have edges. Two new variables, whose constant surfaces 
are Mach characteristic surfaces, are introduced to transform 
the system of equations. The perturbational method of A. H. 
Stone! is applied, and as in his paper a system of only six 
linear partial differential equations for the perturbations of 
the three velocity components, the cylindrical coordinates in 
each meridianal plane, and the vorticity term is obtained, ex- 
cept in scattered exceptional cases. Another equation for the 
calculation of the displacement of the shock wave is derived, 
and the shock wave conditions and the conditions that the 
body be a stream surface are found. A numerical method for 
the solution of these equations with the appropriate boundary 
conditions has been developed. To this order of approximation 
the solutions depend linearly upon the angle of yaw. No dis- 
continuities in the solution are introduced if the slope of the 
body profile is discontinuous. 


1J. Math. Phys. 27, 67-81 (1948). 


BS. Supersonic Aerodynamic Characteristics of Triangular 
Planform Wings. H. C. SANDERSON, JR. AND BERG PArRaA- 
GHAMIAN, Glenn L. Martin Company. (Introduced by R. J. 
Seeger.) —The report presents the results of IBM calculations 
of the zero lift drag of triangular planform wings of double 
wedge airfoil section at supersonic speeds. The linearized, 
conical flow theory of Puckett and Stewart is extended to 
include the entire range of variables, and a simple reversal 
theorem derived to permit application to sweptforward wings. 
It is shown that for constant thickness in the stream direction 
the effects of sweepback are detrimental so long as the leading 
edge and maximum thickness line are supersonic but that 
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large benefits in minimum drag and maximum (L/D) ratio 
are possible with the use of highly swept wings. It is also shown 
that minimum drag and maximum (L/D) ratio is obtained 
when the maximum thickness is placed at about 50 percent 
chord for supersonic leading edges and at about 20 percent 
chord for subsonic leading edges. 


B6. Results of a Theory of the Blade Shapes of Com- 
pressors. H. J. REIsSNER, Polytechnic Institute of Brooklyn. 
(Introduced by R. J. Seeger.)—A design theory of compressor, 
turbine, and deflector blades, such that the data of required 
pressure and velocity change are satisfied, has originally been 
started by H. Lorenz in 1912 for incompressible, non-viscous 
flow. It was extended and generalized in a course given at the 
Polytechnic Institute of Brooklyn in 1945-46 and in a paper 
of mine in the Courant Anniversary Volume in 1948. The ex- 
tension furnishes compressible and viscous flow and the trans- 
sition from infinitesimal blade spacing to finite blade spacing. 


B7. Ship Forms of Least Wave Resistance. J. V. WE- 
HAUSEN, David Taylor Model Basin. (Introduced by R. J. 
Seeger.) —The minimization of Michell’s integral for the wave 
resistance of a ship of given displacement leads to an integral 
equation of the first kind with positive definite kernel for the 
ordinates perpendicular to the vertical plane of symmetry of 
the ship. In the particular case of a two-dimensional ship of 
infinite draft the integral equation reduces to the following: 
Jf (x) Yo(|x—y|/F2)dx=—d for |y|=1, where Vo is a 
Weber function [Watson, Theory of Bessel Functions, p. 64], 
X is some constant, F is the Froude number v/(gZ)?, and 
J~1'f(x)dx=1 must hold. The question as to whether a solu- 
tion exists is of considerable interest in evaluating the sig- 
nificance of numerical computations. L. N. Sretenskii [C. R. 
Acad. Sci. URSS 3, 247-248 (1935) ] has given a proof that 
there can be no solution. However, this proof contains an error 
in that it tacitly assumes that the kernel function is periodic 
with period 2. If, in the case of very large Froude number, 
one replaces Yo(|t|/F)? by (2/1)log(|t|C/2F*) where logC is 
Euler’s constant, the equation may be solved and, with proper 
choice of \, the solution is f(x) =1/m(1—x?)4. Such a solution 
is, of course, of no practical interest and, in fact, the condi- 
tions for the valid use of Michell’s integral are no longer 
present. However, a tendency toward such behavior for large 
Froude numbers is found in numerical computations by G. P. 
Weinblum [3rd Int. Congr. Appl. Mech., Stockholm, 1930], 
who minimized Michell’s integrai for certain classes of poly- 
nomials, and by G. E. Pavlenko [Trans. Sci. Techn. Soc. 
Shipbuilding and Mar. Engng. 2, No. 3, 28-62] who replaced 
the integral equation by a system of linear equations. The 
question of existence of a solution for Froude numbers of 
practical interest remains open. 


B8. Some. Features of Boundary-Layer Turbulence.* G. B. 
SCHUBAER, National Bureau of Standards.—Using hot-wire 
apparatus and narrow band-pass filters, the spectrum of the 
turbulence has been measured in the turbulent boundary 
layer along a flat plate with zero pressure gradient. The 
spectrum is used to determine whether the characteristics of 
turbulence depend on the origin of the turbulent boundary 
layer, i.e., depend on how and where transition from laminar 
to turbulent flow occurs. The question involved here is whether 
the turbulence has characteristics determined entirely by local 
conditions or whether it retains some features of the dis- 
turbances that were originally responsible for transition. The 
answer to this question appears to be required before under- 
taking a detailed study of boundary-layer turbulence, first to 
be certain that there does exist a turbulence of universal 
character, and second to know what liberties may be taken in 
setting up a turbulent boundary layer of convenient thickness. 


* Project sponsored by the N.A.C.A, 
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B9. On the ‘Stability of the Laminar Boundary Layer be- 
tween Parallel Streams.*:** MarTIN LESSEN, National Ad- 
visory Commitiee for Aeronautics. (Introduced by R. J. 
Seeger.)—The analysis and calculations on the stability of 
the laminar boundary layer between parallel streams were 
made for an incompressible fluid using the Tollmien-Schlicht- 
ing theory of small disturbances. Because the boundary con- 
ditions are at infinity, two solutions of the Orr-Sommerfeld 
stability equation need not be considered and the remaining 
two solutions are exponential in character at said boundaries. 
The solution of the stability equation was obtained in powers 
of —i/aR where R=Reynolds number and a=disturbance 
wave number. With an asymptotic solution as a start, the 
stability equation was integrated numerically. The eigenvalue 
problem between a, R, and the disturbance phase velocity c 
was thus explored by a trial and error process. The calcula- 
tions show that the flow is unstable except for very low Rey- 
nolds numbers. The regions of stability and instability in the 
a, R plane were checked by obtaining damped and amplified 
solutions on opposite sides of the neutrally stable solution. 
* Work performed at M.I.T. as part of a doctorate thesis. 


** Computations performed gratuitously by IBM Corporation on the 
Selective Sequence Electronic Computer. : 


B10. Shear Stress in a Turbulent Boundary Layer.* 
DonaLD Ross AND J. M. ROBERTSON, Ordnance Research 
Laboratory, The Pennsylvania State College.—Although the 
ultimate solution of the problem of turbulent boundary layer 
flow in adverse pressure gradients may involve a statistical 
theory of turbulence, a reasonable solution can be obtained by 
analyses based on the mean motion. As the velocity variation 
in a boundary layer results from turbulent shearing motions, 
evaluation of the shear stress distribution is important. 
Fediaevsky! expressed the shear stress as a power series and 
evaluated the constants in terms of boundary conditions. The 
present analysis uses a more suitable polynomial and boundary 
conditions which includé the concept that the shear at any 
point is the result of turbulence generated at the surface 
upstream from its present location. This “history” theory 
predicts that the transverse shear gradient in the outer por- 
tion of the boundary layer remains constant as the boundary 
layer develops. Comparison with shear distributions measured 
at the National Bureau of Standards? along a simulated airfoil 
shows good qualitative agreement and appreciable improve- 
ment over Fediaevsky’s theory. 

* Work done under U. S. Navy Contract NOrd 7958. 


1 J. Fediaevsky, Aero. Sci. 4, 491 (1937). 
2 Dryden, N.A.C.A. TN 1168 (1947). 


Bll. The Non-Linear Cooling of the Hot-Wire Ane- 
mometer. R. BETcHOv, Technische Hogeschool, Delft. (Intro- 
duced by R. J. Seeger..—The paper is concerned with the 
influence of the term BT? in the expression AT+ BT? for the 
heat carried away from the wire with a given velocity of the 
air (T=difference between wire-temperature and air-tem- 
perature). Attention is also given to the non-linear term in 
the formula connecting the electric resistance and T. It is 
shown that then non-linear effects, together with the cooling 
effect due to conduction of heat towards the supports of the 
wire, have an important influence on the thermal inertia of 
the wire, account of which must be taken in the calibrations. 


C. Experimental Supersonic Flow; Instrumentation 


C1. A Method for Calculating the Drag Coefficient from 
Data Obtained in a Precision Aeroballistics Range. G. L. 
SHug, Naval Ordnance Laboratory. (Introduced by R. J. 
Seeger.) —Consider a model in free flight in a precision range 
in which the data are recorded as shadowgraph pictures and 
in which the time intervals between the sparks at successive 
stations are accurately measured. This paper suggests an en- 
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gineering method for the determination of the basic param- 
eters of speed and drag coefficient. In the integrations of the 
equations the identity of all parameters considered is retained 
and the final equation is solved for the speed and the drag 
coefficient by theory of least squares. 


C2. Pressurized Range for Small Caliber Projectiles in 
Free Flight. V. E. BerGpoit, A. J. GREENWALD, AND D. B. 
SLEATOR, Ballistic Research Laboratory. (Introduced by F. D. 
Bennett.)—A pressurized firing range has been built for the 
purpose of studying the air flow around projectiles in free 
flight. The range permits the firing of projectiles up to caliber 
0.30 in size at air pressures of several atmospheres. The range 
is constructed in three sections, namely, the gun section, the 
working section, and the stopping section, all of which are 
pressurized. A Mach-Zehnder interferometer of the type used 
by previous investigators is located externally about a set of 
windows in the working section of the range. Interferograms 
of the projectiles and the surrounding air flow patterns are 
taken with the interferometer by means of a short duration 
light source. A rotating-mirror camera-lens combination is 
used to reduce the effective light source duration by stopping 
the motion of the image on the film. Interferograms will be 
shown of standard projectiles and cone-cylinders with 15, 
20, and 25 degree half-angles taken at one atmosphere pres- 
sure. In addition, interferograms of the 20-degree cone- 
cylinder taken at 4, 5, and 6 atmospheres will be presented. 


C3. Measurement of Temperature Recovery Factors and 
Heat Transfer Coefficients on Cones at Supersonic Speeds in 
the 40 by 40 cm? White Oak Wind Tunnel. G. R. Eber, 
Naval Ordnance Laboratory. (Introduced by R. J. Seeger.)— 
New measurements, which are the first part of an extensive 
measurement program of recovery factors and heat transfer 
coefficients, have been made in the White Oak wind tunnel 
installation to check previous similar measurements made in 
the same tunnel at Peenemuende and to extend the Peene- 
muende measurements to higher Mach numbers. Greater 
measurement accuracy is obtained in the White Oak installa- 
ion because the tunnel blowing time has been about doubled 
(from 20 up to about 40 seconds) and also because of the 
improved air drying installation, which gives a more nearly 
constant supply temperature of the tunnel blast air. Meas- 
urements of heat transfer coefficients and recovery factors 
have been made on cones of 10, 20, and 60 degree total angle 
at Mach numbers 1.56 and 2.48. Results of these measure- 
ments are given and compared with previous measurements. 


C4. An Electrical Analog for Heat Flow with Varying 
Parameters. J. M. KENDALL, Naval Ordnance Laboratory.— 
Throughout its trajectory, the aerodynamic friction heating 
of a missile varies with the velocity of the missile, as well as 
with the density and temperature of the ambient atmosphere. 
In considering the temperature distribution T(x,t) in the wall 
of a missile, temperatures attained are frequently high enough 
to require taking into consideration radiation, the variation 
of thermal conductivity, and the variation of specific heat of 
the wall material. On account of the number of these variables, 
which are functions of time and temperature, computation of 
the temperature distribution as a function of trajectory vari- 
ables becomes too involved for “hand” computational methods. 
An electrical analog has been worked out which takes into 
account all of the above (variable) parameters, and provides 
the possibility of obtaining wall temperature distributions of 
sufficient accuracy for engineering purposes. 


C5. Electrically Exploded Wires as a Light Source for 
Hydrodynamical Studies. THomas P. LIDDIARD AND Rapa D. 
Drosp, Naval Ordnance Laboratory. (Introduced by R. J. 
Seeger.)—Electrically exploded wires are used as a source of 
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high intensity light. The confinement of the wires in capillary 
tubes increases the light output. The useful duration of the 
light may be adjusted from about 20 microseconds to almost 
a millisecond independently of the capacity and voltage. With 
the proper choice of wire and capillary the intensity is great 
enough to overexpose film in a rotating mirror camera with its 
aperture set at f:45 and exposure time of 0.2 microsecond. 
Some examples of the use of these light sources in studies of 
shock waves and detonations will be described. 


C6. Vacuum Thermocouple Microsecond Timer. RICHARD 
H. F. Stresau, Naval Ordnance Laboratory. (Introduced by 
R. J. Seeger.)—An instrument for the measurement of times 
of the order of one microsecond has been constructed. Its 
operation depends upon the delivery of a square electrical 
pulse to the heater of a vacuum thermocouple. If the current 
is constant, the energy delivered to the heater, and hence its 
temperature change, is proportional to the duration of the 
pulse. The peak temperature is measured by means of a flux- 
meter, attached to the thermocouple element, which inte- 
grates the voltage over the cooling time of the element. The 
square pulse is generated by two hydrogen thyratrons, one of 
which is in series with the thermocouple heater and the other 
of which is in shunt with both the thermocouple and the first 
tube. Thus the duration of the pulse is the time between con- 
duction of the first tube and conduction of the second. The 
range of the instrument can be readily varied by changing 
resistance elements. Times of the order of one microsecond can 
be measured with an error of one or two percent and times of 
the order of one hundredth of a microsecond can be measured 
with about ten percent error. 


C7. Interferometric Analysis of Flow around Small Caliber 
Projectiles. F. D. BENNETT AND W. C. CarTER, Ballistic 
Research Laboratory.—Using the techniques described in the 
previous paper by Bergdolt, Greenwald, and Sleator, an in- 
terferogram has been obtained of a 15° semi-angle, cone- 
cylinder projectile in free flight. In the absence of yaw the 
disturbance around such a projectile may be assumed axially 
symmetric. Under this condition the integral equation relating 
air density within the disturbance to fringe shift on the inter- 
ferogram may be solved by the Abel operator method. The 
resulting integral is then replaced by a sum of finite differences 
and a numerical approximation to the density function ob- 
tained. Methods of obtaining the fringe shift data are dis- 
cussed and certain aspects of the coding of the problem for 
the Eniac are described. Whereas previous investigators using 
IBM or hand computation methods have found tables of 
coefficients prepared in advance to be of use, the Eniac because 
of its great speed but small memory capacity is better adapted 
to calculating the coefficients as needed at each stage. This 
feature allows considerable flexibility in the assignment of 
zone widths within the disturbed region. Comparison is made 
between the calculated densities of the flow and those ex- 
pected from theoretical considerations, and a discussion is 
given of the validity of the axial symmetry hypothesis for this 
example. 


C8. The Light-Intensity Distribution in the Mach-Zehnder 
Interferometer.* E. H. WINKLER, Naval Ordnance Laboratory. 
(Introduced by R. J. Seeger.)—The interference phenomena 
which results from an incident plane wave in the Mach- 
Zehnder interferometer has been investigated. An expression 
is derived which gives the light intensity distribution as func- 
tion of (a) the arrangement of the mirrors, (b) the angles 
through which the mirrors are rotated, (c) fringe direction, 
(d) the wave-length of the light, (e) the directional coordinates 
of the incident wave, (f) the space coordinates, and (g) the 
orientation of the screen. For an extended light source the 


light intensity distribution is obtained by integration over 
the light source area. The expression derived furnishes in- 
formation about (a) the fringe spacing, (b) the position of 
the most distinct interference plane, (c) the visibility of the 
fringes, (d) the intensity profile of the fringes, and (e) the de- 
parture from straight fringes. From this information the most 
favorable operating conditions of the Mach-Zehnder inter- 
ferometer can be determined. 


* Sponsored by the ONR. 


C9. Boundary Layer Optics in Two-Dimensional Gas Flow 
Interferometry.* D. BERSHADER AND G. P. WACHTELL, 
Princeton University.—The interferometric analysis of flow 
through a rectangular channel such as the working section of 
a supersonic wind tunnel, is subject to special considerations 
arising from at least three types of boundary layer phe- 
nomena, each of which affects the assumption of glass-to-glass 
homogeneity used in the evaluation. They are (a) boundary 
layer on the glass windows, (b) the “corner effect,’’ (c) re- 
fraction. A previous study** has described the action of these 
effects and established quantitative criteria for the fringe- 
shift corrections in each case. In recent work, a more refined 
estimate of the evaluaiion error caused by refraction has taken 
into further account the optical system between boundary 
layer and photographic plate, leading to the result that this 
error depends upon the choice of focal plane for the pho- 
tography. If h be the distance of the focal plane from the win- 
dow through which the light leaves, the fringe shift correction 
is linear in h, reducing to the previously found value when 
h=D, the channel depth (plane of focus located where light 
enters channel) and becomes zero when h=D/3. 


* Performed under a contract with the ONR. 
** TD. Bershader, Rev. Sci. Inst. 20, 260 (1949). 


C10. Free Flight Aerodynamics. L. G. PooLer, Bureau of 
Ordnance. (Introduced by R. J. Seeger.)}—To supplement 
wind tunnel data free flight tests are necessary to check the 
validity of the assumptions required to correlate the scale 
model with the actual body. To interpret the results of free 
flight tests in terms of the aerodynamic coefficients requires a 
knowledge of the instantaneous displacement, velocity, and 
acceleration of the center of mass and of the angular quan- 
tities measured with respect to the center of mass. Various 
methods using photography and electromagnetic waves are 
described for obtaining the required quantities and the pre- 
cision of the measurements are considered. 


C11. Flow Characteristics During the Starting and Stopping 
of a Supersonic Wind Tunnel. G. E. BURKHEIMER, Ordnance 
Aerophysics Laboratory, Consolidated Vultee Aircraft. Cor- 
poration. (Introduced by R. J. Seeger.)—A study of the flow 
configuration existing in supersonic nozzles in the range of 
Mach numbers from 1.25 to 2.50 during the transient condi- 
tions of starting and stopping was made. The techniques em- 


. ployed include shadowgraph and schlieren movies taken at 


speeds up to 3000 frames per second, and recording the varia- 
tion of the differential pressure existing on a cone placed in 
the test section, using a high frequency response pressure 
pick-up. Sample movies of the shock wave configurations 
during the transient conditions show as many as ten distinct 
shock waves passing through the test section. These movies 
also show very plainly the effect of boundary layer shock 
wave interaction and the resulting lambda shocks. From 
measurements of the transient pressures at two points one 
hundred eighty degrees apart on a cone, pressure differentials 
equivalent to over five degrees angle of attack at stabilized 
supersonic conditions were observed. These pressure differen- 
tials may reverse in sign very rapidly several times during one 
start or stop. 
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D. Shockwaves, Explosions, Non-Steady Supersonic Flow 


D1. A Ratio Delay Device for Simplifying the Photography 
of Shocks in a Tube. P. E. SHAFER AND J. F. MOULTON, Jr., 
Naval Ordnance Laboratory.—The photography of transient 
air shock waves by schlieren or shadowgraph techniques in- 
volves the problem of accurately timing a flash of light so 
that the shock wave will be at a desired position when the 
photograph is taken. A new electronic device has been de- 
signed and constructed to eliminate the necessity for com- 
puting the shock velocity and for presetting a conventional 
time delay mechanism prior to photographing shocks pro- 
duced under various temperature and pressure conditions. 
The shock velocity is measured over a fixed distance as the 
shock interrupts two separated light screens and detectors. 
These time-separated pulses are put into the device which 
emits a pulse after a delay which is proportional to the time 
lapse between the two input pulses. The constant of propor- 
tionality may be selected within a wide range to suit experi- 
mental conditions. A description of the unit and its internal 
operation, together with results obtained will be presented. 


D2. The Shock Tube as a Tool for the Investigation of 
Flow Phenomena.* F. W. GEIGER,** University of Michigan.— 
In the shock tube used by Mautz,*** the nature of the flow 
and the formation of substantially steady transonic and 
supersonic flows were investigated further. Photographs of 
such formation are expected to yield information about par- 
tially understood phenomena of aerodynamics. Photographic 
investigation of the flow just ahead of the diaphragm indicated 
that irregularities in the tube flow were primarily due to its 
non-ideal removal. Shadowgraphs showed that substantially 
steady flows past various two-dimensional models were pro- 
duced. Studies included transonic and supersonic flows past 
double wedges and the choking of a duct. The choking of the 
tube is apparently not as serious as that of the wind tunnel 
because of a thin tube boundary layer. It is shown that the 
shock wave usually associated with overexpansion at a corner 
is attributable to viscous effects. It is concluded that the shock 
tube is a highly useful tool for the investigation of flow 
phenomena. 

* Supported by ONR. 


** Now at Cornell Aeronautical Laboratory, Buffalo, New York. 
*k C, W. Mautz, Dissertation, University of Michigan, 1949. 


D3. A New High Speed Frame Camera. S. J. JAcoBs AND 
A. A. KLeBBA, Naval Ordnance Laboratory and Woods Hole 
Oceanographic Institution.—The camera described is a modi- 
fication of the Bowen camera, and is designed to operate in 
the range of 10,000-30,000 pictures a second at an aperture 
of f:8. An image is formed on a mirror which rotates at 100- 
300 r.p.s. Around the mirror 100 equally spaced framing 
lenses are arranged in a circle, the axis of which coincides with 
the axis of rotation. Each lens in turn focuses the image from 
the mirror to the segment of the film immediately behind it. 
Considerations governing the choice of optical systems will 
be discussed. 


D4. High Speed Photography of Explosion Bubbles at 
Depths of One and Two Miles. Paut M. Fye AND RoBERT S. 
Price, Naval Ordnance Laboratory, AND D. F. BARNES, Woods 
Hole Oceanographic Institution—High speed photographs of 
1 Ib. exploxive charges detonated at depths of one and two 
miles in the ocean show several oscillations of the explosion 
gas bubble. Examples of these photographs which were taken 
at camera speeds of 10,000 and 20,000 frames per second will 
be shown. The variation of bubble size with time will be pre- 
sented. At these great depths the bubble is much smoother 
that at shallow depths and appears to remain spherical 
throughout the first oscillations. Hence, estimates of its 


minimum size can be obtained. Maximum radii will be com- 
pared with those predicted by explosions at depths less than 
1000 ft. 


D5. Determination of Adiabatic Parameters of Explosion 
Bubbles From Charges Fired at Great Depths. H. G. Snay 
AND E. Swirt, Jr., Naval Ordnance Laboratory. (Introduced 
by R. J. Seeger.)—Study of bubble period and maximum 
radius indicates that these two experimentally determined 
properties cannot be determined with sufficient accuracy to 
yield significant values of the adiabatic parameters. It is 
shown how measurements of bubble minima allow calcula- 
tions of the parameters 7 and K. Some conclusions as to these 
values are drawn from recently obtained photographs of 
bubble minima at great depths. 


D6. Explosion Bubble Period at Great Depths. Joun P. 
SLIFKO AND E. Swirt, JR., Naval Ordnance Laboratory AND 
W. S. SHuLtz, Woods Hole Oceanographic Institution. (Intro- 
duced by R. J. Seeger.)—One-pound TNT charges were fired 
at depths of one and two miles and eight-pound charges at 
three and four miles in the Atlantic Ocean. Period measure- 
ments were made at the surface, using tourmaline piezoelectric 
gauges of about two-inch diameter, and recording oscillo- 
graphic traces at film speeds of 0.8 in. per millisecond. Depths 
of detonation were found by a siesmic ranging apparatus 
which measured times of arrival of pressure waves reflected 
from the surface and bottom of the ocean. The preliminary 
results will be compared to those predicted by the equation 
T =4.36W"3/Z,5/6, where T is time in seconds, W is weight of 
charge in lb., and Zo is depth in feet +33. 


D7. The Interaction of a Plane Shock Wave with a Contact 
Surface of General Type. G. N. Patterson, I. I. GLass, 
D. Brtonpo, University of Toronto and Naval Ordnance Labora- 
tory. (Introduced by R. J. Seeger.)—The problem of the inter- 
action of a plane shock wave with a contact surface in one 
dimension is considered in detail. The contact surfact is of the 
most general type which can be produced in a shock tube, i.e., 
a discontinuity of internal energy. When the ratio of the in- 
ternal energies separated by the contact surface is greater 
than a certain minimum value, the resulting wave system 
after the interaction is a transmitted shock wave and a re- 
flected rarefaction wave. The transmitted shock wave is of 
lower strength than the original incident shock wave. This 
effect is defined as absorption. The calculations show that 
large absorption occurs when the incident shock wave is 
strong and the discontinuity of internal energy is large. 
Absorption can also be increased by an appropriate combina- 
tion of gases. 


D8. The Reflection of a Weak Plane Shock at Nearly 
Glancing Incidence.* C. H. FLETCHER AND W. BLEAKNEY, 
Princeton University.—In 1945, Bargmann! treated the nearly 
glancing reflection of a weak plane shock by solving the hydro- 
dynamical flow equations in an approximation suited to this 
case. The solution was developed in terms of powers of the 
tangent of the angle between the normal to the incident shock 
and the wall. This treatment permits calculation of the length 
and shape of the Mach shock, the distribution of the isopycnals 
behind the reflected shock and several other details. An at- 
tempt has been made to compare the predictions of this 
theoretical treatment with experiment using the shock tube 
and interferometer at Princeton. A shock strength Po/P=0.8 
and an angle of incidence 10° from glancing were used. With 
a 4-inch light path, a variation of about 2 fringes was observed 
in the field behind the reflected shock when Po=1 atmos. 
Bargmann’s treatment indicates that the reflected shock 
should have a maximum strength some distance behind the 
incident shock and zero strength at the triple point. This 
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maximum is observed. No angular phenomenon at the triple 
point is predicted or observed. 

*This work is being supported by the Navy Department through 
Contract N6ori-105, Task II. 


1V. Bargmann, On Nearly Glancing Reflection of Shocks, AMP Report 
No. 108.2R, Nat. Def. Res. Comm., March 1945. 


D9. Refraction of Shock Waves at a Gas Interface. R. G. 
STONER AND M. H. GLAUBERMAN, The Pennsylvania State 
College.—Assuming a simple configuration consisting of single 
transmitted and reflected shocks, and using the appropriate 
boundary conditions, Taub has obtained solutions of the hy- 
drodynamic equations for the interaction of a plane shock 
wave with the interface between two different gases.! To in- 
vestigate the possibility of using a soap film to produce such 
an interface experimentally, a preliminary investigation has 
been undertaken, using spherical soap bubbles containing 
CO:, argon, helium, and air. Spark shadowgraphs of shock 
waves produced by a semiconfined spark discharge have been 
taken, showing reflected and transmitted shock waves. The 
reflection at an air/air boundary, caused solely by the soap 
film itself, is weak, and shows that the incident wave is not 
appreciably disturbed by passage through the soap film. Since 
neither the incident shock nor the gas interface is plane, the 
results are qualitative only, but the method is considered 
promising. A shock tube is being constructed with which 
quantitative results may be obtained. 


1A. H. Taub, Phys. Rev. 72, 51 (1947). 


D10. A Method for Solving Certain Time-Dependent Prob- 
lems for Wings in Supersonic Flow, with an Application to the 
Calculation of Stability Derivatives. CLIFFORD GARDNER, New 
York University. (Introduced by R. J. Seeger.)—The problem of 
calculating the pressure distribution on an airplane wing 
caused by a constant time rate of change in angle of attack is 
_ of interest in connection with dynamic stability. If it is as- 

sumed that the flow is a small disturbance away from a con- 
stant flow, so that the linearized theory can be applied, it is 
shown that this time-dependent problem is equivalent to two 
steady-flow problems. More generally it is indicated how a 
time-dependent problem of linearized supersonic flow, in 
which the boundary data are a polynomial of the mth degree 
in the time, can be reduced to m steady-flow problems. Also 
a method is indicated for solving the problem of the super- 
sonic flow past a flat wing having one straight subsonic edge, 
with boundary data depending on the time in an arbitrary 
manner. 


D11. A Note on Non-Stationary Supersonic Wing Theory. 
H. J. Stewart, California Institute of Technology. (Introduced 
by R. J. Seeger.)\—Most problems in non-stationary super- 
sonic wing theory are associated with small irrotational dis- 
turbances in a uniform air stream. The velocity potential 
equation for a disturbance is then (A) (1/a?)gu+(2M/a) get 
+ (M?—1) gz = Gyy+¢22, where the undisturbed flow of Mach 
number JM is in the x direction and a is the speed of sound in 
the undisturbed flow. Many finite wing problems have been 
solved by planar superpositions of the steady-state supersonic 
source solution, g=1/r, where r=[x?—£?(y?+2*) ]# is the 
hyperbolic radius. The corresponding non-steady oscillating 
source is (B) g=1/r exp[iv(t— Mx/6%a) ]cos(vr/6'a), where 
8=(M?—1)}. These source solutions are Green’s functions for 
the half-plane, and make it possible to write down solutions 
for any problem where the normal velocity is defined for the 
entire plane (x,z) or (x,y), i.e., for wings with supersonic edges. 
The source concept can be generalized so as to form suitable 
singularities for more restricted regions such as those en- 
countered in wings with subsonic leading edges. A considera- 
tion of the harmonic solutions of (A) shows that (B) can be gen- 
eralized to (C) g=1/r exp{iv[t—(Mx/6’a) ]}cos(»r/p'a) F(e), 


where F(e) is either the real or imaginary part of an analytic 
function of the complex, variable e=se* where @=tan71(y/sz) ; 
2s/1+s?=B/x(y*+2*)4. This complex variable is the same one 
found to be important in the linearized theory of steady-state 
conical flows. It appears to be possible to choose the function 
F(e) so that more complex boundary value problems such as 
those associated with the delta-wing with subsonic leading 
edges can be solved. 


E. Hypersonic Flow, Kinetic Theory, Heat Addition 


El. On the Kinetic Theory of Rarefied Gases.: HAROLD 
Grab, New York University. (Introduced by R. J. Seeger.)— 
The starting point of this paper is the Boltzmann equation 
for point molecules undergoing only binary collisions. Enskog’s 
“solution” of this equation has been generally accepted. 
Uhlenbeck has given this solution in terms of quantum me- 
chanics. Tsien has proposed that the slip-flow ‘regime be 
described by the third approximation of Enskog’s scheme 
(the Burnett equations). Mathematically, the presentation of 
Enskog is highly unsatisfactory; although a more rigorous 
presentation based on the work of Hilbert can be given, con- 
vergence of the Enskog procedure is unlikely; even if it can 
be proved to converge, this solution can at best represent 
only certain special solutions of the Boltzmann equation (the 
so-called “normal” solutions). A symptom of this defect is 
the difficulty of finding appropriate boundary conditions for 
the Enskog approximations. In this paper a method is pro- 
posed which seems capable of arbitrary approximations to 
general solutions of the Boltzmann equation. Appropriate 
boundary conditions are easily formulated. Specific problems 
which already have been solved are the dispersion of sound 
and the determination of the profile of a stationary shock front. 


E2. Investigation of the Excitation of Molecular Vibrations 
by High Speed Missiles.* Z. I. SLAwsky, Naval Ordnance 
Laboratory.—When projectiles move through air with speeds 
around 3 km/sec., one can expect considerable excitation of 
the vibrational frequencies of O2 and Nz. This paper reports 
the theoretical and experimental investigation now underway 
to determine the degree of excitation and the space distribu- 
tion of excited molecules around a missile. Gases consisting 
of molecules with bending energies much smaller than O: 
or N2 are being investigated to determine the feasibility of 
simulating high velocities with actual speeds less than 3 
km/sec. The principle used is to maintain the ratio of the 
kinetic energy per particle ($mv*) to the bending energy hv. 


* Sponsored by the ONR. 


E3. Some Studies in Gas Dynamics, Conducted at the 
Polytechnic Institute of Brooklyn. PAuL LIEBER, Polytechnic 
Institute of Brooklyn. (Introduced by R. J. Seeger.)—A brief 
summary of results obtained in some investigations in gas 
dynamics ‘at the Polytechnic Institute of Brooklyn will be 
given. 


E4. Flow of a Gas Characterized by the Beattie-Bridgman 
Equation of State and Variable Specific Heats: Part I. 
Isentropic Flows. J. C. Crown, Naval Ordnance Laboratory. 
(Introduced by R. J. Seeger.)—The usual aerothermodynamic 
relations for flow in a quasi-unidimensional channel have been 
rederived using the Beattie-Bridgman equation of state in 
place of the perfect gas law and allowing for the component 
of specific heat due to the vibrational mode of freedom (for 
polyatomic gases). Graphs permitting rapid numerical evalua- 
tion of resulting formulae are presented. Part II of this in- 
vestigation will deal with shock waves. 


E5. Wind Tunnel Investigation of Condensation Phe- 
nomena, R. HEAD, California Institute of Technology. (Intro- 
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duced by R. J. Seeger.)—The results of a systematic wind 
tunnel investigation into the attainment and ultimate collapse 
of the supersaturated state of water vapor are presented. 
These results together with those of other recent investiga- 
tions, are collected and compared with the theory. It is found 
that the deviations from the quasi-stationary conditions upon 
which the theory is based are very pronounced in the super- 
sonic wind tunnel. A much higher degree of supersaturation 
can, therefore, be attained before condensation occurs than is 
predicted theoretically. Measurements at low temperatures 
indicate that if the water vapor reaches a temperature of 
about 153°K without the occurrence of condensation, the 
vapor will not condense upon further expansion, regardless of 
how highly supersaturated it becomes. This observation is in 
agreement with some recent Wilson cloud-chamber investiga- 
tions. The shock relations for flow involving condensation are 
discussed. It is shown that two types of discontinuities can 
occur; the condensation shock and the shock with condensa- 
tion (or vaporization). The latter solution has been disre- 
garded in the past, but it is shown that the shock with va- 
porization is of importance and can result in appreciable errors 
in Mach number determination when droplets are present in 
the flow. Various techniques of measurement of the con- 
densation processes in supersonic flow are considered. 


E6. Experiments on the Influence of Temperature Gradient 
and Humidity on Condensation Shocks in Supersonic Wind 
Tunnels. P. P. WEGENER, Naval Ordnance Laboratory. (In- 
troduced by R. J. Seeger.)—Possible condensation phenomena 
of gases in hypersonic wind tunnels are of increasing interest. 
The most accessible experimental case is the isentropic ex- 
pansion of moist air which leads to condensation shocks. 
These shocks occur only after the moist air has been super- 
cooled by about 40 to 80°C. The molecular theory of these 
phenomena has been given by K. Oswatitsch. A comparison 
with experimental data led him and others to the assumption 
of constant supercooling regardless of initial humidity. How- 
ever, a new evaluation of tests by G. Eber and K. H. Grune- 
wald in the Kochel tunnel revealed that the supercooling varies 
considerably with humidity. In order to investigate this dis- 
crepancy more thoroughly, a series of experiments has been 
carried out in a small wind tunnel. From these results it ap- 
pears that the possible supercooling is a function of the tem- 
perature gradient in the nozzle, the humidity and other 
parameters, most of which could be varied in a wide range. 
Some conclusions can be drawn with regard to the scale factor 
entering these phenomena and a qualitative understanding of 
the problem can be derived from molecular considerations. 


E7. Some Aspects of Air Flow at Mach No. 7 as Observed 
in the University of Minnesota Aeronautical Laboratory. 
J. W. BRAITHWAITE AND J. L. FRAME, University of Minnesota. 
(Introduced by R. J. Seeger.)—Basically, the flow at Mach 
number 7 evidenced no unusual observable effects. Expansion 
to this velocity occurred in a simple one-dimensional wedge 
nozzle with throat dimensions of 0.050 inch by 6 inches and 
test section of 6 inches by 9 inches. Attainment of Mach 7 
was checked by conical flow theory (112° cone), one-dimen- 
sional shock theory (86.5° wedge), and pitot pressure measure- 
ments. A shadowgraph optical system was employed in con- 
junction with a mercury manometer for all shock and pressure 
observations. Quality (inclination, distribution, turbulence) of 
the flow was impossible to determine since only the strongest 
of shocks become visible on shadowgraph. No sign of a normal 
shock was apparent in the channel. The compression ratio at 
start of a run was 236, the flow was stable for about 10 seconds 
and broke down at a pressure ratio of approximately 130. 
More accurate measurements are being taken to determine 
something more of the flow quality and the limiting pressure 
ratio. An anomalous effect due to temperature hampered 
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early tests. At stagnation temperatures in the range of at- 
mospheric and below, no difficulty was encountered in estab- 
lishing stable Mach 7 flow. When the stagnation temperature 
rose above approximately 120°F, strong oblique shocks 
appeared, originating at about the Mach 6 position in the 
nozzle. Under this condition the flow never completely sta- 
bilized, and Mach 7 was never reached. This phenomenon is as 
yet unexplained, but further testing under controlled condi- 
tions should provide some instructive data. These tests were 
conducted in the supersonic blowdown tunnel which is a part 
of the research facilities of the Department of Aeronautical 
Engineering at the University of Minnesota, Rosemount Re- 
search Center, and as a part of a Master’s thesis. 


E8. Investigation of the Possible Utilization of an Electrical 
Glow Discharge as a Means for Measuring Air Flow Char- 
acteristics. F. D. WERNER, Aeronautical Laboratories, Uni- 
versity of Minnesota.—An instrument for measuring such air 
flow characteristics as very rapid variations in pressure and 
velocity, should be of small size for high resolving power and 
for some purposes, should respond to variations as rapid as 
several hundred thousand cycles per second or higher. Con- 
siderable work on corona discharge has been done by many 
investigators, but this investigation is concentrated on glow 
discharges from very sharp points. The glow (corona) discharge 
at atmospheric pressure from a point of fine platinum wire 
has been experimentally investigated in its sensitivity to 
variations of pressure, velocity, temperature, and humidity, 
as well as such variables of the instrument as needle point 
characteristics, location and shape of the other electrode (to 
be referred to as the “‘plate’”’), and magnitude of the discharge 
current. It has been concluded that the glow current is 
markedly pressure sensitive, is velocity sensitive, is only 
slightly humidity sensitive, and is negligtbly sensitive to 
ordinary temperature variations. The device offers a signifi- 
cant improvement over conventional instruments by the small 
size of its sensitive portion (0.001-inch wire and 0.002-inch 
glow diameter) and in its response to high frequency varia- 
tions. The use of this instrument as a microphone for very 
high frequencies will be described in a separate paper very 
soon, but at present it can be stated that successful pick-up 
of one megacycle per second has been made. The sensitivity 
to variations is not greatly altered by the location, shape, or 
material of the “plate’’ within rather wide limits. The device 
has rather high background noise, but it is still useful for 
measurement of turbulence in airflow, and as a microphone 
for loud sounds, if used with a fairly narrow band filter. 


E9. The Thermodynamics of Flow Systems.* CHARLEs F. 
CurRTISS AND JOSEPH O. HIRSCHFELDER, University of Wis- 
consin.—The rate of change of entropy in a flow system is 
evaluated explicitly taking into account heat conductivity, 
viscosity, diffusion, and chemical reactions. The equations are 
developed rigorously from the kinetic theory of gases. 


* This work was carried out under Contract NOrd 9938 with the United 
States Navy Bureau of Ordnance. 


E10. Heat Delivery in a Two-Dimensional Compressible 
Flow at Subsonic and Supersonic Speeds. CHAN-Mou TcHEN, 
National Bureau of Standards. (Introduced by R. J. Seeger.)— 
In a two-dimensional space Ox, Oy, a gas has a steady main 
velocity U. At the origin O of the coordinates, heat is intro- 
duced to the fluid by means of a fine metallic body which has 
the form of a very thin ribbon. Given the heating temperature 
3» of the body, and the free stream velocity U, the heat de- 
livery Q is calculated. If the heat delivery is expressed by the 
Nusselt number JN, the free stream velocity by the Peclet 
number P., (a dimensionless quantity equal to the product of 
the Reynolds number by the Prantl number), and the heat- 
ing temperature by 3u/To, where To is the stagnation tem- 
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perature, the following formulas for the heat delivery are 
obtained: (a) for a subsonic speed: N=(P../x)§C’(1+45:C’) 
+C”(1+4s:C’); (b) for a supersonic speed: N=(P../7r)* 
x C’(1—452C’) — C’’(1— 452C’) where the C’s are dimensionless 
functions decreasing with the free stream Mach number, 5; 
and se are dimensionless functions increasing with 3/7». It 
is seen that the heat delivery in a fluid at supersonic speed is 
less efficient than at subsonic speed. It can be remarked that 
even at moderate speeds, the first formula does not reduce to 
the well-known formula of L. V. King. 


Ell. The Effects of Heat Addition on the Aerodynamic 
Design of Ramjet Diffusers. M. RoGers anp S. Facin, 
Naval Ordnance Laboratory. (Introduced by R. J. Seeger.)— 
In the aerodynamic design of ramjet diffusers, previous work 
has been confined primarily to the design of an “‘ideal, cold”’ 
diffuser, i.e., a diffuser configuration that would give maximum 
pressure recovery without fuel. This paper attempts to 
broaden the theoretical concepts by indicating a possible 


solution for the effects of heat addition on the ramjet diffuser 
performance and design. It is shown that to have maximum 
pressure recovery in the “hot” or burning condition it is 
necessary to design the cold diffuser such that the normal 
shock is well downstream of the maximum pressure recovery 
in the ‘‘cold” condition. 


E12. Performance of Multiple Shock Diffusers. NEwMan A. 
Hai, University of Minnesota and Naval Ordnance Labora- 
tory. (Introduced by R. J. Seeger.)—A general procedure for 
obtaining the performance of supersonic ramjets of arbitrary 
configuration is developed. The analytical development 
emphasizes the aerodynamic aspects of the propulsive action. 
This is developed in a manner such that thrust and mass 
flow can be specifically obtained without any reference to the 
type of fuel to be used or the efficiency of the combustion 
process. In this manner, problems of internal aerodynamic 
design are separated from those of combustion and fuel 


selection. 





